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From: Quarterly Journal of the Royal Astron. Soc., 1, p. 152, 1960

                                        Concepts discussed:    

                                        Total Energy of grav. star clusters NOT additive

                                         No thermodynamical equilibrium

                                         Statistical Theory of Gases to be used with care

                                                                          (large mean free path)

                                         Locally truncated Maxwellian distribution.



(Credit: X-ray: NASA/CfA/J. Grindlay et al., 
Optical: NASA/STScI/R. Gilliland et al.)

X-ray binaries 
with neutron stars 
and black holes 

Globular Cluster 47 Tuc
~ one million stars



3-body Encounters Starlab 
Simulation (S.L.W. McMillan)

http://www.physics.drexel.edu/~steve/
-> Three-Body-Problem

Gravothermal Oscillations - 
Attractor in Phase Space
Spurzem 1994, Giersz & Spurzem 1994
Amaro-Seoane, Freitag & Sp. 2004

Follow-Up of Angeletti & Giannone and Larson



Wang, Spurzem, Aarseth, Naab et al. 
                           MNRAS, 2015
Wang, Spurzem, Aarseth Naab, et al. 
                           MNRAS 2016

One million stars direct simulation,

biggest and most realistic direct N-Body simulation of 
globular star clusters. 
With stellar mass function, single and binary stellar 
evolution, regularization of close encounters, tidal field 
(NBODY6++GPU).
(NAOC/Silk Road/MPA collaboration).

DRAGON
Simulation

http://silkroad.bao.ac.cn/dragon/

Number of Floating Point Operations (~1M bodies) similar to largest
Cosmological simulations (Millennium, Illustris, ~100M bodies)



 
Original Slide by 
Taras Panamarev

Or KTG 1993

(XX)

(XX)

(XX) Only in case of central SMBH

 SSE/BSE: High Mass Loss, Common Envelope: alpha = 1

DRAGON Simulations



  

Most NBODY Codes ...
Hurley,
Ph.D. thesis



 

Initial – Final Mass Relation in simulations for neutr. stars/black holes

Hurley, Pols, Tout et al. 2000, 2002; Belczynski et al. 2002, 2008 (fallback), ...

   region
   of fallback
   including
  reduced     
  kicks

|           |

neutron
stars
most 
kick 
escape
from 
globular
cluster



Dragon Star Cluster Simulations: Millions 
of Stars; black holes and gravitational 
waves



 

Initial – Final Mass 
Relation in 
simulations for neutron
stars and black holes
Old DRAGON   vs.
New DRAGON
(see also Belczynski et al. 2019)

Hurley, Pols, Tout et al. 2000, 2002; 
Belczynski et al. 2002, 2008
 (fallback), ...

The new DRAGON is on the way...

The new DRAGON is on the way...



Wa
Wang, Spurzem, Aarseth, et al. 2015, 2016
→ Exaflop/s Huang, Berczik, Spurzem 2016

NBODY6++GPU



“Moore's” Law for Direct N-Body

by D.C. Heggie Via added new cits. Sippel

Vector Computers

GRAPE

GRAPE/
GPU Clusters

NBODY6++GPU



 

Long Wang, Ph.D. Peking University 2016: 
Million-Body Award by MODEST community
And IAU Ph.D. prize
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 VIRGO Detector in Cascina near Pisa, Italy

LISA = 
Laser Space 
Interferometer Antenna



Post-Newtonian DynamicsPost-Newtonian Dynamics

Perihel shift

 ... higher order…

Grav. Radiation 

r;v : relative distance, velocity 
μ = m1m2/M :     reduced mass ( M = m1 + m2 )
ν = μ / M     :      mass ratio
n = r / r   :  unit vector in radial direction

Schäfer, Gauge Theor. Grav. 36, 2223 (2004)
Memmesheimer, Gopakumar, Schäfer, Phys. Rev.D 70, 104011 (2004)
Blanchet, Luc; Living Reviews 2002, llr-2002-3







Indirect Proof by Hulse and Taylor, 
binary pulsar (Nobel prize 1993) 



Kupi, Amaro-Seoane & Spurzem 2006

What happens afterwards? Post-Newton Order „2.5“...

Gravitational WavesGravitational Waves



Post-Newtonian DynamicsPost-Newtonian Dynamics
Brem, Amaro-Seoane,
Spurzem, 
MNRAS 2013

Include
Spin-Orbit
Spin-Spin
PN3, PN3.5
Spin Dynamics

By Patrick Brem
(Diploma Thesis
Univ. Heidelberg)

1PN
2PN + 1.5PN SO
3PN + 2.5PN SO
2.5PN + 2PN SS
3.5PN



Slide by Paulina
Assmann et al. subm.
MNRAS 2018



Slide by P. Laguna



Slide by P. Laguna



Spin-Orbit Interaction S / Spin-Spin SS

Faye, Blanchet, Buonanno 2006

Post-Newtonian DynamicsPost-Newtonian Dynamics



GW Detection Abott et al. 2016



Kupi, Amaro-Seoane & Spurzem 2006

What happens afterwards? Post-Newton Order „2.5“...

Gravitational WavesGravitational Waves



Rezzolla 
Final Spin
Formula

Brem,
Amaro-Seoane,
Spurzem,
MNRAS 2013



Post-Post-
Newtonian Newtonian 
DynamicsDynamics

Gravitational Gravitational 
Wave Wave 

TemplatesTemplates

Handle spin-orbit and 
spin-spin coupling
 (P.Brem, R. Spurzem, 
Univ. Heidelberg) 
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Kupi, G., Amaro-Seoane, P., Spurzem, R.,  Dynamics of compact 
object clusters: a post-Newtonian study,  2006, MNRAS 371, L45 

Berentzen, I., Preto, M., Berczik, P., Merritt, D., Spurzem, 
R.,  Binary Black Hole Merger in Galactic Nuclei: Post-
Newtonian Simulations,  2009,  ApJ 695,  455 

Maybe he 
detects 
gravitational 
waves with this?



   2       4          6       8        10     12    Gyr

Downing 2012, Downing, Benacquista, Giersz & Spurzem, 2010, 2011:  
 (see also Banerjee, Baumgardt & Kroupa 2010 but … )

1-100 LIGO events Gpc-3/yr

Black Holes were retained in globular clusters:
 Before Strader et al. detection
 Before Breen & Heggie
 Before LIGO detection



 VIRGO Detector in Cascina near Pisa, Italy

LISA = 
Laser Space 
Interferometer Antenna



 

The Observed Black Holes
and Mergers (LIGO Events)
 – from LIGO webpage...

Not so surprising in star
Cluster dynamics... 



 

Rodriguez et al. 2016, Monte Carlo Simulations
Dynamical Formation of the GW150914 Binary Black Hole

Figure 1. Interaction diagram showing the formation history for two GW150914 progenitors in a single 
GC model. From top to bottom, the history of each individual BH that will eventually comprise a 
GW150914-like binary is illustrated, including all binary interactions. The legend shows the various types 
of gravitational encounters included in our GC models (with the exception of two-body relaxation). In 
each interaction, the black sphere represents the GW150914 progenitor BH, while the blue and red 
spheres represent other BHs (and stars) in the cluster core. (from Rodriguez et al. 2016, Northwestern 
Group)



Unstable 3-body Unstable 3-body 

      EncountersEncounters Starlab Simulation  Starlab Simulation 
(S.L.W. McMillan)(S.L.W. McMillan)

http://www.physics.drexel.edu/~steve/http://www.physics.drexel.edu/~steve/

-> Three-Body-Problem-> Three-Body-Problem

Dynamics of Binary Black Holes Dynamics of Binary Black Holes 



GW Detection Frequency Time Diagram
Top: Our simulation (Wang et al. 2016, Sobolenko et al. In prep.)
Down: Abbott et al. 2016 LIGO measurement



Background Plot:
Sesana 2016

Taiji or
Tianqin
Hand
Drawn
Estimate

“Our”
DRAGON
Black Hole
Binary

Gong, Lau,
… Spurzem …
2015, 2011
(JphCS, CQGra)



/  Field Survey / DRAGON / LIGO

yet unpublished
with
Belczynski, Kouwenh.
Giersz, Naab,
Arca Sedda, ...
et al.

cf. Belczynski, Giersz, 
…, Spurzem, … 
A&A 2018 on neutron
stars... 



Rizzuto, Spurzem, Naab, Rampp, Wang, Berczik, Kouwenhoven Poster ISC19
… to be published with MOCCA people Giersz, Askar, ...

IMBH Formation
In Star Cluster



Rodriguez, Chatterjee, Rasio 2016: CMC (Monte Carlo Models) – approximate…
(compare also work of Giersz, Arca Sedda, Askar … MOCCA models)
       (Many simulation models, but highly approximate... )

LIGO/VIRGO



Giacobbo, Mapelli, MNRAS 2018
(classical binaries / gal. field)



Belczynski, … Giersz, Benacquista, Spurzem , … A&A 2018 …  
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Galaxies merge, hierarchical 
Structure formation, their 
centres? Black Holes? 

Volonteri



Sesana et al. 2004

Extending study of
Volonteri et al. 03:
Rate of expected Black Hole
Mergers in Galaxies

Galactic Nuclei, Black HolesGalactic Nuclei, Black Holes



 Contents

Single Black Hole

Binary Black Holes / Gravitational Waves

Special Supercomputing

Galaxies merge, hierarchical 
Structure formation, their 
centres? Black Holes? 

Komossa et al.



X

Y

Z

Two equal-mass 

black holes in central core 

of simplifed galaxy

(up to 4 million particles)
a=0 . 6

Black Holes in Dense Black Holes in Dense 
Stellar Clusters:Stellar Clusters:
N-Body ProblemN-Body Problem
withwith
General RelativityGeneral Relativity
(Post-Newtonian)(Post-Newtonian)

Simulations of Binary Black HolesSimulations of Binary Black Holes  



Stochastic Orbit variations 
of binary black holes due to 
superelastic scatterings 
with stars

 Hemsendorf, Sigurdsson, Spurzem, 
2002 , Astroph. Jl.

 See also:
 Ebisuzaki, Makino, …. (90's)
 Milos. & Merritt (2001) 
  Cf. also Aarseth & Mikkola  (2003), 
 Funato & Makino (2005), ...
 Berczik et al. 2005, 2006, ...

Dynamics of Binary Black Holes in Galactic NucleiDynamics of Binary Black Holes in Galactic Nuclei



 Hemsendorf, Sigurdsson, Spurzem, 
2002 , Astroph. Jl.

 High Eccentricity if loss cone full!

Dynamics of Binary Black Holes in Galactic NucleiDynamics of Binary Black Holes in Galactic Nuclei



Spherical Systems:
BH binary stalls with N

Axisymmetric,
Rotating systems:
No stalling observed

Berczik, Merritt, Spurzem, 2005, ApJ
Berczik, Merritt, Spurzem, Bischof, 
                                          2006, ApJ
Berentzen, Preto, Berczik, Merritt,
         Spurzem, 2009, ApJ
Fiestas & Spurzem, 2010,11 MNRAS
Amaro-Seoane, ..., Sp, MNRAS 2010
Preto, Berentzen, Berczik,
       Spurzem et al. 2011
Khan et al. 2011a, b

Dynamics of Binary Black Holes in Galactic NucleiDynamics of Binary Black Holes in Galactic Nuclei



Unequal Mass Black Holes – Preto et al. 2011, 
Khan et al. 2011, 2012... Li et al. 2017, 2019, Berczik et al. 2019

Robust result that hardening
rate is independent of N!



Berentzen, Preto, 
Berczik, Merritt,
Spurzem, 
2009, ApJ

Post-Newtonian 
Dynamics... and they merge! 



Simulations with
stars and dark matter,
Khan et al. 2012



Simulations with
stars and dark matter,
Khan et al. 2012

40 Myr after galaxy merger

Box
Size
4 kpc



Fazeel Mahmood Khan  ARI Heidelberg

(Khan et al. 2012) Full Model from Merger
To
SMBH coalescence
6 orders in separation!

GW Emission from Pulsar Timing to 
LISA band modelled

Khan et al. 2012, 2013, 2015, 2016
Mirza et al. 2017, Khan et al. 2018,
Berczik et al. 2019

Pulsar Timing

LISA band

Pulsar Timing

LISA band

1 / SMBH Bin. Separation

SMBH Bin. Eccentricity

Also Worked on SMBH Triples!
Amaro-Seoane, Sesana,Benacquista, 
… Spurzem MNRAS 2010

! 



DRAGON Galactic Center Simulations

Density Profiles
of stars and 
Black Holes
in the 
Galactic Center

Panamarev, Just, Spurzem, et al. 2019
Panamarev, …, Just, Spurzem, 2018, MNRAS



 

Stellar Disk
Versus
Gaseous Disk

Surface
Densities:
Red: NSC
(nuclear stellar cluster)
Blue: NSD
(nuclear stellar disk)
Vertical dashed line:
Accretion Radius (red)
Influence Radius of 
SMBH (black)

Panamarev, at al. 2018

Stellar Disk
Versus
Gaseous Disk

Stellar Disk forms inside Gaseous Disk
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Konrad Zuse (1910-1995) Berlin

Z1 in parental flat 1936

Invented freely programmable Computer

...before von Neumann...

HARDWARE



New Jersey, Indiana, Heidelberg

HARDWARE



Computational Science...
...after von Neumann...

Problems:
Power Consumption
Efficiency for  Real Applications

Exaflop/s?

Petaflop/s

Teraflop/s

Gigaflop/s

Thanks to Horst Simon, LBNL/NERSC for this diagram.



64 Kepler K20

Laohu: 2009/2015 
(Kepler GPU)
100 Tflop/s 150k cores

New GPUs 5-6 times 
faster… (see below)

laohu

New VOLTA
GPU



 GPU Clusters used:
    老虎 Beijing (NAOC/CAS and Silk Road Project(NAOC/CAS and Silk Road Project)

             85 Nodes, 64 Kepler K2

JURECA GPU Partition (75x 2x Kepler K80 GPU)

Golowood cluster, Main Astron. Observatory, Kiev, Ukraine

Kepler/bwFor clusters Heidelberg, Germany (12x +18x Kepler GPU)

Max-Planck MPCDF GPU cluster (Kepler K20 GPUs)

                

    

  老虎  老虎

NAOC BeijingNAOC Beijing

Heidelberg
Germany

Kiev,
Ukraine

JUWELS Juelich GPU 
Cluster Germany



 

Nr. 1,2 Supercomputer from China: 96/33 Pflop/s Linpack
Wuxi/Guangzhou/Tianjin National Supercomputing Center
Taihu 10 mill. cores

32000 Intel Xeon 12 core, 
48000 Intel Phi Accelerators 57 Core

Test of Taihu planned;
But:
Local cluster with new
GPUs at NAOC gives
much more resources.



Source: ISC 2017, by Erich Strohmaier, NERSC/LBNL

 6 Gflops/Watt



Hierarchical Individual Block Time Steps

Presently used GPU (GRAPE) N-body code

4thth order Hermite scheme

d2 r⃗ i
dt 2

=a⃗i
ftp://ftp.ari.uni-heidelberg.de/pub/staff/berczik/phi-GRAPE/ftp://ftp.ari.uni-heidelberg.de/pub/staff/berczik/phi-GRAPE/

Harfst, Berczik, Merritt, Spurzem et al, NewA, 12, 357 (2007)
Spurzem et al., Comp. Science Res. & Dev. 23, 231 (2009)



f⃗ ij=−
G⋅m j

(r ij
2+ε2 )3 /2

r⃗ ij

~N ~N^2

a⃗i= ∑
j=1 ;j≠ i

N

f⃗ ij

GPU

Our own φGRAPE/GPU N-body code



Tucson Mar . 2013

NBODY4, NBODY6, S.J.Aarseth, S. Mikkola, ... 
                          (ca. 20.000 lines, since 1963):

• Hierarchical Individual Time Steps (HITS)
• Ahmad-Cohen Neighbour Scheme (ACS)
• Kustaanheimo-Stiefel and Chain-Regular. (KSREG)
  for bound subsystems of N<6 (Quaternions!)
• 4th order Hermite scheme (pred/corr), Bulirsch-Stoer (for Chain)
• Stellar Evolution (single/binary) (w Hurley)

•NBODY6++, φGPU, R. Spurzem, P. Berczik, T. Hamada, K. Nitadori,...
•                         (massively parallel codes, since 1999):

• NBODY6++ (Spurzem 1999) using MPI 
• Parallel φGRAPE / φGPU (Harfst et al. 2006, Spurzem et al. 2009,            
                                       Berczik, Hamada et al. 2011 in prep.)
•NBODY6++/GPU-MPI (Wang, Spurzem, Aarseth, Berczik 2015
•Parallel Binary Integration in Progress (KSREG) 

SoftwareSoftware



Huang, Berczik, Spurzem, Res. Astron. Astroph. 2016, 16, 11.

NBODY6++GPU



Summary

Astrophysical High Precision N-Body – Star Clusters 
         DRAGON simulations of higher-density star cluster
         Stellar Evolution, binaries, high density, nuclear star
         Clusters, nuclear stellar disks
(Wang et al. 2015, 2016, Cai et al. 2015, Pang et al. 2015 RAA, Panamarev et al. 
2017, 2018, 2019 ; Rizzuto et al. 2019...)
 Be careful about GW rate predictions:
    LIGO/Virgo Observations very small number
     Full modelling of star clusters very small number/or approximate
     Detailed galaxy / star cluster population within 1 Gpc poorly known
     Uncertainties in stellar evolution (kicks, common envelope, mergers...)

Our next plans:

         More DRAGON simulations / check Monte Carlo
         Parameter Studies for Stellar Evolution problems
         Gravitational Wave Prediction / low / high frequencies 
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