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What is a black hole?

• Relativist’s definition:  a surface 
where a photon “continues to 
stay” and a massive particle can 
only travel inwards.

• Called a “null hypersuface” or 
event horizon.

• Necessarily spherically 
symmetric or axisymmetric in a 
static spacetime --- ‘no-hair 
theorem’. 

• Mathematically well-studied.



What is a real (astrophysical) black hole?

� 3M�Any self-gravitating object that is more massive than             
and is “compact”.

Compact => supporting pressure is degeneracy pressure 
(e.g., white dwarf and neutron star)

Beyond             (the maximum mass of a Neutron Star) 
there is no known way to support against self-gravitational 
collapse (unless an energy source is available) - and endless 
collapse of matter towards a black hole is assumed.
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Celestial black holes:  wide (inferred) mass-range

• Stellar mass black holes (BH) MBH < 100M�

--- end products of massive stars.

• Intermediate mass black holes (IMBH) (?)
� 102M�� � 104M� --- existence still unclear!
formed via runaway merger of stars in clusters,  gas accretion 
by seed stellar BHs, direct collapse of massive ‘first stars’.

• Supermassive black holes (SMBH) MBH > 105M�
galaxies’ central engines, e.g., active galactic nuclei, radio 
galaxies:  possible formation by matter infall at galaxy center, 
galaxy-galaxy mergers



propagation time, the events have a combined signal-to-
noise ratio (SNR) of 24 [45].
Only the LIGO detectors were observing at the time of

GW150914. The Virgo detector was being upgraded,
and GEO 600, though not sufficiently sensitive to detect
this event, was operating but not in observational
mode. With only two detectors the source position is
primarily determined by the relative arrival time and
localized to an area of approximately 600 deg2 (90%
credible region) [39,46].
The basic features of GW150914 point to it being

produced by the coalescence of two black holes—i.e.,
their orbital inspiral and merger, and subsequent final black
hole ringdown. Over 0.2 s, the signal increases in frequency
and amplitude in about 8 cycles from 35 to 150 Hz, where
the amplitude reaches a maximum. The most plausible
explanation for this evolution is the inspiral of two orbiting
masses, m1 and m2, due to gravitational-wave emission. At
the lower frequencies, such evolution is characterized by
the chirp mass [11]
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where f and _f are the observed frequency and its time
derivative and G and c are the gravitational constant and
speed of light. Estimating f and _f from the data in Fig. 1,
we obtain a chirp mass of M≃ 30M⊙, implying that the
total mass M ¼ m1 þm2 is ≳70M⊙ in the detector frame.
This bounds the sum of the Schwarzschild radii of the
binary components to 2GM=c2 ≳ 210 km. To reach an
orbital frequency of 75 Hz (half the gravitational-wave
frequency) the objects must have been very close and very
compact; equal Newtonian point masses orbiting at this
frequency would be only ≃350 km apart. A pair of
neutron stars, while compact, would not have the required
mass, while a black hole neutron star binary with the
deduced chirp mass would have a very large total mass,
and would thus merge at much lower frequency. This
leaves black holes as the only known objects compact
enough to reach an orbital frequency of 75 Hz without
contact. Furthermore, the decay of the waveform after it
peaks is consistent with the damped oscillations of a black
hole relaxing to a final stationary Kerr configuration.
Below, we present a general-relativistic analysis of
GW150914; Fig. 2 shows the calculated waveform using
the resulting source parameters.

III. DETECTORS

Gravitational-wave astronomy exploits multiple, widely
separated detectors to distinguish gravitational waves from
local instrumental and environmental noise, to provide
source sky localization, and to measure wave polarizations.
The LIGO sites each operate a single Advanced LIGO

detector [33], a modified Michelson interferometer (see
Fig. 3) that measures gravitational-wave strain as a differ-
ence in length of its orthogonal arms. Each arm is formed
by two mirrors, acting as test masses, separated by
Lx ¼ Ly ¼ L ¼ 4 km. A passing gravitational wave effec-
tively alters the arm lengths such that the measured
difference is ΔLðtÞ ¼ δLx − δLy ¼ hðtÞL, where h is the
gravitational-wave strain amplitude projected onto the
detector. This differential length variation alters the phase
difference between the two light fields returning to the
beam splitter, transmitting an optical signal proportional to
the gravitational-wave strain to the output photodetector.
To achieve sufficient sensitivity to measure gravitational

waves, the detectors include several enhancements to the
basic Michelson interferometer. First, each arm contains a
resonant optical cavity, formed by its two test mass mirrors,
that multiplies the effect of a gravitational wave on the light
phase by a factor of 300 [48]. Second, a partially trans-
missive power-recycling mirror at the input provides addi-
tional resonant buildup of the laser light in the interferometer
as a whole [49,50]: 20Wof laser input is increased to 700W
incident on the beam splitter, which is further increased to
100 kW circulating in each arm cavity. Third, a partially
transmissive signal-recycling mirror at the output optimizes

FIG. 2. Top: Estimated gravitational-wave strain amplitude
from GW150914 projected onto H1. This shows the full
bandwidth of the waveforms, without the filtering used for Fig. 1.
The inset images show numerical relativity models of the black
hole horizons as the black holes coalesce. Bottom: The Keplerian
effective black hole separation in units of Schwarzschild radii
(RS ¼ 2GM=c2) and the effective relative velocity given by the
post-Newtonian parameter v=c ¼ ðGMπf=c3Þ1=3, where f is the
gravitational-wave frequency calculated with numerical relativity
and M is the total mass (value from Table I).

PRL 116, 061102 (2016) P HY S I CA L R EV I EW LE T T ER S week ending
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Direct detection of gravitational-waves (GW) from merging 
binary black holes is the most unambiguous detection of black 
holes and its parameters (mass, spin) and, of course, the best 
proof of Einstein’s general relativity.

First *direct* detection of gravitational waves
GW150914

[From LIGO Scientific Collaboration PRL 116, 061102 (2016)]



The best and the strongest proof of Einstein’s general theory 
of relativity, to date. 

A very strong if not the best evidence so far of the existence 
of black holes. 

Paves the most unambiguous way to weigh black holes and 
measure their spins through the same measurement. 

The 2017 Nobel Prize in Physics (to Rainer Weiss, Barry 
Barish, and Kip Thorne of the LIGO-VIRGO Collaboration) 



and calibration have not changed, a reanalysis is valuable
for the following reasons: (i) Parameter estimation analyses
use an improved method for estimating the power spectral
density of the detector noise [53,54] and frequency-depen-
dent calibration envelopes [98]; (ii) we use two waveform
models that incorporate precession and combine their
posteriors to mitigate model uncertainties.
Key source parameters for the ten BBHs and one BNS are

shown in Table III. We quote the median and symmetric 90%
credible intervals for inferred quantities. For BBH coales-
cences, parameter uncertainties include statistical and sys-
tematic errors from averaging posterior probability
distributions over the two waveform models, as well as
calibration uncertainty. Apart from GW170817, all posterior
distributions of GW events are consistent with originating
from BBHs. Posterior distributions for all GW events are
shown in Figs. 4–8. Mass and tidal deformability poste-
riors for GW170817 are shown in Fig. 9. For BBH
coalescences, we present combined posterior distributions
from an effective precessing spin waveform model
(IMRPhenomPv2) [25,26,49] and a fully precessing
model (SEOBNRv3) [27,28,30]. For the analysis of
GW170817, we present results for three frequency-
domain models IMRPhenomPv2NRT [25,26,32,49,99],
SEOBNRv4NRT [29,32,77,99], and TaylorF2 [35,36,
38,100–112] and two time-domain models SEOBNRv4T
[31] and TEOBResumS [33,113]. Details on Bayesian
parameter estimation methods, prior choices, and wave-
form models used for BBH and BNS systems are provided
in Appendix B, B 1, and B 2, respectively. We discuss an

analysis including higher harmonics in the waveform in
Appendix B 3 and find results broadly consistent with the
analysis presented below. The impact of prior choices on
selected results is discussed in Appendix C.

A. Source parameters
The GW signal emitted from a BBH coalescence

depends on intrinsic parameters that directly characterize
the binary’s dynamics and emitted waveform, and extrinsic
parameters that encode the relation of the source to the
detector network. In general relativity, an isolated BH is
uniquely described by its mass, spin, and electric charge
[114–118]. For astrophysical BHs, we assume the electric
charge to be negligible. A BBH undergoing quasicircular
inspiral can be described by eight intrinsic parameters, the
two masses m i, and the two three-dimensional spin vectors
S⃗i of its component BHs defined at a reference frequency.
Seven additional extrinsic parameters are needed to
describe a BH binary: the sky location (right ascension
α and declination δ), luminosity distance dL, the orbital
inclination ι and polarization angle ψ , the time tc, and phase
ϕc at coalescence.
Since the maximum spin a Kerr BH of mass m can

reach is ðGm 2Þ=c, we define dimensionless spin vectors
χ⃗i ¼ cS⃗i=ðGm 2

i Þ and spin magnitudes ai ¼ cjS⃗ij=ðGm 2
i Þ. If

the spins have a component in the orbital plane, then the
binary’s orbital angular momentum L⃗ and its spin vectors
precess [119,120] around the total angular momentum
J⃗ ¼ L⃗þ S⃗1 þ S⃗2.

TABLE III. Selected source parameters of the 11 confident detections. We report median values with 90% credible intervals that
include statistical errors and systematic errors from averaging the results of two waveform models for BBHs. For GW170817, credible
intervals and statistical errors are shown for IMRPhenomPv2NRTwith a low spin prior, while the sky area is computed from TaylorF2
samples. The redshift for NGC 4993 from Ref. [94] and its associated uncertainties are used to calculate source-frame masses for
GW170817. For BBH events, the redshift is calculated from the luminosity distance and assumed cosmology as discussed in
Appendix B. The columns show source-frame component masses m i and chirp massM, dimensionless effective aligned spin χeff , final
source-frame massMf , final spin af , radiated energy Erad, peak luminosity lpeak, luminosity distance dL, redshift z, and sky localization
ΔΩ. The sky localization is the area of the 90% credible region. For GW170817, we give conservative bounds on parameters of the final
remnant discussed in Sec. V E.

Event m 1=M⊙ m 2=M⊙ M=M⊙ χeff Mf=M⊙ af Erad=ðM⊙c2Þ lpeak=ðerg s−1Þ dL=Mpc z ΔΩ=deg2

GW150914 35.6þ4.7
−3.1 30.6þ3.0

−4.4 28.6þ1.7
−1.5 −0.01þ0.12

−0.13 63.1þ3.4
−3.0 0.69þ0.05

−0.04 3.1þ0.4
−0.4 3.6þ0.4

−0.4 × 1056 440þ150
−170 0.09þ0.03

−0.03 182

GW151012 23.2þ14.9
−5.5 13.6þ4.1

−4.8 15.2þ2.1
−1.2 0.05þ0.31

−0.20 35.6þ10.8
−3.8 0.67þ0.13

−0.11 1.6þ0.6
−0.5 3.2þ0.8

−1.7 × 1056 1080þ550
−490 0.21þ0.09

−0.09 1523

GW151226 13.7þ8.8
−3.2 7.7þ2.2

−2.5 8.9þ0.3
−0.3 0.18þ0.20

−0.12 20.5þ6.4
−1.5 0.74þ0.07

−0.05 1.0þ0.1
−0.2 3.4þ0.7

−1.7 × 1056 450þ180
−190 0.09þ0.04

−0.04 1033

GW170104 30.8þ7.3
−5.6 20.0þ4.9

−4.6 21.4þ2.2
−1.8 −0.04þ0.17

−0.21 48.9þ5.1
−4.0 0.66þ0.08

−0.11 2.2þ0.5
−0.5 3.3þ0.6

−1.0 × 1056 990þ440
−430 0.20þ0.08

−0.08 921

GW170608 11.0þ5.5
−1.7 7.6þ1.4

−2.2 7.9þ0.2
−0.2 0.03þ0.19

−0.07 17.8þ3.4
−0.7 0.69þ0.04

−0.04 0.9þ0.0
−0.1 3.5þ0.4

−1.3 × 1056 320þ120
−110 0.07þ0.02

−0.02 392

GW170729 50.2þ16.2
−10.2 34.0þ9.1

−10.1 35.4þ6.5
−4.8 0.37þ0.21

−0.25 79.5þ14.7
−10.2 0.81þ0.07

−0.13 4.8þ1.7
−1.7 4.2þ0.9

−1.5 × 1056 2840þ1400
−1360 0.49þ0.19

−0.21 1041

GW170809 35.0þ8.3
−5.9 23.8þ5.1

−5.2 24.9þ2.1
−1.7 0.08þ0.17

−0.17 56.3þ5.2
−3.8 0.70þ0.08

−0.09 2.7þ0.6
−0.6 3.5þ0.6

−0.9 × 1056 1030þ320
−390 0.20þ0.05

−0.07 308

GW170814 30.6þ5.6
−3.0 25.2þ2.8

−4.0 24.1þ1.4
−1.1 0.07þ0.12

−0.12 53.2þ3.2
−2.4 0.72þ0.07

−0.05 2.7þ0.4
−0.3 3.7þ0.4

−0.5 × 1056 600þ150
−220 0.12þ0.03

−0.04 87

GW170817 1.46þ0.12
−0.10 1.27þ0.09

−0.09 1.186þ0.001
−0.001 0.00þ0.02

−0.01 ≤ 2.8 ≤ 0.89 ≥ 0.04 ≥ 0.1 × 1056 40þ7
−15 0.01þ0.00

−0.00 16

GW170818 35.4þ7.5
−4.7 26.7þ4.3

−5.2 26.5þ2.1
−1.7 −0.09þ0.18

−0.21 59.4þ4.9
−3.8 0.67þ0.07

−0.08 2.7þ0.5
−0.5 3.4þ0.5

−0.7 × 1056 1060þ420
−380 0.21þ0.07

−0.07 39

GW170823 39.5þ11.2
−6.7 29.0þ6.7

−7.8 29.2þ4.6
−3.6 0.09þ0.22

−0.26 65.4þ10.1
−7.4 0.72þ0.09

−0.12 3.3þ1.0
−0.9 3.6þ0.7

−1.1 × 1056 1940þ970
−900 0.35þ0.15

−0.15 1666

B. P. ABBOTT et al. PHYS. REV. X 9, 031040 (2019)

031040-12

LVC until second observing run (O2): Phys. Rev. X 9, 031040 (2019) 
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Since the maximum spin a Kerr BH of mass m can

reach is ðGm 2Þ=c, we define dimensionless spin vectors
χ⃗i ¼ cS⃗i=ðGm 2

i Þ and spin magnitudes ai ¼ cjS⃗ij=ðGm 2
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> 33 (and counting) compact binary merger 
candidates in O3!

Maximum distance observed approx. 4 Gpc



First image of the 
“shadow” of a 

supermassive black 
hole

A visual evidence: the image of 
the center of the M87 galaxy 
recorded with the Event Horizon 
Telescope (EHT). 

From The EHT collaboration et al., 
2019, ApJ, 875, L1.

maximum likelihood (RML; e.g., Narayan & Nityananda 1986;
Wiaux et al. 2009; Thiébaut 2013). RML is a forward-modeling
approach that searches for an image that is not only consistent with
the observed data but also favors specified image properties (e.g.,
smoothness or compactness). As with CLEAN, RML methods
typically iterate between imaging and self-calibration, although
they can also be used to image directly on robust closure quantities
immune to station-based calibration errors. RMLmethods have been
extensively developed for the EHT (e.g., Honma et al. 2014;
Bouman et al. 2016; Akiyama et al. 2017; Chael et al. 2018b; see
also Paper IV).

Every imaging algorithm has a variety of free parameters
that can significantly affect the final image. We adopted a two-
stage imaging approach to control and evaluate biases in the
reconstructions from our choices of these parameters. In
the first stage, four teams worked independently to reconstruct
the first EHT images of M87* using an early engineering data
release. The teams worked without interaction to minimize
shared bias, yet each produced an image with a similar
prominent feature: a ring of diameter ∼38–44 μas with
enhanced brightness to the south (see Figure 4 in Paper IV).

In the second imaging stage, we developed three imaging
pipelines, each using a different software package and
associated methodology. Each pipeline surveyed a range of
imaging parameters, producing between ∼103 and 104 images
from different parameter combinations. We determined a “Top-
Set” of parameter combinations that both produced images of
M87* that were consistent with the observed data and that
reconstructed accurate images from synthetic data sets
corresponding to four known geometric models (ring, crescent,
filled disk, and asymmetric double source). For all pipelines,
the Top-Set images showed an asymmetric ring with a diameter
of ∼40 μas, with differences arising primarily in the effective
angular resolutions achieved by different methods.

For each pipeline, we determined the single combination of
fiducial imaging parameters out of the Top-Set that performed
best across all the synthetic data sets and for each associated
imaging methodology (see Figure 11 in Paper IV). Because the
angular resolutions of the reconstructed images vary among the
pipelines, we blurred each image with a circular Gaussian to a
common, conservative angular resolution of 20 μas. The top part
of Figure 3 shows an image of M87* on April11 obtained by
averaging the three pipelines’ blurred fiducial images. The image
is dominated by a ring with an asymmetric azimuthal profile that
is oriented at a position angle ∼170° east of north. Although the
measured position angle increases by ∼20° between the first two
days and the last two days, the image features are broadly
consistent across the different imaging methods and across all
four observing days. This is shown in the bottom part of Figure 3,
which reports the images on different days (see also Figure 15 in
Paper IV). These results are also consistent with those obtained
from visibility-domain fitting of geometric and general-relativistic
magnetohydrodynamics (GRMHD) models (Paper VI).

6. Theoretical Modeling

The appearance of M87* has been modeled successfully using
GRMHD simulations, which describe a turbulent, hot, magnetized
disk orbiting a Kerr black hole. They naturally produce a powerful
jet and can explain the broadband spectral energy distribution
observed in LLAGNs. At a wavelength of 1.3 mm, and as
observed here, the simulations also predict a shadow and an
asymmetric emission ring. The latter does not necessarily coincide

with the innermost stable circular orbit, or ISCO, and is instead
related to the lensed photon ring. To explore this scenario in great
detail, we have built a library of synthetic images (Image Library)
describing magnetized accretion flows onto black holes in GR145

(Paper V). The images themselves are produced from a library
of simulations (Simulation Library) collecting the results of
four codes solving the equations of GRMHD (Gammie et al.
2003; Saḑowski et al. 2014; Porth et al. 2017; Liska et al.
2018). The elements of the Simulation Library have been
coupled to three different general-relativistic ray-tracing and
radiative-transfer codes (GRRT, Bronzwaer et al. 2018;
Mościbrodzka & Gammie 2018; Z. Younsi et al. 2019, in
preparation). We limit ourselves to providing here a brief
description of the initial setups and the physical scenarios
explored in the simulations; see Paper V for details on both the
GRMHD and GRRT codes, which have been cross-validated

Figure 3. Top: EHT image of M87* from observations on 2017 April 11 as a
representative example of the images collected in the 2017 campaign. The
image is the average of three different imaging methods after convolving each
with a circular Gaussian kernel to give matched resolutions. The largest of the
three kernels (20 μas FWHM) is shown in the lower right. The image is shown
in units of brightness temperature, T S k2b

2
Bl= W, where S is the flux density,

λ is the observing wavelength, kB is the Boltzmann constant, and Ω is the solid
angle of the resolution element. Bottom: similar images taken over different
days showing the stability of the basic image structure and the equivalence
among different days. North is up and east is to the left.

145 More exotic spacetimes, such as dilaton black holes, boson stars, and
gravastars, have also been considered (Paper V).
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Indirect (but quite compelling) evidence of GW emission is 
known for 4 decades from radio observations of binary pulsars 
(compact relativistic binaries)

PSR 1913+16: Hulse & Taylor (1975) [double neutron star binary]

PSR J0348+0432:  Antoniadis et al. (2013) [neutron star - white dwarf 
binary]
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this is expected for the lower-mass, open-type clusters, as simulated
here, in the presence of a broad BH mass spectrum, as obtained from
the present remnant-formation schemes. Such in-cluster or in situ
BBH mergers are typically induced via large eccentricity boost of
the merging BBH, while it is a part of a triple (with typically a BH or
possibly with a normal stellar member), due to the triple’s internal
dynamical evolution. Such triples continue to form and disassemble
due to the numerous close encounters involving single BHs, BBHs
and/or normal stellar binaries (see Section 1 and references therein).

In fact, as apparent from Table 1, the number of such triple-
mediated BBH mergers, in general, increases dramatically in the
presence of primordial binaries; cf. the Mcl(0) ≈ 3.0 × 104 M⊙
models in Table 1 with fbin = 0 and fbin > 0. Like the enhanced de-
pletion rate of the BHs (see above; Fig. 3), this is also a consequence
of the persistent population of (lower-mass) primordial binaries be-
ing continuously engaged in close encounters with the BHs, thus
allowing additional BBH formation via exchange encounters. An
increase of the number of in situ BBH mergers, with the overall bi-
nary fraction, can also be noted in the much more massive clusters
in Monte Carlo based studies, e.g. in Morscher et al. (2015). In fact,
all the in situ BBH coalescences in the primordial-binary models
here involve BHs from different primordial binaries, i.e. all of them
are assembled through exchange interactions. For the fbin > 0.05
clusters, 10–20 per cent of the ejected BBHs, per model, contain
BH members that are derived from the same primordial binary.

As an inspection of the current computation outputs reveals, the
majority of the BBH inspirals occur in triples that are intermediate
or metastable in nature (Section 1 and references therein). How-
ever, although rare, cases are spotted where a highly hierarchical
and long-lasting triple has ultimately led to the GR inspiral and
merger of its inner BBH through the eccentric Kozai mechanism, in
its regular sense (Section 1 and references therein). Note that hier-
archical triples, in dense systems such as here, are often perturbed
by intruders so that their evolutionary and stability properties differ
from those had they evolved in isolation. A more thorough study of
the nature of the (resonant/hierarchical) triples/multiples hosting a
BBH merger, in realistic cluster environments as here, is currently
ongoing (Banerjee, in preparation). In the rest of this paper, the
in-cluster GR mergers will simply be denoted as ‘triple-induced
mergers’.

In contrast, Monte Carlo simulations of much more massive, GC-
like clusters, typically of 105 M⊙ ! Mcl(0) ! 106 M⊙ (see Section 1
and references therein), predominantly yield ejected BBH merg-
ers. Such massive systems, typically unapproachable by the direct
N-body method (but see Wang et al. 2016; Section 1), eject BBHs
that are much tighter, owing to the clusters’ large escape speeds,
facilitating mergers among them, unlike those here. It should, how-
ever, be noted that a direct N-body approach, with explicit GR
treatment, deals with subsystems more consistently and completely
than in a typical Monte Carlo approach (see Section 1 and refer-
ences therein); the former approach would perhaps inherently (and
more realistically) lead to a larger number of on-the-fly, triple-
induced GR coalescences than its Monte Carlo counterpart. At
present, the ranges of models computed with the two techniques
by different groups and the details of the dynamical treatments
adopted in them barely overlap. This makes a direct comparison
among the two regimes and the methods, especially in terms of rare
strong-encounter products such as dynamical BBH mergers, diffi-
cult. However, in terms of the overall long-term behaviour of the
clusters, Monte Carlo and direct N-body approaches have shown
to yield mutually agreeable outcomes (see e.g. Giersz et al. 2013;
Rodriguez et al. 2016b).

The left (right) column of Fig. 4 shows the triple-induced (ejected)
BBH mergers’ total mass, Mtot, chirp mass, Mchirp,7 and mass ratio,
MBH2/MBH1 (MBH2 < MBH1), against their respective merger times,
t = tmrg, where the outcomes of all the models in Table 1 are
superimposed. A clear negative trend is visible between the bound
BBH mergers’ Mtot or Mchirp and their tmrgs (Fig. 4, left column):
this is simply due to the fact that the more massive BHs generally
remain more centrally concentrated and hence predominantly get
engaged in dynamical interactions, at earlier evolutionary times.
Such a behaviour is also seen in the merger times of ejected BBHs
from massive GCs [see e.g. Chatterjee et al. (2017b)].

On the other hand, in the present computations, no clear trend
between the tmrgs and the masses is apparent for the ejected BBHs
(Fig. 4, right column). First, there are only a few ejected BBHs with
tmrg < 13.7 Gyr. A trend is furthermore washed out due to the fact
that the occurrence of a merger within a Hubble time, for these rel-
atively wide (semi-major − axis = a), ejected BBHs, relies mostly
on their dynamically induced, very high (initial) eccentricities, e,
which sensitively controls the binaries’ GR coalescence time, τmrg,
through (Peters 1964)

τmrg ≈ 5
64

c5a4(1 − e2)7/2

G3m1m2(m1 + m2)

(
1 + 73

24
e2 + 37

96
e4

)−1

, (1)

where m1 = MBH1 and m2 = MBH2 are the members’ masses of the
BBH.8

Fig. 5 (left panel) demonstrates the overall negative trend of the
Mtots of the ejected BBHs w.r.t. their tejs, as for the in situ BBH co-
alescences (see above; Fig. 4). The formation of higher-mass BHs
in the models with primordial binaries (see Section 2.1; Fig. 1)
results in the ejection of more massive BBHs from such models,
especially at early evolutionary times. Higher Mcl(0) models gener-
ally tend to eject tighter BBHs (with shorter orbital periods), owing
to larger escape speeds from their centres. The orbital periods, P,
of the ejected BBHs have an overall positive correlation (despite
large scatter) with tej: this is due to the expansion and mass loss of
the clusters with time (see above), diluting their central potentials
and correspondingly reducing their escape speeds. These trends are
demonstrated in Fig. 5 (right panel; see also Chatterjee et al. 2017a).
Note that the ejected BBHs with the smallest Ps are generally mod-
erately eccentric (see colour coding in Fig. 5), so that such systems
with τmrg < 13.7 Gyr are rare, for the cluster mass range explored
here. Also, due to the enhanced rate of scattering and exchange en-
counters (see above), the ejected BBHs from the fbin > 0 models are
more numerous compared to those from their fbin = 0 counterparts
(open squares in Fig. 5).

As hinted in Paper I, although dynamical selection tends to pair
BHs of similar masses (see section 3.2 of Paper I), the mass ratios
of the BBH mergers (both the bound and the ejected ones) would
still have a rather broad range, typically 0.5 ! MBH2/MBH1 ! 1.0.
This is demonstrated in Fig. 4 (bottom panels); the one with the
mass ratio ≈0.1 is actually an NS–BH merger (see Section 3.2).

7 The chirp mass between two masses m1 and m2 is defined as Mchirp ≡
(m1m2)3/5

(m1+m2)1/5 .
8 Note that equation (1), which is used in plotting the data points in the right

panels of Fig. 4, is an approximate formula that, depending on the initial
e, underestimates τmrg. A more accurate value of τmrg can be obtained by
explicitly integrating the Peters (1964) expressions of (orbit-averaged) a
and e decay, as done in Section 3.1.1. The sensitive dependence of the τmrg
of the inspiral on the initial e remains as well valid in the more accurate
treatment.

MNRAS 473, 909–926 (2018)Downloaded from https://academic.oup.com/mnras/article-abstract/473/1/909/4111171
by guest
on 02 November 2017
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Fig. 2.— Orbital decay caused by the loss of energy by gravitational radiation. The parabola

depicts the expected shift of periastron time relative to an unchanging orbit, according to

general relativity. Data points represent our measurements, with error bars mostly too small

to see.

PSR 1913+16: Weisberg et al. (2010)
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• Supernovae

• Primordial (cosmic) GW background
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GW frequency from a binary (Wen 2003)
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Figure 12. Black hole-main sequence (BH-MS; filled circles) and neutron star-main sequence (NS-MS; filled squares) binaries in the computed Mcl (0) ≈
1.5 × 104 M⊙ models with evolutionary time, t, as a function of increasing primordial binary fraction, fbin(0) ≈ 0.05, 0.30, 0.50 (left to right panels), and for
metallicities Z = 0.001 (top panel) and 0.02 (bottom panel). On each panel, that represents a particular computed model, the vertical axis is the instantaneous
semi-major-axes (< 1000 AU) of the BH-MS/NS-MS binaries that are bound to the cluster snapshot at time t. A continuous trail of points represents a specific
BH-MS/NS-MS pair. The colour coding (colour bars) represents the mass of the MS companion. In this and the following Figs 13, 14, 15, 16, 17, and 18, the
‘test’ runs in Table 1, that include tidal interaction (Section 2.2), are excluded, which are presented separately in Fig. 19.

members for these two mergers are also WDs (also, see below), as
indicated by their small (q 0 < 0.1) values.

The outer members corresponding to most of the mergers in
Fig. 2 are also BHs, making their q 0s spread around 0.5. The ones
with q 0 ≈ 0.8 have a BBH, instead, as the outer member, i.e. the
subsystem configuration, just before the merger, is a BBH-BBH
quadruple. The few mergers with q 0 < 0.1 have a non-BH outer
member.

3.2 General-relativistic ‘slingshot’ interactions inside clusters

As already pointed out in Section 2.3, temporarily PN binaries
are found to appear inside the computed models due to close
fly-by interactions between a compact binary and a single object.
These binaries, although unlikely to undergo GW inspiral (see Sec-
tion 1), would nevertheless be interesting as they, among others (e.g.
temporarily-relativistic triples), would potentially contribute to the
low-frequency GW noise flux from the cluster. Fig. 3 shows such GR
slingshots which occurred inside a subset of the computed model
clusters in Table 1. As recovered from the direct CHAINoutput
(Section 2.3.1), these are Chains containing only one PN binary
and the rest of the Chain’s members (typically one) are unbound
w.r.t. it, indicating a close, fly-by encounter with the binary that
has imparted a high eccentricity onto it, making it PN. In Fig. 3,
the peak-power frequency of the broadband GW emission of such
eccentric binaries, as given by the expression (Wen 2003)

fGWp =
√

G(m1 + m2)
π

(1 + e)1.1954

[
a(1 − e2)

]1.5 , (2)

data; see above, Table 1) have occurred in models where the physical speed
of light has been used.

is plotted against the host cluster’s evolutionary time. This reason-
ably assumes that the binary passes through its periastron at least a
few times before it is altered again by the next significant encounter.

As the corresponding chirp masses (color coding in Fig. 3) de-
fined as

Mchirp ≡ (m1m2)3/5

(m1 + m2)1/5
(3)

indicate, the majority of these GR-slingshot binaries are BBHs
although a few of them are WD-WD, BH-WD, and BH-MS. Note
that such close, fly-by, binary-single interactions would show up in
CHAIN around their closest separations, essentially extracting the
configuration of the participants of the interaction over the small
time interval during which the slingshot happens, which is what are
plotted in Fig. 3. The binary can thereafter be followed from the
direct CHAIN outputs: a more elaborate study of these GR-slingshot
binaries plus other instances of temporarily-relativistic systems that
appear within the clusters will be undertaken in a forthcoming work.

As seen in Fig. 3, around half of the detected slingshot binaries
fall in the LISA’s characteristic detection-frequency band, which
would then, in principle, serve as persistent sources for the LISA.
The rest of them, here, primarily fall in the gap between the char-
acteristic detection bands of the LISA and the PTA with a few but
one of them marginally entering the PTA band. Note that the GR-
slingshot binaries are, generally, highly eccentric (1 −e < 0.1), that
would make their ‘proper’ detection including their orbital param-
eters questionable. However, they would still contribute to the GW
background for these instruments.

The GR slingshots tend to occur more frequently over t ! 1 Gyr
cluster-evolutionary time due to the generally larger number of BHs
present in the clusters over their initial evolution.

MNRAS 481, 5123–5145 (2018)
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Figure 12. Black hole-main sequence (BH-MS; filled circles) and neutron star-main sequence (NS-MS; filled squares) binaries in the computed Mcl (0) ≈
1.5 × 104 M⊙ models with evolutionary time, t, as a function of increasing primordial binary fraction, fbin(0) ≈ 0.05, 0.30, 0.50 (left to right panels), and for
metallicities Z = 0.001 (top panel) and 0.02 (bottom panel). On each panel, that represents a particular computed model, the vertical axis is the instantaneous
semi-major-axes (< 1000 AU) of the BH-MS/NS-MS binaries that are bound to the cluster snapshot at time t. A continuous trail of points represents a specific
BH-MS/NS-MS pair. The colour coding (colour bars) represents the mass of the MS companion. In this and the following Figs 13, 14, 15, 16, 17, and 18, the
‘test’ runs in Table 1, that include tidal interaction (Section 2.2), are excluded, which are presented separately in Fig. 19.

members for these two mergers are also WDs (also, see below), as
indicated by their small (q 0 < 0.1) values.

The outer members corresponding to most of the mergers in
Fig. 2 are also BHs, making their q 0s spread around 0.5. The ones
with q 0 ≈ 0.8 have a BBH, instead, as the outer member, i.e. the
subsystem configuration, just before the merger, is a BBH-BBH
quadruple. The few mergers with q 0 < 0.1 have a non-BH outer
member.

3.2 General-relativistic ‘slingshot’ interactions inside clusters

As already pointed out in Section 2.3, temporarily PN binaries
are found to appear inside the computed models due to close
fly-by interactions between a compact binary and a single object.
These binaries, although unlikely to undergo GW inspiral (see Sec-
tion 1), would nevertheless be interesting as they, among others (e.g.
temporarily-relativistic triples), would potentially contribute to the
low-frequency GW noise flux from the cluster. Fig. 3 shows such GR
slingshots which occurred inside a subset of the computed model
clusters in Table 1. As recovered from the direct CHAINoutput
(Section 2.3.1), these are Chains containing only one PN binary
and the rest of the Chain’s members (typically one) are unbound
w.r.t. it, indicating a close, fly-by encounter with the binary that
has imparted a high eccentricity onto it, making it PN. In Fig. 3,
the peak-power frequency of the broadband GW emission of such
eccentric binaries, as given by the expression (Wen 2003)

fGWp =
√

G(m1 + m2)
π

(1 + e)1.1954

[
a(1 − e2)

]1.5 , (2)

data; see above, Table 1) have occurred in models where the physical speed
of light has been used.

is plotted against the host cluster’s evolutionary time. This reason-
ably assumes that the binary passes through its periastron at least a
few times before it is altered again by the next significant encounter.

As the corresponding chirp masses (color coding in Fig. 3) de-
fined as

Mchirp ≡ (m1m2)3/5

(m1 + m2)1/5
(3)

indicate, the majority of these GR-slingshot binaries are BBHs
although a few of them are WD-WD, BH-WD, and BH-MS. Note
that such close, fly-by, binary-single interactions would show up in
CHAIN around their closest separations, essentially extracting the
configuration of the participants of the interaction over the small
time interval during which the slingshot happens, which is what are
plotted in Fig. 3. The binary can thereafter be followed from the
direct CHAIN outputs: a more elaborate study of these GR-slingshot
binaries plus other instances of temporarily-relativistic systems that
appear within the clusters will be undertaken in a forthcoming work.

As seen in Fig. 3, around half of the detected slingshot binaries
fall in the LISA’s characteristic detection-frequency band, which
would then, in principle, serve as persistent sources for the LISA.
The rest of them, here, primarily fall in the gap between the char-
acteristic detection bands of the LISA and the PTA with a few but
one of them marginally entering the PTA band. Note that the GR-
slingshot binaries are, generally, highly eccentric (1 −e < 0.1), that
would make their ‘proper’ detection including their orbital param-
eters questionable. However, they would still contribute to the GW
background for these instruments.

The GR slingshots tend to occur more frequently over t ! 1 Gyr
cluster-evolutionary time due to the generally larger number of BHs
present in the clusters over their initial evolution.

MNRAS 481, 5123–5145 (2018)
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Chirp mass

propagation time, the events have a combined signal-to-
noise ratio (SNR) of 24 [45].
Only the LIGO detectors were observing at the time of

GW150914. The Virgo detector was being upgraded,
and GEO 600, though not sufficiently sensitive to detect
this event, was operating but not in observational
mode. With only two detectors the source position is
primarily determined by the relative arrival time and
localized to an area of approximately 600 deg2 (90%
credible region) [39,46].
The basic features of GW150914 point to it being

produced by the coalescence of two black holes—i.e.,
their orbital inspiral and merger, and subsequent final black
hole ringdown. Over 0.2 s, the signal increases in frequency
and amplitude in about 8 cycles from 35 to 150 Hz, where
the amplitude reaches a maximum. The most plausible
explanation for this evolution is the inspiral of two orbiting
masses, m1 and m2, due to gravitational-wave emission. At
the lower frequencies, such evolution is characterized by
the chirp mass [11]

M ¼ ðm1m2Þ3=5

ðm1 þm2Þ1=5
¼ c3

G

!
5

96
π−8=3f−11=3 _f

"
3=5

;

where f and _f are the observed frequency and its time
derivative and G and c are the gravitational constant and
speed of light. Estimating f and _f from the data in Fig. 1,
we obtain a chirp mass of M≃ 30M⊙, implying that the
total mass M ¼ m1 þm2 is ≳70M⊙ in the detector frame.
This bounds the sum of the Schwarzschild radii of the
binary components to 2GM=c2 ≳ 210 km. To reach an
orbital frequency of 75 Hz (half the gravitational-wave
frequency) the objects must have been very close and very
compact; equal Newtonian point masses orbiting at this
frequency would be only ≃350 km apart. A pair of
neutron stars, while compact, would not have the required
mass, while a black hole neutron star binary with the
deduced chirp mass would have a very large total mass,
and would thus merge at much lower frequency. This
leaves black holes as the only known objects compact
enough to reach an orbital frequency of 75 Hz without
contact. Furthermore, the decay of the waveform after it
peaks is consistent with the damped oscillations of a black
hole relaxing to a final stationary Kerr configuration.
Below, we present a general-relativistic analysis of
GW150914; Fig. 2 shows the calculated waveform using
the resulting source parameters.

III. DETECTORS

Gravitational-wave astronomy exploits multiple, widely
separated detectors to distinguish gravitational waves from
local instrumental and environmental noise, to provide
source sky localization, and to measure wave polarizations.
The LIGO sites each operate a single Advanced LIGO

detector [33], a modified Michelson interferometer (see
Fig. 3) that measures gravitational-wave strain as a differ-
ence in length of its orthogonal arms. Each arm is formed
by two mirrors, acting as test masses, separated by
Lx ¼ Ly ¼ L ¼ 4 km. A passing gravitational wave effec-
tively alters the arm lengths such that the measured
difference is ΔLðtÞ ¼ δLx − δLy ¼ hðtÞL, where h is the
gravitational-wave strain amplitude projected onto the
detector. This differential length variation alters the phase
difference between the two light fields returning to the
beam splitter, transmitting an optical signal proportional to
the gravitational-wave strain to the output photodetector.
To achieve sufficient sensitivity to measure gravitational

waves, the detectors include several enhancements to the
basic Michelson interferometer. First, each arm contains a
resonant optical cavity, formed by its two test mass mirrors,
that multiplies the effect of a gravitational wave on the light
phase by a factor of 300 [48]. Second, a partially trans-
missive power-recycling mirror at the input provides addi-
tional resonant buildup of the laser light in the interferometer
as a whole [49,50]: 20Wof laser input is increased to 700W
incident on the beam splitter, which is further increased to
100 kW circulating in each arm cavity. Third, a partially
transmissive signal-recycling mirror at the output optimizes

FIG. 2. Top: Estimated gravitational-wave strain amplitude
from GW150914 projected onto H1. This shows the full
bandwidth of the waveforms, without the filtering used for Fig. 1.
The inset images show numerical relativity models of the black
hole horizons as the black holes coalesce. Bottom: The Keplerian
effective black hole separation in units of Schwarzschild radii
(RS ¼ 2GM=c2) and the effective relative velocity given by the
post-Newtonian parameter v=c ¼ ðGMπf=c3Þ1=3, where f is the
gravitational-wave frequency calculated with numerical relativity
and M is the total mass (value from Table I).
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GW from an eccentric binary is 
polychromatic.            represents the 
frequency with the peak GW power.
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Massive stars (ZAMS mass               ) evolve in clusters to 
produce stellar BHs. BH mass function depends on cluster initial 
mass function (IMF) and metallicity.
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What happens to these newly formed NSs and BHs ?

• Compact remnants (NS/BH) can receive birth /  “natal” velocity kick due to 
asymmetry in high-velocity supernova ejecta which carries net momentum.

• The observed average natal kick of field NSs is 

• Amount of kick for BH uncertain (in theory & observation).

• Can be observationally inferred from “back-tracing” orbital motion of Galactic BH 
X-ray binaries [e.g. ,Willems et al.,  2005,  ApJ,  625,  324, Repetto et al. 2012] --- 
indicate very low to high natal kicks. 

• Computations of core-collapse supernova also support a wide range of natal kicks 
(Janka et al.).

• BH natal kicks controlled by “material fallback” and SN core size. Stars        
collapse directly to a BH with no or small kicks.

• “Electron Capture” mechanism produces NSs with small kick velocities.

� 265 km s�1

� 50M�

More on lecture 3!



A BH candidate in 47 Tuc 3

a possible intermediate-mass black hole (IMBH) at the cluster cen-
tre. After stacking both frequency bands to reach a noise level of
13.3µJy beam�1, they detected no source brighter than 3� within
the central 1000⇥1000 of the cluster, giving a 3� upper limit on the
mass of any IMBH of 520–4900M�. A similar IMBH limit was
found by McLaughlin et al. (2006), who used the cluster velocity
dispersion profile to place a 1� upper limit of 1500M� on the mass
of any IMBH, so the evidence for such an object is not compelling.

In this paper, we combine the archival observations of Lu &
Kong (2011) with new ATCA data to make the deepest radio im-
age of 47 Tuc to date. We report the discovery of a flat-spectrum
radio source within the cluster core that is an astrometric match to
the known bright X-ray source X9 (Hertz & Grindlay 1983; Au-
riere, Koch-Miramond & Ortolani 1989). In light of its inferred ra-
dio luminosity, we suggest that the source is a quiescent BH, rather
than a cataclysmic variable (CV), as had been previously inferred
(Paresce, de Marchi & Ferraro 1992; Grindlay et al. 2001; Knigge
et al. 2008).

In Sections 2 and 3, we describe our radio observations and
results. We discuss previous observations of X9 in Section 4, com-
paring the source properties to those of various classes of accreting
compact object. We discuss the possible nature of the system in
Section 5, review the sample of GCs hosting BH candidates in Sec-
tion 6, and present our conclusions in Section 7.

2 OBSERVATIONS AND DATA REDUCTION

2.1 ATCA data

We observed the globular cluster 47 Tuc with the ATCA on 2013
November 12th, from 08:06–17:52 UT (MJD 56608.54 ± 0.20),
achieving an on-source integration time of 8.7 hr. Using the Com-
pact Array Broadband Backend (CABB), we observed simultane-
ously in two bands, with central frequencies of 5.5 and 9.0 GHz,
each with a bandwidth of 2048 MHz. The array was in its extended
6A configuration, with a maximum baseline of 5.939 km. We used
B1934-638 as both a bandpass calibrator and to set the flux density
scale, and B2353-686 as the secondary calibrator to set the ampli-
tude and phase gains.

We reduced the data for each frequency band separately,
performing external gain calibration in Miriad (Sault, Teuben
& Wright 1995) using standard procedures. We then frequency-
averaged the calibrated data and imported them into the Common
Astronomy Software Application (CASA; McMullin et al. 2007)
for imaging. Imaging was carried out using Briggs weighting with
a robust parameter of 1, which provided a good compromise be-
tween sensitivity and resolution, as well as suppressing the side-
lobes of the dirty beam. Our final image sensitivities of 5.7 and
6.4µJy beam�1 at 5.5 and 9.0 GHz, respectively, were close to the
theoretical thermal noise levels. The final source fluxes and posi-
tions were measured in the image plane using the JMFIT algorithm
within the Astronomical Image Processing System (AIPS; Greisen
2003).

2.2 Archival ATCA data

To improve the significance of our detections, we combined our
data with the archival ATCA data taken in the same array configu-
ration by Lu & Kong (2011) on 2010 January 24–25 (summarised
briefly in Section 1.2). Our re-analysis of these data allowed us
to reduce the noise levels in the 5.5 and 9.0 GHz images to the
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Figure 1. 5.5-GHz ATCA image of the core of 47 Tuc. The red cross de-
notes the cluster centre, the red circle shows the 2400 core radius, and the
thick orange circle highlights our detection of X9.

theoretically-expected limits of 6.7 and 9.8µJy beam�1, respec-
tively. Despite the longer on-source integration times, these obser-
vations were less sensitive than those from 2013 (Section 2.1) be-
cause the older data were taken prior to the installation of the new,
more sensitive 4-cm receivers at the ATCA.

3 RESULTS

After stacking both the new and archival ATCA data in the
uv-plane, our resulting images reached rms noise levels of
4.4µJy beam�1 at 5.5 GHz and 5.7µJy beam�1 at 9.0 GHz. The
final images at 5.5 and 9.0 GHz had resolutions of 2.003 ⇥ 1.007 in
P.A. 18�, and 1.005⇥ 1.001 in P.A. 28�, respectively.

3.1 A radio counterpart to X9/W42

The brightest radio source within the 2400 core radius of the cluster
at both frequencies (Fig. 1) is coincident with the second brightest
hard X-ray source in the cluster (see Fig. 2), denoted as source X9
in the ROSAT catalogue of Hasinger, Johnston & Verbunt (1994),
and W42 in the Chandra catalogues of Grindlay et al. (2001) and
Heinke et al. (2005a). We summarise in Table 1 the measured ra-
dio brightness of the source in each observation. Using the stacked
image, a point source fit to the radio source position in the image
plane using the AIPS task JMFIT gave a J2000 position of

R.A. = 00h24m04.s264± 0.s016

Dec. = �72�04m58.0009± 0.0010.

Our fitted peak flux densities for X9 in the stacked data were
42± 4µJy beam�1 at 5.5 GHz and 35± 6µJy beam�1 at 9.0 GHz.
We therefore derive a radio spectral index of ↵ = �0.4 ± 0.4
and a 5.5-GHz radio luminosity of 5.8 ⇥ 1027 erg s�1. Here, and
throughout this paper, we define radio luminosity by assuming a flat
radio spectrum up to the observing frequency (i.e. Lr = 4⇡d2⌫S⌫ ,
where d is the source distance, ⌫ is the observing frequency, and S⌫

is the observed flux density). No circular polarisation was detected
from the source in either of the individual epochs, with the best 5�

c� 2015 RAS, MNRAS 000, 1–13
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Table 1. Barycentric corrected radial velocity vr, (Vega) magni-
tude IF814W, and seeing (See.) measurements for the target star.
(�JD: Julian observation date JD�2 456 978 d, ESO ID: ESO Pro-
gramme ID Code.)

�JD [d] vr [km/s] IF814W [mag] See. [00] ESO prog. ID
0.83733 570.8 ± 2.2 16.88 ± 0.08 0.82 094.D-0142

11.85794 512.9 ± 2.7 16.89 ± 0.06 0.90 094.D-0142
11.86438 511.9 ± 2.8 16.91 ± 0.08 0.84 094.D-0142
30.81091 475.0 ± 2.2 16.83 ± 0.06 0.60 094.D-0142
30.83250 482.1 ± 2.4 16.88 ± 0.07 0.66 094.D-0142
31.78096 477.1 ± 2.0 16.86 ± 0.06 0.72 094.D-0142
31.80265 480.8 ± 2.1 16.87 ± 0.07 0.88 094.D-0142

149.49256 536.8 ± 2.0 16.90 ± 0.06 0.60 095.D-0629
151.47767 550.8 ± 3.6 16.82 ± 0.07 1.12 095.D-0629
153.47698 559.3 ± 2.5 16.86 ± 0.08 1.00 095.D-0629
156.47781 585.4 ± 2.2 16.86 ± 0.08 1.04 095.D-0629
160.47808 609.5 ± 2.0 16.87 ± 0.08 0.70 095.D-0629
441.74475 476.2 ± 2.0 16.90 ± 0.06 0.66 096.D-0175
441.76738 472.0 ± 1.8 16.88 ± 0.07 0.64 096.D-0175
443.74398 474.8 ± 2.1 16.89 ± 0.06 0.66 096.D-0175
443.76792 472.5 ± 2.1 16.85 ± 0.08 0.54 096.D-0175
538.47410 471.1 ± 1.9 16.86 ± 0.06 0.80 097.D-0295
542.47958 471.9 ± 2.0 16.88 ± 0.06 0.78 097.D-0295
808.87270 501.4 ± 2.7 16.80 ± 0.06 0.60 098.D-0148
809.87675 512.7 ± 2.5 16.87 ± 0.08 0.96 098.D-0148

massive black holes (Abbott et al. 2016a). As shown by Ab-
bott et al. (2016c) or Askar et al. (2017), dense star clus-
ters represent a preferred environment for the merging of
such black hole binaries. Hence, it would be crucial to over-
come the current observational limits in order to increase
our sample of known black holes. Compared to radio or X-
ray studies, dynamical searches for stellar companions have
the advantages of also being sensitive to non-accreting black
holes and of providing direct mass constraints. We are cur-
rently conducting a large survey of 25 Galactic globular clus-
ters with MUSE (Multi Unit Spectroscopic Explorer, Bacon
et al. 2010), which provides us with spectra of currently 600

to 27 000 stars per cluster (see Kamann et al. 2017). Our
survey includes a monitoring for radial velocity variations,
which is very sensitive to the detection of stellar companions
of massive objects (i.e. black holes, neutron stars and white
dwarfs). Here, we report the detection of a (4.36 ± 0.41)M�
black hole in the globular cluster NGC 3201.

2 OBSERVATIONS AND DATA REDUCTION

The observational challenge in globular clusters is the crowd-
ing resulting in severe blending of nearby stars especially in
the cluster cores. For photometric measurements of dense
globular clusters, instruments like the Hubble Space Tele-
scope (HST) provide su�cient spatial resolution to obtain
independent measurements of most of the stars (Saraje-
dini et al. 2007). For spectroscopic surveys, investigations
of dense stellar fields were limited to the brightest stars or
to regions with su�ciently reduced crowding. In globular
clusters, the combination of field of view (10x1

0) and spatial
sampling (300x300 spaxel2) of MUSE allows us to extract
spectra with a spectral resolution of 1800 < R < 3500 of some
thousand stars per exposure (for more details see Husser
et al. 2016). We use the standard ESO MUSE pipeline to
reduce the MUSE raw data (Weilbacher et al. 2012). The

(a) HST (b) MUSE

Figure 1. Charts with the target star marked with red crosshairs
and the reference star marked within a blue square. (a) The image
is taken from the HST ACS globular cluster survey from Saraje-
dini et al. (2007) and Anderson et al. (2008). (b) Same field of
view seen by MUSE with a seeing of 0.6 00. The displayed image is
a cut (90x81 pixels) from an integrated white light image of the
MUSE data cube.

extraction is done with a PSF-fitting technique using the
combined spatial and spectral information (Kamann et al.
2013, 2014).

This work is part of our investigation of the binarity of
clusters using the radial velocity method. Binaries that are
able to survive in the dense environment of a globular cluster
are so tight (see Hut et al. 1992) that even HST is unable to
resolve the single components such that they will appear as
a single point-like source. Radial velocity surveys, however,
will rather easily detect those compact binary systems. Ex-
cept for the case when both stars have the same brightness,
the extracted MUSE spectrum will be dominated by one of
the stars, i.e. we mostly detect single line binary systems.
With the knowledge of the stellar mass and the orbital pa-
rameters from our analyses, we can nevertheless infer the
minimum masses of the unseen companions.

Up to this publication, we have observed three globular
clusters NGC 104 (47 Tuc), NGC 3201, and NGC 5139 (!
Cen) with su�ciently many observations to analyse the ra-
dial velocity signals vr of individual stars. We identified three
stars with radial velocity variations exceeding 100 km s

�1.
Only one of them (hereafter called target star) in NGC 3201
appears in two overlapping pointings, resulting in 20 ex-
tracted spectra with good signal-to-noise ratios (from 24 to
56, 43 on average). The other two stars need more obser-
vations to analyse the orbital parameters. Table 1 lists the
target star’s derived radial velocities and seeing values for
each observation from five observation runs.

3 PHOTOMETRIC AND SPECTROSCOPIC
ANALYSIS

The investigation of the target star properties is performed
in two steps. Photometry provides the mass of the target
star and allows us to exclude alternative explanations for the
large radial velocity signal. Below, we describe the spectral
analysis from which we obtain the cluster membership.
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Table 2. Target star properties. The position and magnitude
were taken from the HST ACS globular cluster survey catalogue
(Anderson et al. 2008), mass and surface gravity are derived from
isochrone fitting, e↵ective temperature and metallicity are derived
from spectral fitting. For more details see Sect. 3.
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Figure 4. Likelihood periodogram of the radial velocities of the
target star. The black curve is a version of the generalized Lomb-
Scargle periodogram for circular orbits using the F-ratio statistic
to represent the significance of each solution. The red triangles
show the improvement on the log-likelihood statistic using a full
Keplerian fit at the period search level instead.

are no emission lines that could indicate, for example, a cat-
aclysmic variable or a compact binary with an illuminated
low-mass star and a hot companion like a white dwarf or
neutron star.

The mean radial velocity (506 ± 1) km s
�1 and mean

metallicity [M/H] = (�1.50 ± 0.02) dex of the target star is
in good agreement with the cluster parameters in the Harris
(1996) catalogue. Further, the fitted radial velocity of the
binary barycentre (see Table 3) matches precisely the radial
velocity of the cluster (494.0 ± 0.2) km s

�1. This makes the
target star a bonafide cluster member.

4 RESULTS

The analysis of the radial velocity variation is done using the
generalized Lomb-Scargle (GLS) periodogram (Zechmeister
& Kürster 2009), the likelihood function approach of Baluev
(2008), and a final fit of a Keplerian orbit. Figure 4 shows
the likelihood periodogram of the target star for the period
range 0.2–1000 d. The black curve (F-ratio) represents the
GLS periodogram for circular orbits. It shows highly signif-
icant periods at 1 d, fractions of 1 d, 51 d, and 83 d. The 1 d

period and fractions of it are aliases of our nightly observa-
tion basis. With Keplerian fits for the same period range,
the resulting picture is di↵erent. The red triangles (ln-L
curve) show these Keplerian fits as a log-likelihood statistic.
The 167 d period has a very low false-alarm probability of
2.2 ⇥ 10

�8, so the signal is extremely significant. Compared
to all other peaks, the ln-likelihood of the preferred solution
is higher by � ln L = 16. Within the framework of this type
of periodogram, this implies a ⇠ 8.9 ⇥ 10

6 higher probability.
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Figure 5. The top panel shows the radial velocity measurements
vr of the target star, phase folded for the 167 d period. Error bars
are smaller than the data points. The red curve shows the best-
fitting Keplerian orbit (see Table 3). The middle panel contains
the residuals after subtracting this best-fitting model to the data.
The bottom panel shows the radial velocity measurements of the
reference star. Grey dots are phase shifted duplicates of the black
ones, and are included to improve the visualization.

Table 3. Binary system properties. The Keplerian parameters
were calculated with an MCMC consisting of 10

7 iterations. The
derived mass was calculated using 2.0 ⇥ 10

4 MCMC samples and
the same number of target star mass samples.

Period P 166.88
+0.71

�0.63
d

Doppler semi-amplitude K (69.4 ± 2.5) km s
�1

Eccentricity e 0.595 ± 0.022

Argument of periastron ! (2.6 ± 3.2)°
Periastron passage T0 (57 140.2 ± 0.5) d

Barycentric radial velocity �0 (494.5 ± 2.4) km s
�1

Linear trend €� (�0.27 ± 2.70) km s
�1

Jitter s 0.68
+0.40

�0.25
km s

�1

Minimum companion mass M sin(i) (4.36 ± 0.41)M�
Minimum semi-major axis a(M) (1.03 ± 0.03) au

Moreover, the 51 d and 83 d peaks are most likely only har-
monics of this period (83 d ⇡ 167 d/2) and the window func-
tion, which has a high power at 135 d (1/51 � 1/83 ⇡ 1/135).
We also performed a detection probability test comparable
to Fiorentino et al. (2010) to verify that our sampling is
sensitive to all periods in the probed range.

Figure 5 shows the radial velocity measurements phase
folded with the 167 d period and the best-fitting Keplerian
orbit solution. The reduced �2 of the Keplerian orbit fit is
1.2 (for comparison the reduced �2 of the best circular orbit
at the 83 d period is 45). The resulting orbital parameters
fitted with the MCMC approach of Haario et al. (2006) are
shown in Table 3. The reference star does not show any
significant radial velocity variation (reduced �2 = 0.42).

5 DISCUSSION AND CONCLUSIONS

The data show strong evidence that the target star is in a bi-
nary system with a non-luminous object having a minimum
mass of (4.36 ± 0.41)M�. This object should be degenerate,
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Model comparison with the observed structure and kinematics of globular 
clusters (GCs)
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models 12–16, which contain 10 BHs at late times (see
Table 1). The horizontal orange bars show rc and rhl of MW
GCs, with absolute V-band magnitude and heliocentric
distances similar to NGC 3201 (in the ranges of −8.95 to
−5.95 mag and 6–12 kpc, respectively; data are taken from
Harris 1996 (2010 edition)). As Figure 1 shows, these MW
GCs span a wide range in rc and rhl. As a limiting case, this set
of MW GCs includes the core-collapsed cluster NGC 6397 (the
green bar), which is shown to align with models containing
very few BHs at present.

The red star marks the observed rc and rhl for NGC 3201,
which are consistent with models that retain large numbers
of BHs.

The sustained heating and expansion shown by the red
curves in Figure 1 are primarily due to the frequent super-
elastic interactions in the centrally concentrated BH system:
energy is deposited onto the stellar background when a recoiled
BH sinks back via dynamical friction (see Mackey et al.
2007, 2008).

Figure 2 shows the surface brightness profile for each of the
16 models at t=12 Gyr (solid black and blue lines) compared
to the observed surface brightness profile of NGC 3201 (yellow
circles; Trager et al. 1995). As in Figure 1, the black lines show
models 1–11 of Table 1 and the blue lines show models 12–16.

As Figure 2 shows, the models that retain many BHs have
the surface brightness profiles that are closest to matching NGC
3201. The surface brightness profiles of models retaining
few BHs exhibit cusps at low r, representative of so-called
“core-collapsed” MW GCs.

Henceforth, we use the term “core-collapsed” to simply
denote those models (12–16) that remain much more centrally
concentrated than their BH-heated counterparts (models 1–11),
throughout their evolution, and have surface brightness profiles
with prominent central cusps at late times, as shown in
Figure 2.

The surface brightness profiles of all models converge with
NGC 3201 for r100 arcsec. This is simply because all
models have similar total masses at late times (see column 3 of

Table 1), which is a consequence of the choice of initial particle
number (N=8×105 for all models), and the same galacto-
centric distance (and hence tidal radius).
In order to identify a single best-fit model that accurately

matches NGC 3201, we calculate the surface brightness profile,
velocity dispersion profile, rc, and rhl for all snapshots at late
times for each of the 16 models, and compare to the
observational data of NGC 3201. Note that several different
estimates for the current age of NGC 3201 exist, ranging from
∼10 Gyr (Forbes & Bridges 2010) up to ∼12 Gyr (Usher et al.
2017). To reflect this uncertainty in age, we simply consider all
cluster snapshots in the range 10 Gyr� t� 12 Gyr (the
maximum evolution time considered in our grid of models).
We identify model 5 at t=11.2 Gyr as our best-fit model.

For this model, rc=1.85 pc and rhl=4.42 pc, which are in
exact agreement with the rc and rhl values for NGC 3201 given
in Harris (1996) (2010 edition). This particular model retains
389 BHs, including 4 detached BH–MS binaries. The
assumptions that go into choosing our best-fit model are
discussed in greater detail in the appendices.

3.1. BH–MS Binaries

As shown in Chatterjee et al. (2017) and Kremer et al.
(2018), the formation of BH–non-BH binaries in a GC is a self-
regulated process limited by a complex competition between
the number of BHs and the number density of non-BH–non-
BH binaries in the region of the GC where BHs mix with non-
BHs. This competition ensures that the number of BH–non-BH
binaries found in a GC at late times remains independent of the
total number of BHs retained in the cluster.
All GC models considered here produce at most a few

BH–MS binaries at late times (column 7 of Table 1), regardless
of the total number of BHs retained at late times (column 6), in
agreement with the results of Chatterjee et al. (2017) and
Kremer et al. (2018)
In order to explore the formation of BH–MS binaries similar

to the binary system recently detected in NGC 3201 (Giesers
et al. 2018), we search for detached BH–MS binaries in models
1–11 (models that retain large numbers of BHs at late times and
have structural parameters similar to those of NGC 3201; see
Figure 2).
In total, we find 24 different detached BH–MS binaries in

models 1–11 in cluster snapshots between 10 Gyr < t <
12 Gyr. The top panel of Figure 3 shows the MS companion
mass,MMS, versus semimajor axis, a, for each of these binaries.
The filled circles in Figure 3 mark the 4 BH–MS binaries found
in model 5 at t=11.2 Gyr (our best-fit model described in the
previous section). The open circles show the BH–MS binaries
found in all remaining snapshots in the range 10 Gyr < t <
12 Gyr for models 1–11. The horizontal dashed line marks the
turnoff mass (Mto=0.83Me) for clusters of this particular age
and metallicity. The black “x” marks the quoted values of the
MS mass (0.81±0.05Me) and minimum a (1.03±0.03 au)
for the BH–MS binary detected in NGC 3201 (Giesers
et al. 2018).
The bottom panel of Figure 3 shows the eccentricity, e,

versus a for all BH–MS found in models 1–11. Clearly, the
majority of the detached BH–MS binaries identified at late
times have moderate to high eccentricities, a consequence of
the dynamical encounters experienced by these binaries.
Indeed, dynamical encounters play a critical role in the

formation and evolution of these binaries. Of the 24 BH–MS

Figure 2. Surface brightness profiles for all GC models at late times compared to
NGC 3201 (yellow circles; data from Trager et al. 1995). The black lines show
models 1–11 (models retaining 200 BHs at late times) and the blue lines show
models 12–16 (models retaining 10 BHs at late times; see Table 1).
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Figure 1. BHS density as a function of the GC V-band luminosity inside
the square of the half-light radius (LV/r2

hl ) at 12 Gyr. The black line shows
the fitted linear in log–log correlation. The colours of the points indicate the
total number of BHs in the GC model.

and B= 0.4 ± 0.7. Using these values, the maximum number of
BHs estimated in D2-R7-IMF01 is around 700. Therefore, it seems
that the application of the correlations discussed in this paper to
GCs with half-light radii larger than 8 pc and above may lead to
an underestimation of the number of BHs in those GCs. However,
GCs with such large half-light radius values are rare in the Galaxy,
as there are only eight Galactic GCs within 50 kpc of the Galactic
centre which have such a high half-light radii. The majority of
Galactic GCs have present-day half-light radii between 2 and 5 pc.

2.4 GC identification criteria

By using equation (1) and the correlations described in Section 2.2
and AAG 2018, we estimated the BHS properties and the potential
number of BHs in a GC from the observed half-light radius and total
V-band luminosity of the GC. We have shortlisted 29 Galactic GCs
for which CSB, absolute magnitude, and average surface luminosity
values agree with what we find for simulated GCs that harbour a
high number of BHs at 12 Gyr. We have also selected only those GCs
for which the observed present-day half-mass relaxation times are
larger than about 0.9 Gyr. This choice is motivated by the properties
of our simulations, as all the GC models with a high number of BHs
had half-mass relaxation times larger than this limiting value at
12 Gyr.

While shortlisting these 29 Galactic GCs, we restricted ourselves
to GCs for which the Galactocentric radius values were smaller
than 17 kpc. This was done because except for two, all the 163
simulated GC models that retained more than 15 BHs at 12 Gyr
had Galactocentric radii smaller than 17 kpc. We cannot compare
these simulated models with Galactic GCs that are very far from
the Galactic centre due to the modelling of the tidal field. Never-
theless, in Section 4, we mention distant Galactic GCs that do have
observational properties suggesting the presence of a large number
of BHs. Moreover, we shortlisted Galactic GCs that were bright
(MV< −6.5) but had low CSB (CSB ! 1 × 104 L⊙ pc−2) values
similar to the observed properties of simulated GCs at 12 Gyr (see
the top panel in Fig. 2). There were only 3 GC models with BHS that
had CSB values larger than 1 × 104 L⊙ pc−2. In order to calculate
the CSB from the simulated models, we use the infinite projection
method described in Appendix B of Mashchenko & Sills (2005) to

Figure 2. Top panel: On the x-axis is the absolute V-band magnitude and
on the y-axis is the central V-band surface brightness (CSB) in units of L⊙
pc−2. 12 Gyr properties for simulated GC models with more than 15 BHs
are shown with the black points and the observed properties of 29 Galactic
GCs that could potentially be containing BHs are shown with red points.
Other simulation models that occupy the range of magnitudes and CSB at
12 Gyr are also shown. These are only the models in which mass fallback
was enabled but the number of BHs at 12 Gyr was less than 15. Bottom
panel: On the x-axis is the GC V-band luminosity divided by the square of
the the half-light radius and on the y-axis is the CSB. The colour coding is
similar to the top panel.

generate a surface brightness profile for the GC at 12 Gyr, which
we use to find the central value in units of V-band luminosity per
square pc. In order to compare this value with the observations, we
convert the apparent V magnitudes per square arcsecond CSB value
provided in the Harris (1996, updated 2010) catalogue to units of
V-band luminosity per square pc. In doing this, we took into ac-
count the distance to the cluster from the Sun and the foreground
reddening are also provided in the catalogue.

We also compared the V-band luminosity inside the half-light
radius and the CSB of the observed GCs with the simulated models
to further constrain our list of Galactic GCs with a BHS (see the
lower panel in Fig. 2). We excluded two very bright and massive
GCs; these were NGC 5139 (ω Cen) and NGC 6402 (M14). While
both of these GCs are bright with relatively low CSB values, none
of the simulated models at 12 Gyr are as bright as these GCs.
To reproduce their present-day brightness, we would need initial

MNRAS 478, 1844–1854 (2018)
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So, if a number of BHs retain 
in a cluster at birth what 
happens to them thereafter?



The virial theorem of self-gravitating systems

2T = �V
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<latexit sha1_base64="toTHHvZ2u0Fs1tWY7Z9jNO2OwFY="></latexit><latexit sha1_base64="toTHHvZ2u0Fs1tWY7Z9jNO2OwFY="></latexit><latexit sha1_base64="toTHHvZ2u0Fs1tWY7Z9jNO2OwFY="></latexit><latexit sha1_base64="toTHHvZ2u0Fs1tWY7Z9jNO2OwFY="></latexit>

V = total P.E. / �M2
cl

rh
<latexit sha1_base64="wnqgOIN+VAcP67XwgagvBIUCOx8="></latexit><latexit sha1_base64="q1a/lZzm1NB4Q705FxsTWneX9bY="></latexit><latexit sha1_base64="q1a/lZzm1NB4Q705FxsTWneX9bY="></latexit><latexit sha1_base64="NkLjqz/X6jduZCjCs9s/Dq8/l4s="></latexit>

Mcl =
<latexit sha1_base64="sgRzVTzhji7HBhpUGjGSSjkEo4A=">AAACA3icbZDLSgMxFIbPeK3jrSq4cRMUwVWZUUQ3QtGNG6EFe8G21EyatsFMZkjOqGXo0jdwqy/gTtz6IG5c+SCml4Vafwh8/P85JPmDWAqDnvfhTE3PzM7NZxbcxaXlldXs2nrZRIlmvMQiGelqQA2XQvESCpS8GmtOw0DySnBzNsgrt1wbEalL7MW8EdKOEm3BKFrryr1opkz2yQlpZne8nDcUmQR/DDv5zeLnNQAUmtmveitiScgVMkmNqflejI2UahRM8r5bR36Pd6KFXXKQOzoUyq0nhseU3dAOr1lUNOSmkQ7/0Ce71mmRdqTtUUiG7s+NlIbG9MLAToYUu+ZvNjD/y2oJto8bqVBxglyx0UXtRBKMyKAQ0hKaM5Q9C5RpYV9PWJdqytDW5tpa/L8lTEJ5P+d7Ob9o+zmFkTKwBduwBz4cQR7OoQAlYKDgEZ7g2XlwXpxX5200OuWMdzbgl5z3b2nZmDQ=</latexit><latexit sha1_base64="La0lYFyYyHL4cB1OxaR2TeNYOWE=">AAACA3icbZDLSgMxGIUzXut4qwpu3ASL4KrMKFI3QqkbN0IL9oLtUDJp2oZmMkPyj1qGLn0Dt/oC4kbcuvMl3LjyQUwvC209EPg45/9JcvxIcA2O82nNzS8sLi2nVuzVtfWNzfTWdkWHsaKsTEMRqppPNBNcsjJwEKwWKUYCX7Cq3zsf5tUbpjQP5RX0I+YFpCN5m1MCxrq2L5sJFQN8hpvpjJN1RsKz4E4gk98tffGXwkexmf5utEIaB0wCFUTruutE4CVEAaeCDewGsDu45S3o4uNs7oRLuxFrFhHaIx1WNyhJwLSXjP4wwAfGaeF2qMyRgEfu742EBFr3A99MBgS6ejobmv9l9Rjap17CZRQDk3R8UTsWGEI8LAS3uGIURN8AoYqb12PaJYpQMLXZphZ3uoRZqBxlXSfrlkw/BTRWCu2hfXSIXJRDeXSBiqiMKJLoAT2iJ+veerZerbfx6Jw12dlBf2S9/wDaUpnw</latexit><latexit sha1_base64="La0lYFyYyHL4cB1OxaR2TeNYOWE=">AAACA3icbZDLSgMxGIUzXut4qwpu3ASL4KrMKFI3QqkbN0IL9oLtUDJp2oZmMkPyj1qGLn0Dt/oC4kbcuvMl3LjyQUwvC209EPg45/9JcvxIcA2O82nNzS8sLi2nVuzVtfWNzfTWdkWHsaKsTEMRqppPNBNcsjJwEKwWKUYCX7Cq3zsf5tUbpjQP5RX0I+YFpCN5m1MCxrq2L5sJFQN8hpvpjJN1RsKz4E4gk98tffGXwkexmf5utEIaB0wCFUTruutE4CVEAaeCDewGsDu45S3o4uNs7oRLuxFrFhHaIx1WNyhJwLSXjP4wwAfGaeF2qMyRgEfu742EBFr3A99MBgS6ejobmv9l9Rjap17CZRQDk3R8UTsWGEI8LAS3uGIURN8AoYqb12PaJYpQMLXZphZ3uoRZqBxlXSfrlkw/BTRWCu2hfXSIXJRDeXSBiqiMKJLoAT2iJ+veerZerbfx6Jw12dlBf2S9/wDaUpnw</latexit><latexit sha1_base64="BfOFcYfFo2Wq13EPszOm0Mbtxbo=">AAACA3icbZDLSgMxGIUz9VbHW9Wlm2ARXA0zitSNUHTjRqhgL9gOJZPJtKGZzJD8o5ahS9/Arb6AO3Hrg7j3QUwvC60eCHyc8/8kOUEquAbX/bQKC4tLyyvFVXttfWNzq7S909BJpiir00QkqhUQzQSXrA4cBGulipE4EKwZDC7GefOOKc0TeQPDlPkx6UkecUrAWLf2VTenYoTPcLdUdh13IvwXvBmU0Uy1bumrEyY0i5kEKojWbc9Nwc+JAk4FG9kdYA9wz0Po42OncsKl3ck0SwkdkB5rG5QkZtrPJ38Y4QPjhDhKlDkS8MT9uZGTWOthHJjJmEBfz2dj87+snUF06udcphkwSacXRZnAkOBxITjkilEQQwOEKm5ej2mfKELB1GabWrz5Ev5C48jxXMe7dsvV81lBRbSH9tEh8lAFVdElqqE6okiiJ/SMXqxH69V6s96nowVrtrOLfsn6+Aa5GJZP</latexit>

total cluster mass rh =
<latexit sha1_base64="EoeRzaHD4NDWXbHUTg5eJni+bH4=">AAACAnicbZDNSgMxFIXv1L86/lUFN26CIrgqM4rUjVB047IFq5W21EyatqGZzJDcUcvQnW/gVl/Anbj1Rdy48kFMfxZaPRD4OOdekpwglsKg5304mZnZufmF7KK7tLyyupZb37g0UaIZr7BIRroaUMOlULyCAiWvxprTMJD8KuidDfOrW66NiNQF9mPeCGlHibZgFK117epm2h2QE9LM7Xp5byTyF/wJ7Ba3yp83AFBq5r7qrYglIVfIJDWm5nsxNlKqUTDJB24d+T3eiRZ2yWG+cCSUW08Mjynr0Q6vWVQ05KaRjr4wIHvWaZF2pO1RSEbuz42Uhsb0w8BOhhS7Zjobmv9ltQTbx41UqDhBrtj4onYiCUZk2AdpCc0Zyr4FyrSwryesSzVlaFtzbS3+dAl/4fIg73t5v2z7OYWxsrANO7APPhSgCOdQggowCOERnuDZeXBenFfnbTyacSY7m/BLzvs32euX6A==</latexit><latexit sha1_base64="j0b1PpWdlCRjWnvvpM51H3WJTW8=">AAACAnicbZDLSgMxGIUz9VbHW1Vw4yZYBFdlRpG6EUrduGzBXqQdSiZN29BMZkj+UcvQnW/gVl9AcCFuXfoSblz5IKaXhbYeCHyc8/8kOX4kuAbH+bRSC4tLyyvpVXttfWNzK7O9U9VhrCir0FCEqu4TzQSXrAIcBKtHipHAF6zm9y9Gee2GKc1DeQWDiHkB6Ure4ZSAsa5t1Up6Q3yOW5msk3PGwvPgTiFb2Ct/8ZfiR6mV+W62QxoHTAIVROuG60TgJUQBp4IN7SawO7jlbejhk1z+lEu7GWsWEdonXdYwKEnAtJeMvzDEh8Zp406ozJGAx+7vjYQEWg8C30wGBHp6NhuZ/2WNGDpnXsJlFAOTdHJRJxYYQjzqA7e5YhTEwAChipvXY9ojilAwrdmmFne2hHmoHudcJ+eWTT9FNFEa7aMDdIRclEcFdIlKqIIoCtADekRP1r31bL1ab5PRlDXd2UV/ZL3/AEpzmaQ=</latexit><latexit sha1_base64="j0b1PpWdlCRjWnvvpM51H3WJTW8=">AAACAnicbZDLSgMxGIUz9VbHW1Vw4yZYBFdlRpG6EUrduGzBXqQdSiZN29BMZkj+UcvQnW/gVl9AcCFuXfoSblz5IKaXhbYeCHyc8/8kOX4kuAbH+bRSC4tLyyvpVXttfWNzK7O9U9VhrCir0FCEqu4TzQSXrAIcBKtHipHAF6zm9y9Gee2GKc1DeQWDiHkB6Ure4ZSAsa5t1Up6Q3yOW5msk3PGwvPgTiFb2Ct/8ZfiR6mV+W62QxoHTAIVROuG60TgJUQBp4IN7SawO7jlbejhk1z+lEu7GWsWEdonXdYwKEnAtJeMvzDEh8Zp406ozJGAx+7vjYQEWg8C30wGBHp6NhuZ/2WNGDpnXsJlFAOTdHJRJxYYQjzqA7e5YhTEwAChipvXY9ojilAwrdmmFne2hHmoHudcJ+eWTT9FNFEa7aMDdIRclEcFdIlKqIIoCtADekRP1r31bL1ab5PRlDXd2UV/ZL3/AEpzmaQ=</latexit><latexit sha1_base64="JD/se82KdakA8HNPQPFCVl2urlE=">AAACAnicbZC7TsMwGIWdcivhVmBksaiQmKoEhMqCVMHCWCR6QW1UOa7TWHWcyP4DVFE33oAVXoANsfIi7DwIbpsBWo5k6dM5/y/bx08E1+A4X1ZhaXllda24bm9sbm3vlHb3mjpOFWUNGotYtX2imeCSNYCDYO1EMRL5grX84dUkb90zpXksb2GUMC8iA8kDTgkY685WvSwc4wvcK5WdijMVXgQ3hzLKVe+Vvrv9mKYRk0AF0brjOgl4GVHAqWBjuwvsER54H0J8WqmecWl3U80SQodkwDoGJYmY9rLpF8b4yDh9HMTKHAl46v7eyEik9SjyzWREINTz2cT8L+ukEJx7GZdJCkzS2UVBKjDEeNIH7nPFKIiRAUIVN6/HNCSKUDCt2aYWd76ERWieVFyn4t445dplXlARHaBDdIxcVEU1dI3qqIEoitAzekGv1pP1Zr1bH7PRgpXv7KM/sj5/ACk5lgM=</latexit>

cluster half-mass radius

E = T + V =
V

2
/ �M2

cl

rh
<latexit sha1_base64="XIXbLdp+hj9gugVx+zpBSsFFvu4="></latexit><latexit sha1_base64="GXqmc1rBZsvyY2FCcbAUPR4I9Ck="></latexit><latexit sha1_base64="GXqmc1rBZsvyY2FCcbAUPR4I9Ck="></latexit><latexit sha1_base64="0Ta6Nc1eIqFch0PiCpctv4ocxLQ="></latexit>

� /
r

Mcl

rh
<latexit sha1_base64="4WGQkWS+AYjK2LU/rnVOqowKPwI="></latexit><latexit sha1_base64="4WGQkWS+AYjK2LU/rnVOqowKPwI="></latexit><latexit sha1_base64="4WGQkWS+AYjK2LU/rnVOqowKPwI="></latexit><latexit sha1_base64="4WGQkWS+AYjK2LU/rnVOqowKPwI="></latexit>

=> negative specific heat

(if I extract energy, the system gets hotter!)



Evolving off the stable configuration: two-body relaxation

Two-body relaxation refers to the time evolution of a dynamical system 
due to the mutual energy exchange of the constituent members - the 
evolution due to the “granularity” of the internal gravitational force.

tr ⇡ 0.065v3m
nm2G2 ln⇤

<latexit sha1_base64="hy5Nv2WxxSLWqolFm8KV4PISjoU="></latexit><latexit sha1_base64="juPmwVrkrEACnkqrofz2yUsfpJU="></latexit><latexit sha1_base64="juPmwVrkrEACnkqrofz2yUsfpJU="></latexit><latexit sha1_base64="fflBCbPjO0h6NGBV8exooai7Xbw="></latexit>

trh ⇡ 0.138
N1/2r3/2h

m1/2G1/2 ln⇤
<latexit sha1_base64="652Ven4inrFdao2LQ3+zC70tsJo="></latexit><latexit sha1_base64="04EdRUP3mHCMqC2a0m0tsqyvWsA="></latexit><latexit sha1_base64="04EdRUP3mHCMqC2a0m0tsqyvWsA="></latexit><latexit sha1_base64="t2E/IP1cEKwRR8yBMFDyjTXbTLY="></latexit>

Local relaxation time at radius ‘r’:

Relaxation time at half-mass radius assuming virial theorem:

[ln⇤ = ln(pmax/p90) ⇠ 10]
<latexit sha1_base64="pv+jJth66+j1I8hLTd2wOn32WX4="></latexit><latexit sha1_base64="pv+jJth66+j1I8hLTd2wOn32WX4="></latexit><latexit sha1_base64="pv+jJth66+j1I8hLTd2wOn32WX4="></latexit><latexit sha1_base64="pv+jJth66+j1I8hLTd2wOn32WX4="></latexit>

Hotter (faster) 

Colder (slower)

In a (quasi) stable stellar configuration, 
relaxation leads to a net outward flow of 
energy/heat

See Spitzer (1987) book for the derivations



Gyr (young massive/open clusters)

                        (globular clusters)

                  (nuclear clusters, dwarf 
                   galaxies, UCDs, ellipticals)

trh ⇠
<latexit sha1_base64="ncKE3IyP0YckSQTKRu/aRBqoIAI=">AAACBHicbZC7TsMwGIUdrqXcCowsFhUSU5RwURkrWBiLRC9SG1WO67RWHTuy/wBV1JU3YIUXYEOsvAc7D4LbZoCWI1n6dM7/y/YJE8ENeN6Xs7S8srq2Xtgobm5t7+yW9vYbRqWasjpVQulWSAwTXLI6cBCslWhG4lCwZji8nuTNe6YNV/IORgkLYtKXPOKUgLXa0M30YIw7hsfdUtlzvanwIvg5lFGuWrf03ekpmsZMAhXEmLbvJRBkRAOngo2LHWCP8MB7MMBnbuWCy2InNSwhdEj6rG1RkpiZIJt+YoyPrdPDkdL2SMBT9/dGRmJjRnFoJ2MCAzOfTcz/snYK0WWQcZmkwCSdXRSlAoPCk0Zwj2tGQYwsEKq5fT2mA6IJBdtb0dbiz5ewCI1T1/dc//a8XL3KCyqgQ3SETpCPKqiKblAN1RFFCj2jF/TqPDlvzrvzMRtdcvKdA/RHzucPL/aXzQ==</latexit><latexit sha1_base64="ncKE3IyP0YckSQTKRu/aRBqoIAI=">AAACBHicbZC7TsMwGIUdrqXcCowsFhUSU5RwURkrWBiLRC9SG1WO67RWHTuy/wBV1JU3YIUXYEOsvAc7D4LbZoCWI1n6dM7/y/YJE8ENeN6Xs7S8srq2Xtgobm5t7+yW9vYbRqWasjpVQulWSAwTXLI6cBCslWhG4lCwZji8nuTNe6YNV/IORgkLYtKXPOKUgLXa0M30YIw7hsfdUtlzvanwIvg5lFGuWrf03ekpmsZMAhXEmLbvJRBkRAOngo2LHWCP8MB7MMBnbuWCy2InNSwhdEj6rG1RkpiZIJt+YoyPrdPDkdL2SMBT9/dGRmJjRnFoJ2MCAzOfTcz/snYK0WWQcZmkwCSdXRSlAoPCk0Zwj2tGQYwsEKq5fT2mA6IJBdtb0dbiz5ewCI1T1/dc//a8XL3KCyqgQ3SETpCPKqiKblAN1RFFCj2jF/TqPDlvzrvzMRtdcvKdA/RHzucPL/aXzQ==</latexit><latexit sha1_base64="ncKE3IyP0YckSQTKRu/aRBqoIAI=">AAACBHicbZC7TsMwGIUdrqXcCowsFhUSU5RwURkrWBiLRC9SG1WO67RWHTuy/wBV1JU3YIUXYEOsvAc7D4LbZoCWI1n6dM7/y/YJE8ENeN6Xs7S8srq2Xtgobm5t7+yW9vYbRqWasjpVQulWSAwTXLI6cBCslWhG4lCwZji8nuTNe6YNV/IORgkLYtKXPOKUgLXa0M30YIw7hsfdUtlzvanwIvg5lFGuWrf03ekpmsZMAhXEmLbvJRBkRAOngo2LHWCP8MB7MMBnbuWCy2InNSwhdEj6rG1RkpiZIJt+YoyPrdPDkdL2SMBT9/dGRmJjRnFoJ2MCAzOfTcz/snYK0WWQcZmkwCSdXRSlAoPCk0Zwj2tGQYwsEKq5fT2mA6IJBdtb0dbiz5ewCI1T1/dc//a8XL3KCyqgQ3SETpCPKqiKblAN1RFFCj2jF/TqPDlvzrvzMRtdcvKdA/RHzucPL/aXzQ==</latexit><latexit sha1_base64="ncKE3IyP0YckSQTKRu/aRBqoIAI=">AAACBHicbZC7TsMwGIUdrqXcCowsFhUSU5RwURkrWBiLRC9SG1WO67RWHTuy/wBV1JU3YIUXYEOsvAc7D4LbZoCWI1n6dM7/y/YJE8ENeN6Xs7S8srq2Xtgobm5t7+yW9vYbRqWasjpVQulWSAwTXLI6cBCslWhG4lCwZji8nuTNe6YNV/IORgkLYtKXPOKUgLXa0M30YIw7hsfdUtlzvanwIvg5lFGuWrf03ekpmsZMAhXEmLbvJRBkRAOngo2LHWCP8MB7MMBnbuWCy2InNSwhdEj6rG1RkpiZIJt+YoyPrdPDkdL2SMBT9/dGRmJjRnFoJ2MCAzOfTcz/snYK0WWQcZmkwCSdXRSlAoPCk0Zwj2tGQYwsEKq5fT2mA6IJBdtb0dbiz5ewCI1T1/dc//a8XL3KCyqgQ3SETpCPKqiKblAN1RFFCj2jF/TqPDlvzrvzMRtdcvKdA/RHzucPL/aXzQ==</latexit>

Gyr� tHubble
<latexit sha1_base64="qI5+S+qMKo7TJcOTdyS8/ScJaKY=">AAACFXicbVC7TsMwFHV4lvAKsMFiUSGxUCU8VMYKBjoWiT6kpqoc122tJk5k3wBRVMRf8Aes8ANsiJWZnQ/BaTtAy5EsHZ9zjx/Hi3yuwLa/jLn5hcWl5dyKubq2vrFpbW3XVBhLyqo09EPZ8IhiPhesChx81ogkI4Hns7o3uMz8+i2TiofiBpKItQLSE7zLKQEtta3d1JXBw1Uih/gIQzvb4XLs6fiwbeXtgj0CniXOhOTRBJW29e12QhoHTAD1iVJNx46glRIJnOrzTBfYPdzxDvTxSaF4xoXpxopFhA5IjzU1FSRgqpWOfjXEB1rp4G4o9RKAR+rvREoCpZLA05MBgb6a9jLxP68ZQ/e8lXIRxcAEHV/UjX0MIc4qwh0uGQU/0YRQyfXrMe0TSSjoIk1dizNdwiypHRccu+Bcn+ZLF5OCcmgP7aND5KAiKqEyqqAqougRPaMX9Go8GW/Gu/ExHp0zJpkd9AfG5w+/7Z3y</latexit><latexit sha1_base64="qI5+S+qMKo7TJcOTdyS8/ScJaKY=">AAACFXicbVC7TsMwFHV4lvAKsMFiUSGxUCU8VMYKBjoWiT6kpqoc122tJk5k3wBRVMRf8Aes8ANsiJWZnQ/BaTtAy5EsHZ9zjx/Hi3yuwLa/jLn5hcWl5dyKubq2vrFpbW3XVBhLyqo09EPZ8IhiPhesChx81ogkI4Hns7o3uMz8+i2TiofiBpKItQLSE7zLKQEtta3d1JXBw1Uih/gIQzvb4XLs6fiwbeXtgj0CniXOhOTRBJW29e12QhoHTAD1iVJNx46glRIJnOrzTBfYPdzxDvTxSaF4xoXpxopFhA5IjzU1FSRgqpWOfjXEB1rp4G4o9RKAR+rvREoCpZLA05MBgb6a9jLxP68ZQ/e8lXIRxcAEHV/UjX0MIc4qwh0uGQU/0YRQyfXrMe0TSSjoIk1dizNdwiypHRccu+Bcn+ZLF5OCcmgP7aND5KAiKqEyqqAqougRPaMX9Go8GW/Gu/ExHp0zJpkd9AfG5w+/7Z3y</latexit><latexit sha1_base64="qI5+S+qMKo7TJcOTdyS8/ScJaKY=">AAACFXicbVC7TsMwFHV4lvAKsMFiUSGxUCU8VMYKBjoWiT6kpqoc122tJk5k3wBRVMRf8Aes8ANsiJWZnQ/BaTtAy5EsHZ9zjx/Hi3yuwLa/jLn5hcWl5dyKubq2vrFpbW3XVBhLyqo09EPZ8IhiPhesChx81ogkI4Hns7o3uMz8+i2TiofiBpKItQLSE7zLKQEtta3d1JXBw1Uih/gIQzvb4XLs6fiwbeXtgj0CniXOhOTRBJW29e12QhoHTAD1iVJNx46glRIJnOrzTBfYPdzxDvTxSaF4xoXpxopFhA5IjzU1FSRgqpWOfjXEB1rp4G4o9RKAR+rvREoCpZLA05MBgb6a9jLxP68ZQ/e8lXIRxcAEHV/UjX0MIc4qwh0uGQU/0YRQyfXrMe0TSSjoIk1dizNdwiypHRccu+Bcn+ZLF5OCcmgP7aND5KAiKqEyqqAqougRPaMX9Go8GW/Gu/ExHp0zJpkd9AfG5w+/7Z3y</latexit><latexit sha1_base64="qI5+S+qMKo7TJcOTdyS8/ScJaKY=">AAACFXicbVC7TsMwFHV4lvAKsMFiUSGxUCU8VMYKBjoWiT6kpqoc122tJk5k3wBRVMRf8Aes8ANsiJWZnQ/BaTtAy5EsHZ9zjx/Hi3yuwLa/jLn5hcWl5dyKubq2vrFpbW3XVBhLyqo09EPZ8IhiPhesChx81ogkI4Hns7o3uMz8+i2TiofiBpKItQLSE7zLKQEtta3d1JXBw1Uih/gIQzvb4XLs6fiwbeXtgj0CniXOhOTRBJW29e12QhoHTAD1iVJNx46glRIJnOrzTBfYPdzxDvTxSaF4xoXpxopFhA5IjzU1FSRgqpWOfjXEB1rp4G4o9RKAR+rvREoCpZLA05MBgb6a9jLxP68ZQ/e8lXIRxcAEHV/UjX0MIc4qwh0uGQU/0YRQyfXrMe0TSSjoIk1dizNdwiypHRccu+Bcn+ZLF5OCcmgP7aND5KAiKqEyqqAqougRPaMX9Go8GW/Gu/ExHp0zJpkd9AfG5w+/7Z3y</latexit>

& tHubble
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trh / n�1/2; N = constant
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trh / N1/2; rh = constant
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Two-body relaxation (cont)



Runaway contraction of the 
core of a star cluster due to 
gravothermal instability in the 
final phase of dynamical 
relaxation.

Core-collapse of model cluster 
(tidally truncated               King 
model) without primordial 
binaries & no stellar evolution.

Monte-Carlo computation 
superposed with corresponding 
N-body computation.

From Joshi et al. (2000).

W0 = 3

Core collapse

tcc ⇡ 15trh(0)
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Multi-mass systems: energy equipartition

Two-body energy exchange leads to energy equipartition 
among various mass groups, simultaneously with relaxation.

(Tendency of)
Energy equipartition

Mass segregation

Spatial separation among various mass groups: heavier 
entities occupy smaller radii

teq
tr1

=
3⇡1/2

16

m1

m2

✓
1 +

hv22i
hv21i

◆3/2

, m2 > m1
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If hv21i ⇡ hv22i,
teq
tr1

⇡ m1

m2
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See,
Heggie & Hut (2003)
Spitzer (1987)



Multi-mass systems: mass stratification instability

If the more massive sub-group is sufficient in number and/or they are sufficiently heavy, 
they may never achieve energy equipartition.

This will cause continual / runaway sinking towards cluster center.

“Mass stratification” or “Spitzer” instability.

The Spitzer mass-stratification instability criterion:

� =
M2

M1

�
m2

m1

� 3
2                 mass of background component

                mass of heavier component
                total mass of component

m1 =
m2 =
MX = X

See Lyman Spitzer’s book for a derivation.

Spitzer instability leads to a core-collapse of the heavier sub-
group.

� > �max = 0.16
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Taking                                                                   as for the standard IMF

we have, for Spitzer Instability to occur,

m1 = m⇤ = 0.3,m2 = mBH = 10.0
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MBH

M⇤
> 8.3⇥ 10�4
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This can be easily achieved by retaining < 10 % of the stellar-mass BHs in the 
cluster after their birth.

The formation of a dense, central sub-cluster of BHs

tcc ⇡ 15trh(0)
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tseg,BH ⇡ hm⇤i
hmBHi

tcc
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(If too few BHs retain, they would still remain centrally concentrated due to the 
dynamical friction of the background stars)



47 Tuc (credit NASA/ESA/HST)



47 Tuc (credit NASA/ESA/HST)

Black hole 
engine!



Direct N-body 
computation of 
cluster,                      ,
                  (full retention).

N = 4.5� 104

rh(0) = 1 pc
NBH � 100
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In NBODY6, the orbital evolution of compact binaries
is also considered when the binary is inside a hierarchy. Thus
a tight BH binary will continue to shrink even if it acquires
an outer member forming a hierarchical triple, which can
often happen due to the strong focussing effect of BH bi-
naries. Also, energy removal due to GW (bursts) during a
close hyperbolic passage between two BHs is considered in
the code.

Numerical simulations of BH-BH mergers (see Hughes
2009 for an excellent review) indicate that for unequal-mass
BHs or even for equal-mass BHs with unequal spins, the
merged BH product acquires a velocity-kick of typically 100
km s−1 or more due to an asymmetry in momentum out-
flow from the system, associated with the GW emission.
Although we consider equal-mass BHs, the merger kicks as-
sociated with the inequality of the spins of the merging BHs
would be generally sufficient to eject merged BHs from the
cluster. Therefore, in our simulations we provide an arbi-
trarily large kick of 150 km s−1 immediately after a BH-BH
merger, to make sure that the merged BH escapes.

2.2 Computations

To study the rate of BH-BH mergers coming from a star
cluster, we perform simulations of isolated star clusters with
single low-mass stars and BHs as mentioned above. The for-
mation of the BH-core through mass segregation and its dy-
namics remain largely unaffected by the presence of a tidal
field, which mainly affects stars near the tidal boundary.
While the enhanced removal of stars accelerates the core-
collapse of the cluster (see e.g., Spitzer 1987, Ch. 3), the
latter is more strongly enhanced by the collapse of the BHs
themselves (∼ 100 Myr timescale, see below), so that the
effect of any tidal field is only second-order. Hence, isolated
clusters are good enough for our purposes. Further, for sim-
plicity, we do not take into account primordial binaries in
this initial study. The primordial binary fraction in GCs
and their period distribution is still widely debated (Ash-
man & Zepf 1998; Bellazzini et al. 2002; Sommariva et al.
2009). The presence of a primordial binary population can
however significantly influence the dynamics of stellar-mass
BHs which we defer for a future more detailed study.

For solar-like metallicity, Eggleton’s stellar evolution
model (Eggleton, Fitchett & Tout (1989), adapted in
NBODY6) gives about NBH ≈ 200 BHs for a cluster with
N = 105 stars following a Kroupa IMF (Kroupa 2001). The
above NBH (or its proportion with N) is thus an upper limit
to the number of BHs in a GC that corresponds to a full re-
tention (i.e., no or low natal kicks for all BHs).

We perform 2 simulations with N = 4.5 × 104 and
NBH = 80, 2 runs with N = 6.5 × 104, NBH = 110, i.e.,
about full BH-retention. Two of the above runs are repeated
with half the above NBHs. Also, one run with N = 5 × 104

and excess NBH = 200, appropriate for a top-heavy IMF has
been performed. Finally, we do 2 runs with N = 105 with
NBH = 80 (about 50% retention fraction) and 200 (full re-
tention). All the clusters consist of low-mass stars between
0.5M⊙ ! m ! 1.0M⊙ with a Kroupa IMF and the BHs have
MBH = 10M⊙, as discussed in detail in the beginning of the
section.

In addition to these systems, we also study stellar-mass
BHs in clusters with smaller N representing open clusters,
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Figure 2. Typical example of the mass segregation of BHs.
Shown is the radial position R vs. time t (top panel) of all BHs for
model C50K80 of Table 1. Each of the points represents a BH.
The BHs segregate within 50 Myr during which NBH remains
unchanged (bottom panel). As the BH sub-cluster becomes dense
enough that BH-BH binary formation takes place through 3-body
encounters, BHs and BH binaries are ejected from the BH-core
and NBH starts to decrease.

in order to estimate the lower-limit in cluster mass for the
occurrence of BH-BH mergers. We perform 10 runs with
N = 5×103, N = 104 and N = 2.5×104 each with full BH-
retention (i.e., NBH = 12, 20 and 50 respectively). Results
of all our runs are summarized in Table 1.

2.3 Simulation of a GC core: reflective boundary

We also perform simulations with a smaller number of stars
and BHs that are confined within a reflecting spherical
boundary. With such a dynamical system one can mimic
the core of a massive cluster, where the BHs are concen-
trated after mass segregation. The advantage of this ap-
proach is that one can simulate the evolution of a massive
cluster with much fewer stars. We simulate N = 3000−4000
stars packed within 0.4 pc. This provides a stellar density
of ∼ 104M⊙ pc−3, appropriate for the core-density of a
massive cluster. The initial BH population is taken to be
NBH ≈ 100 or 200, representing half or full BH-retention
respectively, of a N = 105 star cluster. In this way, the sim-
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Figure 2. Typical example of the mass segregation of BHs.
Shown is the radial position R vs. time t (top panel) of all BHs for
model C50K80 of Table 1. Each of the points represents a BH.
The BHs segregate within 50 Myr during which NBH remains
unchanged (bottom panel). As the BH sub-cluster becomes dense
enough that BH-BH binary formation takes place through 3-body
encounters, BHs and BH binaries are ejected from the BH-core
and NBH starts to decrease.

in order to estimate the lower-limit in cluster mass for the
occurrence of BH-BH mergers. We perform 10 runs with
N = 5×103, N = 104 and N = 2.5×104 each with full BH-
retention (i.e., NBH = 12, 20 and 50 respectively). Results
of all our runs are summarized in Table 1.

2.3 Simulation of a GC core: reflective boundary

We also perform simulations with a smaller number of stars
and BHs that are confined within a reflecting spherical
boundary. With such a dynamical system one can mimic
the core of a massive cluster, where the BHs are concen-
trated after mass segregation. The advantage of this ap-
proach is that one can simulate the evolution of a massive
cluster with much fewer stars. We simulate N = 3000−4000
stars packed within 0.4 pc. This provides a stellar density
of ∼ 104M⊙ pc−3, appropriate for the core-density of a
massive cluster. The initial BH population is taken to be
NBH ≈ 100 or 200, representing half or full BH-retention
respectively, of a N = 105 star cluster. In this way, the sim-
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Two phases:  (a) initial 
segregation:                        
(b) formation of BH-core:
         depletes due to 
super-elastic dynamical 
encounters. 

BH-core (or “Dark core”) 
phase have potential for a 
wide variety of physical 
phenomena

NBH � const

NBH

Banerjee, S., et al., 2010, 

MNRAS, 402, 371



~ Myr - 10 Myr: Core-collapse of massive stars 

~ 100 Myr - Gyr : Core-collapse of BHs 

~ Gyr - > Hubble time: Core-collapse of rest of the cluster 
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Not all episodes are necessarily directly 
observable! 

see, e.g.,: 
Morscher, M., et al., 2015, ApJ, 800, 9 
Chatterjee, S., et al., 2017, ApJ, 834, 68 



What happens after core collapse?

The core collapse (of a sub-component) can only be halted (or reversed) once dynamical 
energy-generation processes in the collapsed core begin

Energy generation occurs due to close binary-single interactions (more on Lecture 2!)

Leads to an overall expansion of the cluster

Post-core-collapse dynamical evolution is self-regulatory: 
“central (dynamical) energy generation of a (post-core-collapse) cluster is controlled by 
the energy demands of the bulk of the cluster”
- He´non M., 1975,  Proc. IAU Symp. Vol. 69,  p.133 (the He´non’s principle)

Self-similar model (see Spitzer or Heggie & Hut; use the relaxation time formula):

Mcl / t�⌫
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rh / t(2+⌫)/3
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