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Figure 1. Example of the importance of the incident radiation field on the cooling
functions: blue dashed and solid lines show the “standard cooling function” for
the metal-free and solar-metallicity gas, respectively. The corresponding red
lines show the same cooling functions for the fully ionized gas.
(A color version of this figure is available in the online journal.)

Therefore, it is desirable to find a way to account for the
general shape of the incident radiation field without the need to
recompute the cooling and heating functions every time they are
needed. In this paper, we show that it is possible to come up with
an approximate solution for this problem using a sufficiently
general model for the radiation field spectrum.

2. APPROXIMATING THE COOLING
AND HEATING FUNCTIONS

The radiative term in the internal energy equation—the rate
of change in the internal energy of the gas due to radiative gains
and losses—can be represented as

dU

dt

∣∣∣∣
rad

= n2
b [Γ(T , ...) − Λ(T , ...)] , (1)

where U is the gas thermal energy and nb = nH + 4nHe + . . .
is the total baryon number density. We explicitly factored out
n2

b in both the cooling (Λ) and the heating (Γ) functions so that
these are density-independent in the CIE limit.

In the most general case, the cooling and heating functions
depend on an extremely large set of arguments: gas temperature
T, baryon number density nb (in addition to n2

b dependence, ex-
plicitly accounted for in Equation (1)), the fractional abundance
Xij for the species i (including atomic and ionic species, various
molecules, and cosmic dust) at level j, the distribution of the
column density for the species i at level j at different veloc-
ity values with respect to the systemic velocity dNij (v)/dv, the
specific intensity of the radiation field as a function of frequency
Jν , and the heating rate by cosmic rays ζCR,

F(T , ...) = F
(

T , nb,Xij ,
dNij (v)

dv
, Jν, ζCR

)
, (2)

where hereafter F denotes either Γ or Λ,

F(...) ≡
[

Γ(...)
Λ(...) .

Obviously, such a complex dependence cannot be described
in simple terms and would require a detailed calculation with a
large set of chemical species using a radiative transfer code—for

example, the well-known code Cloudy (Ferland et al. 1998).
That would make it impractical as a method for computing
the cooling and heating functions in realistic three-dimensional
numerical simulations.

We, therefore, adopt several major simplifications. First, we
restrict our focus to a purely optically thin case (all Nij = 0).
Second, we exclude cooling and heating due to molecules, dust,
and cosmic rays, since these processes crucially depend on
radiative transfer and computing them in the optically thin limit
does not make much physical sense.

With these restrictions, Equation (2) becomes

F(T , . . .) = F(T , nb,Xij , Jν).

Even this is much too complex, as the cooling and heating
functions depend on hundreds of individual level populations
for atomic and ionized species.

In the next simplification step, we assume that all atoms
and ions are in the ionization equilibrium, and that the level
population is in the equilibrium as well. This assumption is
actually valid in a vast majority of astrophysical environments.
In the limit of ionization equilibrium, the cooling and heating
functions only depend on the total abundance of each chemical
element. Finally, if we assume that the abundance pattern for
heavy elements is solar, and ignore small variations of helium
abundance, then the cooling and heating functions become just
functions of the gas metallicity:

F(T , . . .) = F(T , nb, Z, Jν). (3)

Often, Equation (3) is what is actually called “cooling” and
“heating functions.” For example, the CIE cooling and heating
functions are just

FCIE(T ,Z) = F(T , nb, Z, 0)

(which, in this limit, is also independent of nb).
At low enough densities and faint enough incident radiation

fields, most of the reactions that result in cooling and heating
in gas are interactions of an atom/ion with either a photon or
an electron. Hence, in this limit cooling and heating functions
(Equation (1)) can be substantially simplified:

F(T , nb, Z, Jν) ≈ F
(

T ,Z,
Jν

nb

)∣∣∣∣
nb,Jν→0

.

Unfortunately, this approximation is only valid for rather low
values of the radiation field; for example, it is only marginally
valid in typical ISM conditions in the Milky Way. Several
physical processes break the ideal density-squared dependence.
At high enough densities various three-body processes become
important—in particular, three-body recombination can become
important at low temperatures for densities as low as 10−4 cm−3.
For hard enough incident radiation spectra secondary ionizations
and heat deposition from secondary electrons introduce complex
density dependence. For strong enough radiation fields some of
the highly excited energy levels have critical densities within
the density range we consider here (nb ! 106 cm−3).

All of these processes, however, are relatively smooth func-
tions of the density at a constant value of Jν/nb. Hence, without
any loss of generality, we can re-write Equation (3) as

F(T , ...) = F
(

T ,Z,
Jν

nb

, nb

)
. (4)

2

Plasma (ISM/IGM) Cooling Function

Gnedin &	Hollon.	2012,	ApJS,	202,	13	

UV intercombination

Z=
0

H Ly-⍺



H Recombination Spectrum 

jik = ni Aik hνik/4π 

For optically thin lines the relative 
intensities of H lines are given by:
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Iik jik ni Aik hνik ni

Ikm jkm nk Akmhνkm nk

The relative populations of levels are determined by steady-
state equilibrium of processes that populate and de-populate 
each level:

µ==

Processes populating level k/(cm3sec) = Processes de-populating level k/(cm3sec)

Processes populating k/(cm3sec) = nenH <σk (v) v> + ni∑Aik 

Processes de-populating k/(cm3sec) = nk∑Akm

.
i
k

m

rec

i>k

µTe
-1/2 

m<k
{



H Recombination Lines 
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Thus, for level k:
nenH <σk (v) v> + ni∑Aik = nk∑Akm

(m=1 or 2?)  Case A: m=1; Case B: m=2)

These coupled “Capture-cascade Equations” can be solved 
for the relative populations nk of the many H levels.  A 
practical way to solve them for a finite number of levels is 
to arbitrarily define a highest level I that is many levels 
above the level of interest, and solve for nk working 
downward.  

I
.
i
k

m

rec

1

recI-1 I-1

1

I-2

1

rec

I-2

1

rec

nenH <σI (v) v>rec

{

Thus, for ‘highest’ level I there are no levels above it.  So,

nenH <σI (v) v> = nI ∑AIk            nI = [∑AIk]-1× nenH <σI (v) v> µ n2 Te
-1/2

Moving downward to solve for the next lower level I-1, one has

nenH <σI-1 (v) v> + nIAI,I-1  = nI-1 ∑AI-1,k 
so

nI-1 = [∑AI-1,k]-1× [nenH <σI-1 (v) v> + nIAI,I-1 ] 

µ nenH <σ (v) v> µ n2 Te
-1/2

By extension:         nk = nenH fk(Te) µ n2 Te
-1/2

i>k m<k

rec

µ



The Balmer Decrement
Based on the results of the Capture-cascade equations the relative intensities of any 2 optically thin 
H emission lines can be written

Iik jik ni Aik hνik n2 fi(Te)          Te
-1/2

Ikm jkm nkAkmhνkm n2 fk(Te)         Te
-1/2

Therefore, the relative intensities of H lines are independent of both density and temperature.  The 
relative intensities of the Balmer lines (transitions to level 2) is called the Balmer decrement and has 
been calculated by solving the capture-cascade equations.

= = µµ = const.

Osterbrock, AGN2, p. 84



Hβ Recombination Coefficient
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For n=4 of hydrogen can write
n4 = nenH f4(Te) 

Thus, for the Balmer Hβ line (4 ->2), which is the 
standard reference emission feature in most 
spectra, we can write the emission coefficient

jHβ = n4 A42 hν42/4π = nenH f4(Te) A42 hνβ/4π

.
4
3

2

rec

{

“effective Hβ recombination coefficient”, αHβ(Te) = 3.0x10-14		cm3 s-1

= nenH f4(Te) A42 hνβ/4π

=

Luminosity of object in Hβ, LHβ= ∫ (4πjHβ) dV ergs/sec    (optically thin)

= αHβ hνβ ∫ nenH dV

= 4πd2 FHβ observed flux

eff



Spectr Notation

Mass from Hβ Flux & Mean Density

An approximate object mass may be derived from the observed Hβ flux 
of an object:

Luminosity of object    LHβ= ∫ (4πjHβ) dV = αHβ hνβ ∫ nenH dV

= 4πd2 FHβ

Mass, M = ∫mHnH dV

Suppose a mean <ne> is determined from forbidden line intensity ratios.
Then, 

Mass,   M =

R

4πmH d2 FHβ 

αHβ hνβ <ne>

Many emission objects  (PNe, extragalactic H II regions, SNR, etc.) have masses 
determined this way from known distance d, observed Hβ flux, and mean density <ne> 
derived from forbidden line intensity ratios.  

For objects that are homogeneous in density, the derived mass may be reliable to 
<50%.  But, if there are unknown density inhomogeneities, the derived mass may be in 
error by more than a factor of 10-50.  

vol

vol
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Transition Type Wavelength A21(sec-1) Texc (°K) ne
cr (cm-3)

O III λ374      Permitted (Resonance) Far-UV        109  105 1017

O III] λ1663   Intercombination UV              103 2x104               1011

[O III] λ5007  Forbidden Optical        10-1              104                  107

[O III] λ88µ    Fine-structure Far-IR        10-4             102                  103

(Forbidden)

Bashkin & Stoner. 1975, Atomic Energy Levels (North Holland)
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Element Abundances from Emission Spectra

• Abundances are determined from relative line intensities:

Iij ∫jij dl ∫ni Aij hνij dl

Imn ∫jmndl ∫nmAmnhνmndl

Therefore, one must determine integrated ion abundances along the line of sight.  This can
be done in two ways: (1) build a model ionized region using codes like ‘CLOUDY’ or ‘MAPPINGS’
and calculate expected intensities to compare with observations, or (2) select two ions that
occupy the same space (because they have the same ionization potentials) and assume the 
element abundances to be the same as the ion abundance ratio, e.g., N+/O+ = N/O.  

µ µ



Planetary Nebula





Element Abundances from Emission Spectra (cont’d)

• A third alternative for ionized regions is (3) determine relative 
abundances of all the ions of an element, add them together and compare 
their abundance with that of H in the ionized gas.  

Oxygen does have lines from the first three ionization stages visible in
the optical:  [O I] λ6300, [O II] λ3727, & [O III] λ5007.  Their
intensities reveal their relative abundances w.r.t. hydrogen.  Correcting 
for (or ignoring) the presence of unobserved O+3, O+4, etc, one can write

(neutral)
O        F [O I] + F [O II] + F [O III]

H                      F (Hβ)
called ‘R23’method

Pagel, B. et al. 1979, MNRAS, 189, 95 
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Fig. 5—The relationship between the (�5007/�4861) and (�6584/�6563) intensity ratios. The symbols have the same meanings as in Figures 1 and 
2. 
into a common system. If the same classification could 
be derived for an object on the basis of any of the in- 
tensity-ratio diagrams, the general properties of the 
spectra of different emission-line objects could be quick- 
ly and quantitatively compared even when the observa- 
tions cover different regions of the spectrum. The de- 
sired strict correlation between the ���indices would of 
course be fortuitous, given that the various intensity ra- 
tios depend in different ways on the underlying physical 
variables. Figure 7 shows that the indices are in fact not 
well correlated. But there is still an advantage in aver- 
aging them together for each object, in order to bring 
into play as much data as are available and to help to 
define transition cases between different excitation 
mechanisms. 

We define 

(9) 
(��) = 1/3 [���(�5007/�4861) + ���(�6584/�6563) 

+ ���(�6300/�6563)] . 

(��) is plotted against (�3727/�5007) in Figures 8 and 
9. The ����regions scatter about (��) = 0 with a Gaus- 
sian distribution having a standard deviation ��= 0.064. 

They all fall within the ± 3 ��limits shown in the fig- 
ures. Most of the planetary nebulae lie inside a second 
region, as indicated in the figures, except that six are 
mixed in with the ����regions and could be either mis- 
classified ����regions or planetaries having unusually 
cool stars. All of the shock-heated galaxies and most of 
the power-law photoionization objects fall clearly into 
their own distinct areas. There are in addition a few gal- 
axies claimed to be photoionized by power-laws which 
scatter into other parts of the diagram, and which will 
be discussed in detail in section V. With the exception of 
the latter objects, the "power-law photoionization" zone 
on Figure 9 can be adequately described as —1.3 < 
(�3727/�5007) < 0 and (��) > + 0.19, and the "shock- 
heated,, zone as (�3727/�5007) >: 0 and (��) > 
4-0.19. The individual extragalactic objects used to de- 
fine this classification system are listed in Table III. 

V. Discussion 
The primary goal of this work has been to find a vari- 

ety of convenient graphs, using emission-line intensity 
ratios, which can segregate emission-line galaxies and 
QSOs according to their primary excitation mechanism. 
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Fig. 3—The relationship between the (�6584/�6563) and (�3727/�5007) intensity ratios. The symbols have the same meanings as in Figures 1 and 
2. Almost all of the upper limits (indicated by vertical bars) are for planetary nebulae. 

that a given object will be given the same classification 
based on any of the intensity ratios used above. Although 
these ratios obviously reflect the important physical pa- 
rameters in the emission-line regions, it is not clear how 
to use them to construct physically meaningful, ortho- 
gonal axes that would form a proper basis for the desired 
two-dimensional classification system. We therefore fall 
back to the simplest procedure, retaining (�3727/�5007) 
as one coordinate (in the diagrams where this intensity 
ratio is used, and then taking as the second parameter 
the vertical displacement in these diagrams from the 
locus of points representing the H il regions. 

The first step in this procedure is to fit an analytic 
function through the points representing the ����regions. 
The predicted shape of this function can be found from a 
simplified model which follows Searle (1971) in suppos- 
ing that each ����region is composed of just two ioniza- 
tion zones. The low-ionization zone is the He0 region, 
and contains all of the O4" and N+ ions. It has a volume 
Vj. The high ionization, He+ zone has volume Vu and 
contains all of the 0++ ions. The Balmer lines originate 

from throughout the total volume, V = Vj + Vu. In this 
model, for fixed relative abundances and constant elec- 
tron density Ne, 

I{Uß) oc/(����6563) Ne
2 V , (2) 

�([0 h] �3727) oc /([���] �6584) oc �2 ^ j (3) 

and 
/([��m] �5007) oc �2 vu . (4) 

These equations are readily solved, and the necessary 
constants evaluated by making least squares fits to the 
data, to obtain the curves shown in Figures 2, 3, and 5. 
The fits to the ����region data are seen to be quite ade- 
quate. The behavior of the planetary nebulae is not 
properly described by the model, but this is hardly sur- 
prising given that the planetaries have additional ioniza- 
tion zones and also tend to have different abundances.1 

^n fact, several planetary nebulae which have been found by Tor- 
res-Peimbert and Peimbert (1977) to be extremely nitrogen-rich would 
extend into the area populated by power-law photoionization objects 
if their line intensities were plotted in Figures 1-6. Hence, it must be 
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Figure 1. [N ii]/Hα vs. [O iii]/Hβ optical diagnostic diagram for the Sloan Digital Sky Survey galaxies analyzed by Kewley et al. (2006b). Left: the colored curves
show our new theoretical stellar population synthesis and photoionization model grid for star-forming galaxies based on a κ electron temperature distribution. Right:
the red solid curve shows the mean star-forming sequence for local galaxies. The shape of the red solid curve is defined by our theoretical photoionization models,
while the position is defined by the best fit to the SDSS galaxies. The ±0.1 dex curves (dashed lines) represent our model errors and contain 91% of the SDSS
star-forming galaxies.
(A color version of this figure is available in the online journal.)

The position of our theoretical star-forming galaxy abundance
sequence is determined by: (1) the shape of the ionizing radiation
field, (2) the geometrical distribution of gas with respect to the
ionizing sources, (3) the metallicity range, and (4) the electron
density (pressure) of the gas. We discuss the effect of changing
each of these quantities below.

3.2.1. Shape of the Ionizing Radiation Field

The stellar ionizing radiation field may change with redshift as
a result of a change in the fraction of ionizing photons produced
by the young stellar population. In a pure star-forming galaxy,
the hardness of the ionizing radiation field is related to the slope
of the IMF, the age of the stellar population, and the metallicity
of the galaxy. A stellar population with a shallow initial mass
function produces a hard ionizing radiation field, but there is no
solid evidence for a change in IMF with redshift (see Bastian
et al. 2010; Greggio & Renzini 2012).

The stellar population age is directly related to the shape
of the ionizing radiation field. Hard ionizing radiation fields
can be produced at ∼3–5 Myr when the stellar population
may be dominated by W-R stars (e.g., Schaerer 1996; Kehrig
et al. 2008). Broad He ii λ1640 emission has been observed
in stacked spectra of Lyman break galaxies (Shapley et al.
2003) and in some individual high redshift gravitationally lensed
galaxies (Cabanac et al. 2008; Dessauges-Zavadsky et al. 2010).
The broad He ii feature has been attributed to a significant
contribution from O and W-R stars to the ionizing EUV radiation
field at low metallicity (Brinchmann et al. 2008a). We note that
radiative shocks can produce a narrow, nebular He ii feature
(Dopita et al. 2011; Lagos et al. 2012) which may be blended
with the broad component produced in stellar atmospheres of
luminous stars. Such blending could be difficult to distinguish
at high redshift.

A hard ionizing radiation field has been linked with low
metallicity in star-forming galaxies (e.g., Campbell et al. 1986;
Galliano et al. 2005; Madden et al. 2006; Hunt et al. 2010;

Levesque et al. 2010). There are several potential reasons for the
correlation between metallicity and the hardness of the ionizing
radiation field:

1. High energy photons produced by metal-rich stars are ab-
sorbed by metals in the stellar atmosphere, known as metal
blanketing. The preferential absorption of high energy pho-
tons yields a softer ionizing radiation field (e.g., González
Delgado et al. 2005).

2. The Hayashi track shifts to hotter effective temperatures
at low metallicities, enabling metal-rich massive stars to
maintain a higher effective temperature compared with
metal-poor stars of similar spectral types (Elias et al. 1985;
Levesque et al. 2006).

3. Low metallicities correspond to lower mass loss rates,
allowing low metallicity stars to remain on the main
sequence for longer timescales (Meynet et al. 1994; Maeder
& Conti 1994).

4. In isolated stars, rotational mixing causes heavy mass loss.
This mass loss produces bluer colors in the red supergiant
phase, lowering the mass limit required for a star to enter
the W-R phase (Levesque et al. 2012). Thus, a population of
rotating massive stars will contain a larger fraction of hot,
massive stars to contribute ionizing photons to the stellar
radiation field. This rotational hardening is a function of
metallicity, with more significant hardening in metal-poor
environments (Leitherer 2008).

5. In binary stars, efficient mass transfer can spin-up the
rotation of the companion star, causing similar mixing
effects as in rotating isolated stars (de Mink et al. 2009;
Eldridge & Stanway 2012). Whether a rapidly rotating star
can spin down depends on stellar winds, which are weaker at
low metallicities due to metal opacity. Rotation and binarity
are not yet included in stellar population synthesis models
for a range of metallicities.

A hard ionizing radiation field can also be produced by
contamination from an AGN or radiative shocks. Slow shocks
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“The position of our theoretical star-forming galaxy abundance sequence is determined by: 
(1) the shape of the ionizing radiation field, (2) the geometrical distribution of gas with 
respect to the ionizing sources, (3) the metallicity range, and (4) the electron density 
(pressure) of the gas.”
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