Chapter 1

Basics of statistical physics
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1.4 Boltzmann equation
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1.6 Thermodynamical equilibria
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Plasma
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Chapter 3

Charged particle motion in
electromagnetic fields
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CHAPTER 3. CHARGED PARTICLE MOTION IN ELECTROMAGNETIC
FIELDS 3.1. HOMOGENEOUS MAGNETIC FIELD

3.1 Homogeneous magnetic field

d Vg Vg 0
mo | | =4 vy | x| 0 , (3.2)
vz /Uz B
dv
d—; = qBuy, (3.3)
dov
md—ty = —qBu,, (3.4)
dv,
=0 3.5
i (3.5)
d?v, q dey d d2vy q degC (3.6)
—B—> an =—->-B—. )
dt? m dt dt? m- dt
d?v, q 2 dz”y q 2
= (B) v and == (B) v (3.7)
Bs B
= 1Bseng lq] (3.8)
m m
Upy = U1 exp (iwet +10z,y) , (3.9)
Vg = v expiwct, (3.10)
m dv, m . m  .qBsgngq ) ) .
Uy = —=— = — V| W eXPlWct = —=v | 1——— exXp Wt = v 1Sgn q exp lwct.
Y ¢B dt qB qB
(3.11)
d
e R[vz] = R[vy expiwet] =z —z9 =R [—im‘ exp iwct] = sin wt (3.12)
dt We We
dy . . v . v
— = Rvy] = Rviexpiwct] =y —yo = N| — sgngexpiwct| = — sgnqcoswet
dt We We
(3.13)
dz
i Rv:] =0 = 2z — 20 = yt. (3.14)
vim vygm
= _ 3.15
qBsgng  |q|B (315)
3.2 Homogeneous electric field
d Vg E, Vg 0
my | | =4 0 +| v | x| O (3.16)
z Ez (0 B
dv: _Qp e L B2 (3.17)
dt m ~ 0~ 9m ™ #0% '
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8 > 2
2 2m 2
t [ ‘(2] t [
> w0 w0
x [y y [ri] x [ri]
dv q
d—tx = EEI + We sgn quy, (3.18)
d
% = —Wc SEN QUs. (3.19)
d?v, dvy 9 9 9
2~ WeSEN¢ g = —SgN qWels = —Wc Vs, (3.20)

d%v dv E
dt2y = —sgn qwcd—tx = —8gn qwc (%Ew + we sgn qu> = —wf (Bx + vy> . (3.21)

Vp = U expiwct. (3.22)
d? E, 5 E,
@ 'Uy + E = —Wc ’Uy + f y (323)
. . Ey
vy = v isgngexpiwct — 5 (3.24)
d
md—r: =q(E+v x B) (3.25)
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FIELDS 3.3. INHOMOGENEOUS MAGNETIC FIELD
dv dv’ , E xB
1 B(E-B
ZQ[E—F’U,XB—/BZ/E’B/z"F(BQ)]:
=q [’U/ X B+ E”] , (326)
B(E - B)
, ExB
v=v + Iz (3.28)
Ex B
vg = %, 3.29)
Fp =¢qFE. (3.30)
1 FE x B
= — . 3.31
vE= T p (3.31)
1FxB
Vgs = 57 (332)
_mgxB
vy = . B (3.33)
2
- "l rxB (3.34)
Ve = TR )

3.3 Inhomogeneous magnetic field

| B
L~ ——. 3.35
N (3.35)
B=DBy+(r V)B (3.36)
0B,
B, =B . 3.37
z 0oty 6y ( )
0B
Fy = _qvaz = —qUg <BO +y ayz) . (338)
0B,
F, = —qu coswct | By + 71, sgn q cos wct—ay : (3.39)
21 2 5B
1 1
(Fy) = 5 /Fyd(wct) =5 /qu_ coswet <Bo + 7, Sgn g cos wcta;) d(wct) =
0 0
21 OB 21
1 1
= —qleO% /coswctd(wct) — qu T, Sgn qa—yz% /C082 wet d(wet) =
0 0
1 0B
=0- SVLTLgsgn qa—yz. (3.40)
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FIELDS 16
o t Y|
b* H
z wln] =R
Y
y[?“}]‘
S SN I\
2 27 21
t[z] t|z] t|%]
> N .
x [ri] ylr a [ry]
1
(F) = —5virLgsgnqV| B, (3.41)
1 B x V|B|
VvyB — 5 sSgnqu Ty, T (3.42)
211 B
A =r7lvyp| = £§M7“L ||VB‘ | =TrL % <L (3.43)
V X B =puyj =0, (3.44)
v«B=19 rB)=0 (3.45)
T RORVTV T '
C
By = i (3.46)
o C 1 R
B=_©55=-Cm—> 3.47
v ORR R?2R ( )
| B
1 VITL R 1 mo?
. _mRxB /[, 1,
Ugc = V¢ + VVB = q R2B2 <U” + 2UL> . (350)
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FIELDS 3.4. INHOMOGENEOUS ELECTRIC FIELD

y[r]
8 SN N
‘2] t[z] ‘2]
> w w
x [y y [ri] x [ri]
3.4 Inhomogeneous electric field
E = Ecos kye,, (3.51)
dv qB q dv qB
U= T Pely) and = =T (3.52)
d?v sgnq dF. d?v E.(y)
dt; = —wivy + we i dtx and dto = —w?vy — w? wB . (3.53)
d?v E
dto = —w2vy, — w§§° cos [k(yo + rL. sgn g coswet)] , (3.54)
d21) Eo
< dt2y> = —wg(vy> — w§§<cos [k(yo + 71, sgn q cos wet)]). (3.55)
d?v,
=0. 3.56
() (3.50
cos [k(yo +71, sgnqcoswet)] =
= cos kyo cos (kry, sgn q cos wet) — sin kyo sin (krp, sgn g coswet) =
= cos kyo cos (kry, coswct) — sgn ¢ sin kyo sin (krp, coswet)
1
= cos ko [1 — ikQTL 2 cos? wct] — sgn g sin kyo(kry, cos wct) (3.57)
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E 1 E, 1
(vy) = _EO cos kg (1 — ZkQTL 2> =— ;y) <1 — Zker 2) . (3.58)
ExB 1
_ 1 Lp2,. 2 _
VE B2 < 4k L ) (3 59)
Bx 1,
3.5 Drift currents
. ni F
Jasite = Y Mk Vdrite k. = ZkBQkk x B. (3.61)
k
- }Z MU (B x VB) (3.62)
JVvB = 5 p B2 . .
3.6 Guiding centre motion
L UL
T~ o <1 and o < 1, (3.63)
dx
E v, (364)
dv q
—=—(F B) . .
@ m (E+v x B) (3.65)
R(t) = 2(t) - p(b), (3.66)
U =v — VE. (3.67)
p=—bxu, (3.68)
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FIELDS

3.6. GUIDING CENTRE MOTION

B
O]
a)
B
b) © lE
-— -—
DRIFT DRIFT
B
c) © lF
-— —
DRIFT DRIFT
V|B|
B
d) O I
-— —
DRIFT DRIFT

u=vb+uie; , where e} =ejcos¢+ezsing,

e, = e3cos ¢ — ey sin¢
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FIELDS 20
x =R+ p, (3.72)
m
p= —ﬁu x B = psgnqe,, (3.73)
u, =u e, and (3.74)
v = ’U||b+ u|e| + vg. (3.75)
dR dxz dp d /e
- = . = JE— ib g
a at at Y dt(B <u)
—ub+ fopteux S (D) fpn
CapTteL TR Tt g \B) "B At
b
:U||b+uLeL+’UE+€’u,X§t(B>;bx((j;;(jﬁ):
d /b € dvg
€ dv € 1
——=bx —=——=»b — (K B)| =
B a4~ B X[e( Tux )}

1 1 1 B-B B
:—EbXE—E('vbB—Bbv):—EbXE_'U B2 +’UHE:
:’UE—U—FU”b:—UJ_eJ_. (377)

d(’UHb) d(UJ_GJ_) d’UE 1
dt dt G = ¢ [E+(ybtues +vg) x B] =
1
:*[E—i-’l}”bXB—i-’U,J_eJ_XB—F’UEXB]:
€
1 E E-B
:E+UL6LXBABZB6+ Bl =
€ B2
1
= p [E”b—kuLeL X B] , (378)
1 d(vyb) d(uie;) dovg
— |E)b- B) - = -e. .
6[ [ el+uL(eL>< ) eL] |: at 1 dt:| e (379)
db doj du de | dog
0= SV -b— e ——— C— . 3.80
e v||dt+ej_ a +e el q +uje; ar n T ( )
deL 1d
- = . g . ].
€| dt th(eL eL) 0, (38)
dUJ_ db dUE
— =—e] - — 4+ — . .82
a -t <v' a " dt> (3:82)
1 d(’l)”b) d(uLeL) d’UE
p [E||b‘b+UJ_(eJ_ X B) b] = [ at i T ] - b. (383)
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FIELDS 3.6. GUIDING CENTRE MOTION
E dv db du, de dvg - b db
I I 1 1)
—=b-b— —-b+b-e;— b —— — . .84
; U btberg b T = e (389
de de, -b db db
b S5 — - D 2 85
P T T T e T T (3.85)
%:ﬂ+(uleL+vE)-— (386)
dt € dt’ '
©) O ®
® d(vb) d(u, e dv
—|Eb-e, +ui(el xB)-e,| =e,- d‘z‘f +e,- (gtL)—i—ep-th. (3.87)
ble,=b-e,=0 (3.88)
—sin¢ cos ¢
ui(e; xB)-e,=u;(e,xey) B=ug cos ¢ X | sing -B =
0 0
0 0
= U] 0 . 0 = —UJ_B (3.89)
-1 B
ep . dt = ep . U”E + e, E (390)
ep~d(u§teL) =u, (ezcos ¢ — ejsing) - d(ey cos ¢d—t|_ e2sing) +e,- l—dj =
d d
=uy [(eg cos ¢ — ey sin @) - (cos qﬁ— — e sin (b—d) + sin qﬁ— + e COS¢df):| =

=u |:COS2§Z5€2 M—%W—i—sm qﬁ—el e+
des o d
+Mﬂm%el gﬂm £62 ezW =

=u {(sin2¢+0052¢) <d¢+ es - del)—sinng(e deg+e2'del>]:

dt dt Yar dt
_ [d¢ del 5 7@@ }/d.%( }/d.%(
=uy {dt 62 sin“ ¢ < T 1 +e (3.91)
d¢ B de; 1 db  dug
W= e g e (g ) (392
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dR d /b € dvg
du, b dog
— . — 4= .94
a (v AT > (3:54)
dU” EH db
H = ? + (ULGL + ’UE) ’ Ea (395)
d¢ B de; 1 b dog
T e €s 1 " € <1)|| I + a > . (3.96)
d 0
dR € 0
a :va—l—vE—i—E(v||b—|—uJ_eJ_) X [at—i- (v”b—l-’UE—i-UJ_eJ_) V:| b+
0 1
6(’()Hb—|-UJ_6L)Xb E—F(U”I)—I—UE—FULGL)'V E +
o |t (oybtvg) V] vg + Sbx (ures - V)v (3.98)
5 5 I E B+ 5 el E - :
€ 0
b xb| 5+ (vb+ve) - V] =0 (3.99)
dR

€ €
= v||b+'vE + Eb X Dy (U”bJr’UE) + Ev”b X [uLeL . V] b+

dt
€u 0
?GJ_ X |:3t+ (U”b""’UE"‘UJ_eJ_) V:| b—
€uy 0 €
BQGJ_><b|:at+(’l)|b+’UE+UJ_6J_)-V:|B+BbX(UJ_6J_-V)’UE, (3.100)
0
Di= o+ (vb+ovg) - V. (3.101)
dz ~
g = =)+ (3.102)
¢ [
z:Z+/ f2(¢")de'. (3.103)
B Jo
do B de; 1 db dog B 0
Lo 2 e e e, (o2 ) =2 . 104
a - e P ue (U"chtJr dt> e TOE) (3.104)
d 9 drR o dy 9 duy O d¢ O
=y . 47 s 7 T 1
dt ~ ot dat OR ' dt ouy | dt duy | dt 09 (8-105)
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CHAPTER 3. CHARGED PARTICLE MOTION IN ELECTROMAGNETIC
FIELDS 3.6. GUIDING CENTRE MOTION

dz dz BO e [+ , .,
(ﬁzdt—eaqﬁB/stz(eb)w—

dz - L
= ar J2+ 0(6) = <fz<z)> +f—fat O(E) = <fz(z)> + 0(6) (3107)
blz,t) =b(R,t)+p-Vb(R,t) + - = b(R,t) + e%ep CUb(R, ) +...  (3.108)
(b(x,t)) = b(R,t) + Ofe). (3.109)
dz
T = (f.(2)) + O(¢e), Q.E.D. (3.110)
dR eu’ eu?
<dt> = <U||b—|—’UE+;bX Dt (U||b+UE) +?J'6l X (6L~V)b— BJ‘eL X b(eL V) > .
(3.111)
(e xb)(el -V)B = (e1sin¢g — ez cos¢) (cospV1 +sin¢pVs) B (3.112)
((eL xb) (el -V)B) =3 (e1VaB—eyViB)=—1(bx VB) . (3.113)
<€J_ X (EJ_‘V) b> = % (61VQ — GQV1) bs + %63 (Vlbg — V2b1) . (3.114)
b(R+6R) =b(R) +6R-Vb(R) + O(JR?) . (3.115)
0 sbi \ |
WPP=1=|[ 0 |+ 6b = 502 + 6b2 4 (1 + 0bs)? ~ 6b3 4 6b3 + 0b3 + 20b3 + 1.
1 dbs
(3.116)
(el x (el-V)b) = 1es(e3-Vxb)=1b(b-V xb), (3.117)
® ® ®
iR\ © @ eu? eu?
T :va—i—vE+§bet(v”b—|—vE) B(b be)b+?beB+(’)( %),
(3.118)
moj l
Ve = qu [bx(b-V)b] = qBQB X [b-(e1Vb1 + e2Vby + bVb3)] =
|| ||
qB2 B x Vb3 = B2R2B x R, (3.119)
€ G dvg _m d ExB _m oFE B
EbXDt(’U”b‘FvE)—EbXE_"A BQBXCR_BQ+A_quBX<8tXB)+B_
m OF OF m OF sgnq OF
=—|B-B——-B-—B = —— = —
qB4< ot ot >+B qB? Ot ¢ w.B Ot +C
(3.120)
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___\\\
T TN B
\h
—
—a———AL N Nl [\
........ A e \) >
¥
-
- AP .
v\ _ B ud
N _Z_“Ly B . D 121
< % > - ZBVH +vg - Dib+ O(e) (3.121)
dug \  vjuL Ul
< T >— ¥ VHB 5 (V-vg—0» V”’UE)—{-O(E) (3.122)
d B v
—¢ :———eQ-Dtel—Jb-Vx b+ vr) + O(e 3.123
dt € 2 I

3.7 Magnetic mirrors

10 10B 0B
V-B=—— - i 4 Z = 124
ror + r Oy + 0z 0 3 )
[ OB
B, =— [ »=—=dr'. 3.125
T /r 9 T ( )
0
OB f 1.,[0B
B, ~ — z " = —=r? = 12
r [8ZLO/7‘ r 27" [62 ]TO, (3.126)
0
1 [0B,
By ~ —= . 12
QT |: 873 :|'r—0 (3 7)
Uy B, vpB, —v.B,
F=quxB=gq| v, X B, =q v, B, —v. B, =
v, B, v By — v, B
B
=dq v, Bp~ — v Bz@ . (3128)
—v, By
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CHAPTER 3. CHARGED PARTICLE MOTION IN ELECTROMAGNETIC

FIELDS 3.7. MAGNETIC MIRRORS
F, = —quy,B, = %q%raai = (3.129)
P = —u%f = —uV| B, (3.131)
md;)t” = _M%I:’ (3.132)
muj - d;t” = % <;mvﬁ> = —Mgf ‘v = —uaaf . % = —u%. (3.133)
% (;mvﬁ + ;mvi> % <1mv” + [LB) 0, (3.134)
0= —uii + jt B = —,u% + (15 + Bi—'l; (3.135)
%‘ ~0. (3.136)
% = Llbvyn - é(V@;E b vE) +0(e), (3.137)
V~’UE=V‘E;<72B:%[B-(VXE)—E-(VXB)]—i—(EXB)-V%:

_ 7%B 88]? E”;EL (V x B) - 2(EB>; B). VBB _

- —%b [ gb b%ﬂ 1;! [(VB) x b+ B(V x b)] -
ng [(VB) x b] — §Hb- (V xb), (3.138)

b-Vjvg =V|(b-vg)—ve- (Vb)) =—vg-[(b-V)b] =

~ % (b V)B] - (ve-B)(b- V) = "2 [(b-V)B],  (3.139)
VB*=V(B-B)=2B-VB=2Bb-VB and VB?=2BVB. (3.140)
- “; o (Wb +vE) V| B+ 0() = ﬁDtB +0(e), (3.141)
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FIELDS 26
r 3 UH
S -
\, 07” v
‘r\
t’UU
........................ v
Uy
dp wi$ur Wi d1 W? u? dB
— = ——— = —=DD;B+0(¢) — —=— = O(e). 3.142
dt B tepap " ampDBTOO gy =0 (3:.142)
1 1
jt = const = §mvio/Bo = §mvl/B' and v = vio + Uﬁo = v, (3.143)
2 2
By vYip Vip . o
_— = - — 2 = ’19 3144
B’ V2 vg s ( )
. B
sin? Umax = Bmix' (3.145)
3.8 Adiabatic invariants
dg OH dp OH
a0 d ==_=2", 3.146
a  op ¢ W dq (3.146)
ai(t) = ¢t +T), (3.147)
jépidqi = const (3.148)

T T
/pdq = /(—ml2g00w sin wt)(—pow sinwt)d(wt) =
0 0

T
= ml2<,03w/sin2 wtd(wt) = Tml?piw = const. (3.149)
0

m2v | 4mm

= 1 = const. 3.150
gsgngB  gsgng ( )

2
J1 = jgpidqi = /mvﬂ“L d¢ = 2mv .
0

b

Jo = /v”ds (3.151)

a
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FIELDS 3.8. ADIABATIC INVARIANTS

ds o
Ry R’

0 —ds - Re R 1Ads_ 1dos
Atés  AtR, ¥ RZ  ds At ds dt’
Ry —Ry| _ R
At | 8 Ry

BxVB MU R, x B
L™
B2 g R:B?

1dss  1mo? Ry
= -2 L(BxVB) —&,
R

1
Vge = 5 Sgnqu L
bs dt  2q B3

1 1 1
W = §mvﬁ =+ imvi = §mvﬁ +uB=W;+W,.

ol L (La8)2

dv dB dB
AR S Y
Y| 2W —uB mvﬁ ’
2
dB  dBdR mui R, x B
o2y, VB= —L . VB.
at AR dt e ¢ RB?

dvy

R} B2 2 Bq R} B2
L dlvds) _ 1dds 1 dy
vbs dt  ds dt vy dt
1 d(v)és)
’U”(SS dt N

il
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i__E(R;€><B)~VB__lmvi(BxVB)-Rk
q

(3.152)

(3.153)

(3.154)

(3.155)

(3.156)

(3.157)

(3.158)

(3.159)

(3.160)

(3.161)

(3.162)

(3.163)
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a v b
ng/ v||5s+/ v||5s+/ 08, (3.164)

JQ = 'U” (3.165)

Js = / B.dS (3.166)

3.9 wvan Allen radiation belts

B = (Bg(R, 2),0, B.(R,2)), (3.167)
10 0B,

.B=0= 1

A% 0= ROR 9 (3.168)
1 0F 1 0F
B,=—-—— d Br=-——=—. 3.169
rRorR " TRTTRo: (3-169)
R2
dv q oF OF q dF
— ) =qw.Br—vgB,) =—= (v, —=—, A71
<mdt>¢ 4(v:Br = vrB:) R(” 9z ”RaR) R dt (3:.171)
e, x e, xXr. (3.172)
|z||r|sind = R, (3.173)
Re, =e, x . (3.174)
Rv, = Re, v = (e, xr)-v. (3.175)
d dv dr
ERUHD =(e,x7r)- s + (e, x E) ‘. (3.176)
d dv dv

— = 1

dtR = Re,, - T =R <dt> (3.177)
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FIELDS 3.9. VAN ALLEN RADIATION BELTS

IN0
5 >
d qF'\  _dv, ~qdF
a <va+m> _RW—FEE =0, (3.178)
qF
Rvp+-— =1 (3.179)
vh + vgy 402 =0? =13 (3.180)
qF
Rlvg| < |k —  |L - ey < RI. (3.181)
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Chapter 4

Plasma as fluid

4.1 Double-fluid model in physics of plasmas

Ong

Oug
Malla | 5= + (U - V)| = gana(E + uq X B) — Vp,, (4.2)
Pa = Ca(mana)’yaa (43)
e0V - E = nigi + Nege (4.4)
0B
E=-2 4.
V x T (4.5)
V-B=0 (4.6)
1 E
%V X B = nijqiui + NeGette + 50887. (4.7)
0B 0
V (VxE)=-V.-—=-—-V-B. 4.8
(V x E) T 5 (4.8)
V - B = const, (4.9)
p=Cp’ or Vp = fy@. (4.10)
p p
4.2 Highly ionised plasmas
due
Mefle 7~ = —ene(E + ue X B) — Vpe + Pe. (4.11)
Pi= —P,. (4.12)
Pi= 1 € ne ni(u— Ue) ~ ne’*n?(u; — Ue), (4.13)

—
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CHAPTER 4. PLASMA AS FLUID 4.2. HIGHLY IONISED PLASMAS

Py = men(ui — Ue) Ve, (4.14)
2
ne
Vei = m7877 = wﬁson’ (4.15)
2
e
F=—-— 4.16
dmegr?’ (4.16)
At="", (4.17)
v
o2
A ~ |FAt] = . 4.18
(mev) ‘ ‘ 471'807’01) ( )
A e’
= = 4.1
(me’U) mev 477'507’0’[}7 ( 9)
2
e
= 7. 4.20
190 Amegmev? (4.20)
2 e
g = 777"90 = W (421)
4
ne
Vei = 0NV = W (422)
_vame @ Smd (4.23)
ne?  16medmevd  16med(KpT.)3/2 '
AD
1 A
/ —dr = [In 7“];\13 =22 = InA, (4.24)
r . 790
T90
e2mé/2
= InA. 4.25
T 6re2(KpTo)32 (4.25)
P, = neQnQ(ui —ue) = en E. (4.26)
E = nen(u; — ue) = nj, (4.27)
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4.3 Single-fluid model

p=niM +nem ~n(M +m) ~nM, (4.28)
1 n(Mu; + mu Mu; + mu
u= ;(niMui + Neme) ~ (n(Ml apeny o) _ M i °, (4.29)
J = e(nju; — nelte) ~ ne(u; — Ue), (4.30)
P = Pi+ Pe- (4.31)
8’114
Mn 5 =en(E 4 u; x B) — Vp + Mng + P, (4.32)
na(;;e = —en(E + ue X B) — Vpe + mng + P (4.33)
Mu; 0
n(M—Fm)gt <m> = né(Mui—i—mue) = en(uj—ue) X B—Vp+n(M+m)g.
(4.34)
0 .
067?: =3j x B —Vp+pg, (4.35)
611,1
mMn 5 emn(E + ui x B) — mVp; + mMng + mP, (4.36)
0
mMn ;: = —eMn(E + ue X B) — MVpe + mMng + M Py. (4.37)
0
ana(ui —ue) = en(M +m)E + en(mu; + Mu.) x B—
—mVp; + MVpe — (M + m)Py. (4.38)
mu; + Mue = Mui + mue + M(ue — ;) + m(ui — ue) = %u — (M — m)é, (4.39)
P, = neznz(ui — Ue) = MeEny. (4.40)
. 1 [Mmnoyj )
E+u><B—m:ep[ . a%—i-(M—m)g><B—i—mVpi—MVpe . (4.41)
Mmn 0 j m 0 J 1073 )
—= = B——==MnB == M — B 4.42
e Otn "B otn 5% 8tn<<( m)j x B, (442)
1d /g ]
— (< < 4.43
we dt (n) < n (443)
1
E—i—uxB—nj:%(ij—Vpe), (4.44)
dp
— . = 4.45
5 +V.pu=0 (4.45)
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CHAPTER 4. PLASMA AS FLUIDt.4. APPROXIMATIONS TO PLASMA FLUID

Lo

udt
%’)e +V.j=0. (4.46)
u .

pgy =3 xB=Vp+opg, (4.47)
E+u><B:77j, (4.48)
V. pu=0, 4.49
5t PV pu= (4.49)

ape .
V-j=0. 4.50
5 TV (4.50)

4.4 Approximations to plasma fluid

frorentz = peE +j x B = 0. (4.51)

jxB=0. (4.52)

V x B = uj. (4.53)

(VxB)xB=0, (4.54)

V x B = oB. (4.55)
E'=E+uxB=0. (4.56)

E' =nj, (4.57)
Vx(VxB)=VV-B—-AB=V x (Mo]—l—uoeo(aaf) (4.58)
ooV X (E+u x B) = —gguoV X 88—15 — AB. (4.59)
—aalj—FVx(uxB):O — Vx(uxB)= 8613 (4.60)
dt /B s = /B 2= . ds. (4.61)
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fB-(uxle aB-dS:—f(uxB).dH 9B 4s. (4.62)
l i l ot
B B
—/Vx(uxB)-dS%—/%t-dS:—/[Vx(uxB)—aat] -dS =0, (4.63)
10E, OEp 0Er OE. 1 0 1 0ER
g (LOE: _ e L 9 pp, o _9OR) . 4.64
v (R@gp 9z ' 8z OR ROR ¥ R&p) 0 (4.64)
E,=—(ux B), =—urB, +u;Br =0, (4.65)
ur _ Br
o= (4.66)
up = &(R, 2) By, (4.67)
U(R,z) = RA,, (4.68)
10V 10V
9 L5 (puy) + 2% — v (puy) = 0 (4.70)
ot Ple) T g, = ¥V W) = 5 '
V - (pup) =V - (p£By) = Vp§ - By + p€V - By, = 0. (4.71)
1 1
V- (pEBp) = VR(p§)Br + V2 (p§) B: = = L VR(pE V-V + SV (p§) VRY =0, (4.72)
V(p€) x VU = 0. 4.73)
dmp€ = Fy (D). (4.74)
ux B =uye, x B, +up x Bye, = uye, x B, + B, x Bye,
1 /0¥ 0OV
= (up — §By)(B: — Br)e: = (up — SBSO)R <(9R - 82) €z
u, —EB,
= —=VVU. 4.
=V (4.75)
B
Vx(uxB)za—zo, (4.76)
ot
v (Le=tBegy) _y (Y =tBe) gy —o, (4.77)
R R
u, —EB
“’Tf“’ — By(). (4.78)
Bye,-V(RB, — FiRuv,) =0, (4.79)
RB, — F|(¥)Ru, = F3(1). (4.80)
1 dP
—u?+ / — 4+ P — Rung(\If) = Fy(V). (4.81)
2 W=const P
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CHAPTER 4. PLASMA AS FLUID 4.5. DRIFTS IN THE PLASMA FLUID

* M

I
OOV
OO0

4.5 Drifts in the plasma fluid

mn <?;: +u- Vu) =gn(E+ux B)—Vp (4.82)

0=gn(E+uxB)—-Vp (4.83)

0=gn[Ex B+ (ux B)x B]—Vpx B=

= qn(E x B—uB? + Bu- B) — Vp x B. (4.84)
qn(Ex B —u,;B*) —Vpx B=0 (4.85)
ExB VpxB
UL =y B vE + vp. (4.86)
Ou B Op
mn ( 5 + (u- V)uz> =qnk, — 5 (4.87)
Yo _,Yn (4.88)
D n
Ou, on
mn— = qnkE, — KBTa. (4.89)
8(]5 KBTe 871
e - 4.
“0z n 0z (4.90)
ep = KpT,lnn+C (4.91)
e
n = ngexp {KjTe] ) (4.92)
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Chapter 5

Waves in plasmas

5.1 Linear waves

vV=u+w,

U =Ug+ Uui.

5.2 Example: Acoustic waves in fluids

. B _
op _
a0 V- (w) =0,

ou ou

(oot ) {4 S o ) 9] ) f =

d(po +
P05 0 (g + 1) g + )] =0,

R A CRPRNC R

—- t =+ V- (pouo) + poV -u1 +u1-Vpyg + V- (p

ot ot
0
%erov‘“lzo

P0+P1_mp%_%g+’%—pfo

po + p1 L’;B“ 1+2  py’

ouy
Po ot

A = Ay exp li(k - r — wt)],

Po
= —7—Vpr1.
0o

36

~y(po +p1)
(po + p1)

Vipo+p1) (55)

1)+ V- (prug)=0. (5.7)

(5.9)

(5.10)



CHAPTER 5. WAVES IN PLASHAS EXAMPLE: ACOUSTIC WAVES IN FLUIDS

] A .
[ A . x
x#
Oe i
a1 — —1lwe
Ve — ike
Ne — —k%e

—iwp1 +ipok - u; =0,
—iwpouq + i'y@kzpl =0.
Po

YPo _

w
w o — .
k P0 °

—iwp1 +ip1k - ug +ipok - u; = 0,
—ip1(w — k- ug) + ipok - w1 = 0.

8u1

Po
—— + po(up - Vuy) = —y—Vpy,
Po ot po(uo 1) ’Ypo P1

—ipo(w — k- wo)ur + ik’V%oﬂl =0,
0

w—k-ug = kcs,
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(5.20)

(5.21)



CHAPTER 5. WAVES IN PLASMAS

38

5.3 Types of plasma waves

5.4 Electrostatic waves without a background magnetic

field
0
m 0% = —engEn,
on.
6:1 + V- [nguel] = 0,
El = _vd)la
€0V . E1 = —€MNe1-
g0 Ad1 = nee,
oV -
mnOTu(ﬂ = eng A¢r,
on
62?1 + nOV cUel = 0.
mn oV - Uel . e2n0n
0 ot - o el
1 8ne1
Vo = ——
el no ot

ne1 B e2ng

—m —MNe]-
ot2 ¢
2 €2n0
W Ne1 = Ne1.-
eom
2 77,062
wp = .
egom

Vpe = V(3KBTene) = 3KBTQV(TLO + nel),

0
mno g:l = —en0E1 — 3KBTeVnel,
on
8;1 + ’noV cUel = 0,
El - _v¢17
eoV - E1 = —ene.
9%n, e2n
—m 825261 = g—oonel — 3KBTe Anet.
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(5.22)

(5.23)

(5.24)
(5.25)

(5.26)

(5.27)

(5.28)

(5.29)

(5.30)

(5.31)

(5.32)

(5.33)

(5.34)

(5.35)

(5.36)

(5.37)
(5.38)

(5.39)



5.4. ELECTROSTATIC WAVES WITHOUT A BACKGROUND MAGNETIC

CHAPTER 5. WAVES IN PLASMAS FIELD
KgT,
Wnel wgnel — 3k? :fz “Ne1 =0 (5.40)
2 2, 3,29
w® =uwp + 51{: v, (5.41)
Nel = Ne1 €OS (k- 7 — wt) (5.42)
Ei =Ejcos(k-r—wt+g). (5.43)
—eok - Eysin(k -7 —wt +6p) = —engr cos (k-1 — wt). (5.44)
sin (k- r — wt) cosdg + cos (k- r —wt)sindg = C el s (k-r—wt). (5.45)
€0 E1 -k
—iwmue; = e(E1 + ue1 X By). (5.46)
Uer = — B, (5.47)
w
k x E1 = wBl, (548)
Oue1
mng =~ = —engE1 — 3KT,Vne1, (5.49)
0
el 4 oW - et = 0, (5.50)
ot
ou;
Mng% = enoEy — 3KpTiViny1, (5.51)
8ni
8t1 +noV -u;1 =0, (5.52)
E; = —V¢, (5.53)
€0V . E1 = e(nil — nel). (5.54)
e e
Nel = Ne — Neg = N (exp Kj}e — 1> ~ ng Kj}e (5.55)
oV -
]WTL()T’UI1 = —€eny A¢1 — 3KBTi Anil, (5.56)
on;
gtl +noV - up =0, (5.57)
—&0 A(bl = €Nnj1 — eny ;](j}e . (558)
w2Mn11 = €n0k2¢1 + 3KBT1]C27”LH, (5.59)
60k2¢)1 = enyj1 — 627’Lo K(}ilTe . (560)
nok? 3KpTik?
w? = L L } . (5.61)
e“ny
M <€0k2 + KBTOC)
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&21) ......................................................

<
=
v
o
o0
v

2 1.2
OG22 3,

2 2
= ———— + —vpk” .62
YT Rl 2 (5.62)

KgT, KgpT;

2 2 Ble BLi
w < % +3 i ) (5.63)

5.5 Electrostatic waves in background magnetic field

—iwmue = —G(El + Ue1 X Bo), (564)
—iwney + ingk - e = 0, (5.65)
ik B =~ ne, (5.66)
€0
E, = 1wmue1 —ue1 X By, (5.67)
e
k-E = k. . (5.68)
Eow
ieng

Fi = k- . .

1 60&)]{3 Ue1 (5 69)
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w? = Q2 + K22 (5.89)
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i1 = N0 —Uil,z, 5.91
ni1 ngwu 1, ( )
k
Tel = N —Uel - (5.92)
w
02 we
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Wi (M +m) = mw? + MQ? = ¢’ B (m + M) =¢eB (5.94)
eBo €B(]
5.6 Electromagnetic waves
0B,
VxE =—— 5.96
1 0F
il B = en— .
MOV X D1 €0 9t (5 97)
V. B =0. (5.98)
OF, 0°B,
1 OFE
—— VXV xB;=Vx-—1 (5.100)
HOED ot
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—iwmue; = —e(Ej + ue1 X By), (5.118)
ik x E, = iwB, (5.119)
Lki X Bl = —6()in1 — eNgUe1 - (5.120)
Ho
B
Uer = —i——— By — 1L e x by, (5.121)
mw mw
2
e = - B, — 1k x (k x By), (5.122)
eng w?eng
Eow 626
—i—F; —1 kX(kXE1):
eno weng
2
i B i %Y E 1S ke x (k< By x bo. (5.123)
mw w eno weng

WE| + (k- E))k - PKE, =

B eQnoE . We o We 9,9
= 1 — iwewEy x by —i—c*(k- E1)(k x by) +i—c“k“(E1 x by). (5.124)
gom w w

(2 — w2 — PR By +i-2 (w? — k) (By x bo) + (k- By )k +i-<c(k- Ey)(k x by) = 0.
w w
(5.125)
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By, w Eny
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ksina
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w 0
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2 272 wp
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E, = R(E1) = Eicos (k- r — wt) (5.139)

October 23, 2025



CHAPTER 5. WAVES IN PLASMAS 5.6. ELECTROMAGNETIC WAVES

nml{fjm

—_

October 23, 2025



CHAPTER 5. WAVES IN PLASMAS 48
® By
N
* ' Ex -
® B 5
™~ ¢
+ ’EI’ - \
E,=S(Ey) = Eysin(k-r —wt+6g), (5.140)
ER = Eyexpli(kr - 7 — wt)] [e, +iey], (5.141)
Ey, = Eyexpli(kr, - r — wt)] [ex —iey]. (5.142)
1 1 o :
E = 3(Br+ EBy) = 5 Eope ™" [elkR'T(ex +iey) + R (e, — iey)] . (5.143)
1 . .
E = §E0e_l°” [2elk'rex} = Eyexpli(k - r — wt)]e,, (5.144)
w w2 /w?
krp = —¢/1 - ———. 5.145
RL= 0 1 F we/w ( )
U GO S N B 1—1%2’(1i“c) (5.146)
RL ™% 2w2 1 F we/w c 2 w? w '
kpL = k + Ak, (5.147)
w 1w?
=—|1--2 14
S -
Ao L (5.149)
T2 w? ’
1 : : .
E— 5Eoel(k-r—wt) [elAk-r(ex + iey) + e_lAk'T(ex . iey)]
= Eoe! B9 [cos(— Ak - T)e, + sin(—Ak - T)e,)] . (5.150)
dey
— = —Ak. 151
L (5.151)

October 23, 2025



CHAPTER 5. WAVES IN PLASMAS 5.7. MHD WAVES

B, Ap

d d d
dep 1 9
Y=o+ / LE=wot / —Akdz =0+ 5~ /Wp(z)wc(z)dz =
0 0 0

d
o3
= o + W /TL()(Z)Bo(Z)dZ (5.152)
0
ot LBy (5.153)
¥ = ¥o 29m2eoc w? oboa. .
(w? — wg — 2k?) [(w?® — wg)(w2 — wg — K% — Wi (W — 02k2)] = 0. (5.154)
w? = wl + k2, (5.155)
(w? — wg)(w2 - wg — k%) = W(W? - AR, (5.156)
2,2
2 22 2W "W
w®—ck —wpw2_w}21, (5.157)
5.7 MHD waves
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Chapter 6

Diffusion

6.1 Diffusion in weakly ionised plasmas

In Section ?? we introduced an additional term to the Euler equation accounting for
collisions between particles. We defined the particle flux I'

I' = nu, (6.1)

where n was the particle density and w their speed.

The formalism used here is similar. For simplicity, let us assume that the particles
flow along the z-axis of the Cartesian coordinate system. Due to collisions occurring in
the spatial dz, a fraction of the flux dI" is lost (see Fig. 6.1). We may write

dI' = —nyol'dz, (6.2)

where n, is the density of neutral particles because we expect the collisions to be
dominated by neutral particles. o is the effective cross-section of the collisions. From
the effective cross-section, we may define useful quantities Ay = 1/n,0 to be the mean
free path between consecutive collisions and similarly the mean collisional frequency

v = ny(ov) &= nyou, (6.3)

where the averaging is performed over the velocity space. The averaging is performed
because quantum mechanics teaches us that the effective cross-section may be a function
of velocity. The mean period between consecutive collisions is then 7 = 1/v.

We take the time derivative of (6.1) and (6.2), where for simplicity we neglect the
possible time dependence of all variables apart from the coordinates and velocity. Then
using the definition of I" we have

ar_du o = —nw (6.4)
G =g T Twont g = —mmonuu = —nu, .
Hence d
d—’l; = —vu, (6.5)
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.”
| I
| _und
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NN
Figure 6.1: lllustration of the T
x

model of the change of the
particle flux via collisions.

which is the (average) velocity change due to the collisions.
Hence the Euler equation with the magnetic field set to zero and with the collisional
term added reads

mn [(?;: + (u- V)u] =qnE — Vp — mnvu (6.6)

d

Let’s investigate a system where g;

motion due to the diffusion). Then

u = 0 (in such a system we only find a constant

_ﬂ_KBTVn_I‘

u -, (6.7)
my mnv n
where we used the definition of the particle flux. By introducing the mobility p = 42874
and the diffusion coefficient D = % we have for the particle species j
I'; =sgngjnu; E — D;jVn. (6.8)
For E = 0 we have
T'=-DVn, (6.9)

which is a form of Fick’s law for diffusion. A simple interpretation of this useful relation
is that the particles flow from locations with a higher density to lower density regions
(as illustrated in Fig. 6.2), which is to be expected. In plasmas, Fick’s law is generalised
to (6.8) noting the effect of the electric field. One should also note that the coefficients
p; and D; may generally be different for various particle species (most often electrons
and ions) and hence the diffusion in plasmas may cause a separation of charges and thus
drive an electric field. However, to fulfill the quasineutrality of plasma, I'; =T'¢ =T on
scales L > Ap, which allows us to derive the necessary electric field that will keep the
plasma quasineutral.
By assuming the plasma approximation ne = n; = n we have

nE — DiVn = —nueE — DVn (6.10)
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O O 0O O
o _© 0
O 00 0 ¢ O
& o~ es
oo O ® O (o
o 0® -0 o
O O é( O [ O Figure 6.2: Illustrative concept of diffusion. An over-
O O abundance of the black “particles” is decreased in time
O O O l O O O via collisions with white “particles” and their local den-
O O sity thus decreases.
and hence Di—D.T
_HiTPe Vi (6.11)
Hi+ fe T

is the induced electric field triggered by the separation of charges. This is a repulsive
electric field, which stops the charges from further separation due to diffusion and hence
keeps plasma neutral on large scales. This electric field causes the electrons to slow down
and accelerate ions simultaneously, so that the bulk of plasma (with charges separated
on scales smaller than \p) diffuses according to modified Fick’s law. This is the basic
picture of ambipolar diffusion.

Then
D;— D,V
I'=T;=ny : e—TL—DIVn:
Hi+ He T
Dy — piDe — i Dy — peDi ., piDe + peDi,
= Vn=———"—-—-Vn=
it e i+ e
= —D,Vn, (6.12)

where D, is the coefficient of the ambipolar diffusion. For pe > p; and using the
definition of the mobility coefficient we have

iD D; i T
p, = Filetheli | Hip <1+e> Di. (6.13)
Mi + fle He 1

Thus the coefficient of ambipolar diffusion is mostly determined by the diffusion coeffi-
cients for ions with some correction.

Typical time evolution by diffusion

As an example, let’s take the continuum equation

on
and hence
on
E:—V-nu:—V'F:DaAn. (6.15)
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Figure 6.3: A model of plasma diffusion confined be-

tween two infinite plane-parallel walls. A series of

plasma density snapshots is represented by the purple

lines. At the beginning, the density profile is quite

complex. Due to diffusion, it simplifies with time,

large spatial frequencies (small-scale features) decay —L 0 +1
the fastest.

This equation is similar to the heat conduction equation. It may be solved by assuming
the 1-D solution by separating the variables n(z,t) = T(t)S(x), where T and S are
some functions. Then

dT
S=— = D,T AS, (6.16)
d¢
and hence L4 D 1
Ta =g AS = const = - (6.17)

Both sides of the equations must equal the same constant because the left-hand side
depends purely on time; thus, the right-hand side can’t depend on time and vice versa
for the spatial dependency of the right-hand side. For dimension reasons, this constant
must have the dimension of reciprocal time. The equation may then be solved by parts

dT T ¢
ar _ T T = Tyo 1
a n — 0€ (6 8)
and L5
1
e 1
da? D,t 5, (6.19)
which has the solution in the series of harmonic functions,
S = Sy cos * and S = Spsin * (6.20)

VDar VDar’

This solution must be supplied with the boundary conditions. Let’s assume a simple
model of plasma confined between two infinite plane-parallel walls (see Fig. 6.3), where
the density of the plasma vanishes outside interval x € (—L, L). Then the solution to
the problem is

t

oo
n = ny E (e € "ol cos

=0

(I+ 3)mx
L

> ot
+ " agme” o sin [mgx]} (6.21)

m=1

The coefficients 7.; and 7,,, may be determined by inserting the solution above into
(6.16) and comparing the terms one by one. For the first term (I = 0) in the cosine
series we have
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-t 1 T -t s m\2 T
—ae € 0 P cos o = —Djacpe 0 (ﬁ) cos o (6.22)
and hence )
4L
Te) = —5——- 6.23
€ 2D, ( )
For a general mode I, we would similarly find
L2
Tel = ——————. 6.24
&l 1+ %)27T2Da (6:24)
For the first term (m = 1) in the sine series, we have
_t 1 ot 2
—ao,1€ o1 - sin% = —D,a,,1e "1 (%) sinﬂ% (6.25)
and hence
L2
= ——. 6.26
To,1 7T2Da ( )
For the other modes m we similarly obtain
L2
(6.27)

To,m = .
m2n2D,

The lifetime of various modes 7,; and 7, ,,, shows that the higher modes are attenuated
faster. Therefore, if there is a wild density profile at the beginning (in time ¢ = 0), then
the profile is simplified with time. A set of snapshots of the evolution of an arbitrary
density profile is given in Fig. 6.3.

Other physics-motivated examples for diffusion

The question is whether it is possible to achieve stationarity in the presence of diffusion.
It is not if the continuity equation holds. It is possible in the presence of the source
term,

V- -nu=Q. (6.28)

In case of collisional ionisation () = Zn, where Z is the ionisation function, we have

Z
V.onu=-D,An=2Zn — An= —o.™ (6.29)
a
solution to which is again the series of harmonic functions.

The recombination, on the other hand, takes a different form because it does change
the number of charged particles. The number density of the ionised particles naturally
decays with n? in recombination, hence the continuity equation may be written in the
form

aa:: — D, Vn = —an?. (6.30)
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Similarly to the previous cases, we consider the solution separated to the temporal and
spatial parts n = T'S. Further, we will only be interested in the temporal part, which
is equivalent to modification of (6.30) to

on 9

— = —an”, 6.31

T (6.31)
where n? dependence is a consequence of the recombination being proportional to both
the density of electrons and ions and the use of the plasma approximation. Then

1 1

1
—dn=-adl — ——=-——oat. (6.32)
n n no

For t — oo we have n ~ é, which says that due to the recombination in plasmas, the
density of the charged particles drops as 1/t. The spatial part of the continuity equation
is not relevant to the problem; thus, we neglect it from the solution.

This solution is important for understanding which process drives the diffusion of
charged particles in a cloud of plasma left-alone in time. Obviously, in the initial
moment, recombination will be the dominant process, as its time dependence is steeper
for small ¢. On the contrary, when the density of the plasma gets smaller, the diffusion

with exponencial time dependence prevails and further drives the diffusion.

6.2 Diffusion in highly ionised plasmas

We will show that in highly ionised plasmas, diffusion resembles the process of recombi-
nation rather than ambipolar diffusion. Let us use the fluid approximation to deal with
the problem.
ou
—=jxB-V 6.33
Par =9 p (6.33)
E+uxB=nj (6.34)

Note that generally, the specific resistivity of plasma 7 is not a scalar value but rather a
tensor and thus may depend on direction. In plasma, this usually is the case. Therefore,
we split the specific resistivity into the parallel and perpendicular components (n =
nj + n.L), where in the parallel direction Ohm’s law simply is

Ey = n3)- (6.35)

To obtain a similar relation in the direction perpendicular to the magnetic field, when
assuming the stationarity, by vector-multiplying (6.34) by B and using (6.33) we have

E x B+ (ux B)x B=E x B— B*u+ B*u =n.Vp. (6.36)

Since w = w) + u_, then the last two terms on the left-hand side together give B?u,
and thus

_ExB niVp

= = (6.37)

uy
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The first term on the right-hand side is the same for both (electron and ion) fluids. The
second one, on the other hand, may drive the diffusion. The perpendicular particle flux
on top of the E-B drift is

nin(KgTe + KpTi)
_ =
Note that the diffusion coefficient D is a function of particle density and for simpler
manipulation may be rewritten as

/
' =nu, =

Vn=-D,Vn. (6.38)

ninKg ) Ty

«
D)= ———5"— =24n. (6.39)

The factor of two is introduced so that V - (2AnVn) = 2AV - (nVn) = A An?.
The continuity equation

867; +V . (hu)=0 (6.40)
then transforms to
on_ 4 An? (6.41)
ot ' ’

Such an equation may be solved by separation of variables, hence n(r,t) = T'(t)S(r).
Then S = AT? AS? and

1dr A 9 1
ﬁa = § AS* = const = —ﬁ (642)
and in the case we solved previously. Then the temporal part has the solution
1 t 1
=4 6.43
T 72 + Ty (6.43)
and the form of 7 depends on the spatial part S. For t — oo
2
T % (6.44)

which reminds us of the the solution of the change of the particle density caused by
recombinations. The difference between the ambipolar diffusion and the result we just
obtained is in the diffusion coefficient depending on particle density. Note that the
result we obtained is not consistent with the assumptions of the derivation of Fick’s
law, as we allow for non-stationarity here.

6.3 Diffusion in a magnetic field

In presence of a magnetic field, the Euler equation retains an additional term. Let us see
what happens in the presence of a magnetic field. We must go back to the double-fluid
approximation since collisions are essential in the process of diffusion.

mn [?;: + (u- V)u] =sgngen(E +u x B) — KgT'Vn — mnvu (6.45)
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Let’s assume that the collisions are much faster than the overall evolution of the system
in time, or in other words % < we, v, where v is the collision frequency with neutrals
and 7 = 1/v is the corresponding time between collisions. Then the left-hand side may
be neglected. Thus in components of the Cartesian system with the z axis oriented
along the magnetic field (B = Be,) we have

0
mnru, = sgnqgenk, — KBTa—n + sgn g enuy B, (6.46)
x
0
mnvu, = sgnqenk, — KBTa—n —sgnqenu,B. (6.47)
Y
Along the magnetic field, a classic diffusion as derived above occurs.
By introducing p = .=, D = %VT = %Z%T we have
Do
Uy = sgnqukb, — Zon sgn q &uy, (6.48)
n Ox v
D on w
uy =sgnqpuk, — woy sgn q fux, (6.49)
and (using 7 = 1/v)
D on E KgT on
up(1 4 w?r?) = sgnquk, — P + ngzgy — sgnquw3T? el 0y (6.50)
D on E KgT on
uy (14 w?r?) = sgnq uk, — Wy waQEI + sgn qwT? B 9" (6.51)

The last two terms on the right-hand side obviously indicate the already known E-B
and diamagnetic drifts. Hence

VE + Up o’ D Vn

= — — 6.52
b 1+ 1/(w27?) Teendy + w272 14+w2r2 n’ (6.52)

where vp = E x B/B? and vp = —Vp x B/(qnB?). Let us further identify

I D
=— d D =——. 6.53
HL=17 w2r? a LT 1w (6.53)
Hence generalised Fick’s law transforms into
Vn vg + vp

= E-D—+——+——. 6.54
u| sgnq pg 1 n + 1 + 1/((&)37—2) ( )

The last term represents the already familiar drifts in the plasma fluid, only with the
correction term for the diffusion. Obviously, the correcting term is important for v > w.
Hence in the weak field regime, drifts are suppressed by collisions.

The correction term for the mobility and the diffusion coeficient act in opposite
ways. In the strong field, i.e., when v < w,, diffusion is suppressed. In particular, we
have

KBTI/ KBT

wg and D” = my (6.55)

DJ_O(
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where D) is the non-modified diffusion coefficient which appears in the component of
the Euler equation parallel to the magnetic field. Hence the decay caused by diffusion
in plasmas has different rates in different directions. In case the collisional frequency is
proportional’ to m~1/2 then the diffusion depends also on the species of the particles.
Then

D, «xm'/? and Dy m~2, (6.56)

In the perpendicular direction, the diffusion is faster for ions than electrons, while in the
parallel direction the electrons diffuse faster. It has to be noted that generally speaking,
collisions are important for particles to be able to penetrate across the magnetic field.

! As we discussed at the beginning of this chapter, v = nn(ov). Leaving out a possible dependence
of the effective cross-section on velocity, we have v o (v) x /(v2). Since T o m(v?), for a fixed
temperature T' we have (v?) oc m~! and finally v o< m~1/2,
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Chapter 7

Equilibrium and stability

7.1 Equilibrium

ou
— =3xB-— . 1
pg =% Vp (7.1)
Vp=3jxB (7.2)
BxVp=Bx(jxB)=B%j—B-jB=DBj-j)). (7.3)
. B x Vp B x Vn
JL = B2 = (KB711 + KBTQ)T’ (74)
7.2 Plasma
V x B = uj (7.5)
. 1
Vp=jxB=—(VxB)xB=
Ho
1 1 1_
— —[-(VB)-B+(B-V)B]=— |(B-V)B—-VB (7.6)
o Ho 2
1, 1
V(p+—B?/2)=—(B-V)B. (7.7)
Ho Ho
B2
+ —— = const. 7.8
Pt o (7.8)
TLZKBTa
B = =« (7.9)
pmag 2B;TQU
0B
VxE=-—" (7.10)
V x B = jyj (7.11)
E+uxB=nj (7.12)
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7.2. PLASMA 3
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1 Mu; + mue
u = ;(niM'U/i + nemue) ~ W, (713)
J = e(niui — nee) ~ ne(u; — ue). (7.14)
0B . Ui n
2 Vxnj=-Lvv B -AB =1AB, 7.15
= wi=-"([vv-B)-sB=" (7.15)
0B n
= 7.16
B = Byexp [:I:t} , (7.17)
T
L2
r =" (7.18)
n
P =nj%. 7.19)
AW = nj*T. (7.20)
B \*uml? B?
AW =nj*r =1 () for _ 2 (7.21)
poL n 1o
7.3 Instabilities
Ming2%L — eno B, (7.22)
ot
0
mng [gtel + (ug - V)uel} = —enoE;. (7.23)
—inuil = €E1, (724)
m(—iw + ikug)uer = —eFj. (7.25)
on;
8751 + oV - uiy =0, (7.26)
0 = Fonguy = 0k g (7.27)
nip = wn(]ull T M2 1- .
One
gtl +n9V - ue1 + (’LLO . V)nel =0, (7.28)
(—iw + ikug)ner + iknouer = 0, (7.29)
knoue1 iekng
= _ ). 7.30
el = 5~ kug m(w — kug)2 ' (7.30)
VB = —(ni —ne), (7.31)
€0
e 1 1
ikE, = —iek E .32
ikE, 5016 ng T2 + (e — g 2 1 (7.32)
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e?ng [m/M 1 m/M 1
1= =uw? 7.33
gom | w? (w— ku0)2] “p [ 2 (w — kug)? (7.33)
w; = aj +1y;, where «o; =Rw;] and ~; = Fw;]. (7.34)
Ey = Fe, exp [i(kx — wt)] ¥, (7.35)

m/M 1

1= + — F(£:€). 7.36
e Tegp 09 (730
Mmnio[(uio - V)uio] = eniouio x By + Mniog. (7.37)
0 = enjuip x By + Mniog (7.38)

0=eBg x (uio X B()) +MByxg= €B(2]’u,i0 —eBy - uipBg+ MBy x g, (7.39)

M By x g g
_ - _ 7 4
e B2 chy’ (7.40)

Ujo =

M (nio + ni1) {gt(ui() + 1) + [(uio + uir) - V](uio + Uil)} =

e(nio + ni1) [E1 + (wio + wi1) x Bo] + M(nio + ni1)g (7.41)

0
M (nio + niz1) {(uio + uir) + (wio - V)uip + (wio - V)uin + (uin - V)uio} =

ot
e(nig + nit) [E1 + (wio + wir) x Bo] + M (nig + ni1)g (7.42)
M (nip + ni1)(uio - V)uig = (nio + ni1)euip X By + M (nio + ni1)g- (7.43)
Ouiy
Mmnjg W -+ (’u,io . V)uﬂ = enio(El + Ui X BQ). (7.44)
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M(w —k- uio)uil = ie(El + uj X B()). (745)
ie
e = ———Ui1y Bo, 7.46
—ie
Uly M(w o kuiO)( ly Uil 0) ( )
—ie —ieB2
iy = ——+—|F — =0 4y 7.48
Uity M(w — kujp) < y+ M(w—kuio)u1y> (7.48)
v — By [ EBYM T eBy, [ 92 1T o0
g M(w — kuio) (w — kui0)2 M(w — kuio) (w — kuio)2
GQCEly Q2 -1
= — 1— ¢ . 7.50
it M( — kui0)2 |: (w — kui0)2 ( )
E — kuyg B
Uily = B_lg/, Uily = —1%3—1;} (7.51)
Ely .w — kuep Ely
el = 5 ely — 11— (>, .52
Uel Bo Uely i o Bo (7.52)
on;
gtl +V- (nio’u,io) -+ (’uio . V)nil +ni1V-ujo+ (uil . V)ni() +nioV-ui1 +V- (niluil) =0.
(7.53)
: . Onio . B
—iwni + ikujoni + Uile 5 = + ikniouiry = 0. (7.54)
1o}
“iwn + uelz£ = 0. (7.55)
) . E1y0ng o, w—kug By
—iwny + ikujony + Bo 0x i*kng 0. By 0, (7.56)
Eq, 0 — kujo E
(w — Kuio)ny + iB—l(j’% + ikno%B—l;’ —0. (7.57)
C
Eq, 0
—iwn; + B—lj% =0, (7.58)
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Figure 7.1: A flute instabil-
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eBy ng 0x
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ion

electron profile profile

A\

ExB

\E

a) b) c)

Figure 7.2: Development of the flute instability. a) Initial disturbance. b) Effect of ion and electron
azimuthal drifts. c¢) Resulting E x B drifts increase the amplitude.

O By
E,
—
T
Te1 ep1
7.67
nQ KgT, ( )
E1 X BO
B3
E, iky 1
8n1 . 8n0
. Ong  iky¢1 Ong . edy
- el = —Uelx = = - ) 71
iwne Uelo 5 - By on iwng KT (7.71)
w KBTe 1 877,0
Z - _ —_ - .72
k eBy ng Oz’ (7.72)
of oh of ohdf  (0f
ot " por, omop  \ot).y (7.73)
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Im(vr)
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R/2
of F 0f B
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ot TV b < coll
of of
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—iwfi +ikfiv, = EEM%,
m vy
ieEm 6f0/8vx
fo = 5 Oo/ 0,
m  w— kv
+oo
V B =ikEy, =% = % [ fidd.
€0 €0
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/ fldgv _ ieE o / 8f0/8vx o 1kE1x507
m w — kvx e
- e*ng / 3f0/5vx 8f0/ava:d v
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w2 +o00 af( )/8 +oo +oo af /a
Vg )/ OV, ~ ~ Vs 4
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1 m(v,)
_ _ I _ Re(vs)
™| IT s
I, UllH Fug
R/2
o d 1T g
0 Vg 0 04Uy
—— = —_— 7.86
vy vy —w/k [vx—w/k: N + / (Ve — w/k)? (7.86)
20, 3
(vp — V) 2~ <1 + UL + Ug) . (7.87)
o o
400 ~ q +003 9
/ fU e ~ / devac / 7f0dvac / %fodvx =
—00 (Ux B USO —00 —00 UQP
2 3(v? 3(v2
o2 {1 + U—(vx> + i”;)} =v,” (1 + S;”) , (7.88)
@ @ ®
w2 k2 3(v2) w?
=22 {1 o pin |20 b :
R\ T T g | (7.89)
*
w? k= KgT.
1=2(1435—= 7.90
b (1435700 (7.90)
KgT,
w? = w? 4+ 3k (7.91)
9 a2
2 o . |w® dfy
*
1. |w?df
%
w? w? 0,
Z _d1+ir | = ~1 7.94
wg { t1 k2 v | ( )
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