
Sambaran Banerjee
Helmholtz-Instituts für Strahlen- und Kernphysik (HISKP) and 
Argelander-Institut für Astronomie (AIfA), University of Bonn

Dynamics of black holes in 
dense stellar systems

@ The Astronomical Institute 
Charles University of Prague

Lecture 2



Direct N-body 
computation of 
cluster,                      ,
                  (full retention).

N = 4.5� 104

rh(0) = 1 pc
NBH � 100

4 S. Banerjee, H. Baumgardt and P. Kroupa

In NBODY6, the orbital evolution of compact binaries
is also considered when the binary is inside a hierarchy. Thus
a tight BH binary will continue to shrink even if it acquires
an outer member forming a hierarchical triple, which can
often happen due to the strong focussing effect of BH bi-
naries. Also, energy removal due to GW (bursts) during a
close hyperbolic passage between two BHs is considered in
the code.

Numerical simulations of BH-BH mergers (see Hughes
2009 for an excellent review) indicate that for unequal-mass
BHs or even for equal-mass BHs with unequal spins, the
merged BH product acquires a velocity-kick of typically 100
km s−1 or more due to an asymmetry in momentum out-
flow from the system, associated with the GW emission.
Although we consider equal-mass BHs, the merger kicks as-
sociated with the inequality of the spins of the merging BHs
would be generally sufficient to eject merged BHs from the
cluster. Therefore, in our simulations we provide an arbi-
trarily large kick of 150 km s−1 immediately after a BH-BH
merger, to make sure that the merged BH escapes.

2.2 Computations

To study the rate of BH-BH mergers coming from a star
cluster, we perform simulations of isolated star clusters with
single low-mass stars and BHs as mentioned above. The for-
mation of the BH-core through mass segregation and its dy-
namics remain largely unaffected by the presence of a tidal
field, which mainly affects stars near the tidal boundary.
While the enhanced removal of stars accelerates the core-
collapse of the cluster (see e.g., Spitzer 1987, Ch. 3), the
latter is more strongly enhanced by the collapse of the BHs
themselves (∼ 100 Myr timescale, see below), so that the
effect of any tidal field is only second-order. Hence, isolated
clusters are good enough for our purposes. Further, for sim-
plicity, we do not take into account primordial binaries in
this initial study. The primordial binary fraction in GCs
and their period distribution is still widely debated (Ash-
man & Zepf 1998; Bellazzini et al. 2002; Sommariva et al.
2009). The presence of a primordial binary population can
however significantly influence the dynamics of stellar-mass
BHs which we defer for a future more detailed study.

For solar-like metallicity, Eggleton’s stellar evolution
model (Eggleton, Fitchett & Tout (1989), adapted in
NBODY6) gives about NBH ≈ 200 BHs for a cluster with
N = 105 stars following a Kroupa IMF (Kroupa 2001). The
above NBH (or its proportion with N) is thus an upper limit
to the number of BHs in a GC that corresponds to a full re-
tention (i.e., no or low natal kicks for all BHs).

We perform 2 simulations with N = 4.5 × 104 and
NBH = 80, 2 runs with N = 6.5 × 104, NBH = 110, i.e.,
about full BH-retention. Two of the above runs are repeated
with half the above NBHs. Also, one run with N = 5 × 104

and excess NBH = 200, appropriate for a top-heavy IMF has
been performed. Finally, we do 2 runs with N = 105 with
NBH = 80 (about 50% retention fraction) and 200 (full re-
tention). All the clusters consist of low-mass stars between
0.5M⊙ ! m ! 1.0M⊙ with a Kroupa IMF and the BHs have
MBH = 10M⊙, as discussed in detail in the beginning of the
section.

In addition to these systems, we also study stellar-mass
BHs in clusters with smaller N representing open clusters,
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Figure 2. Typical example of the mass segregation of BHs.
Shown is the radial position R vs. time t (top panel) of all BHs for
model C50K80 of Table 1. Each of the points represents a BH.
The BHs segregate within 50 Myr during which NBH remains
unchanged (bottom panel). As the BH sub-cluster becomes dense
enough that BH-BH binary formation takes place through 3-body
encounters, BHs and BH binaries are ejected from the BH-core
and NBH starts to decrease.

in order to estimate the lower-limit in cluster mass for the
occurrence of BH-BH mergers. We perform 10 runs with
N = 5×103, N = 104 and N = 2.5×104 each with full BH-
retention (i.e., NBH = 12, 20 and 50 respectively). Results
of all our runs are summarized in Table 1.

2.3 Simulation of a GC core: reflective boundary

We also perform simulations with a smaller number of stars
and BHs that are confined within a reflecting spherical
boundary. With such a dynamical system one can mimic
the core of a massive cluster, where the BHs are concen-
trated after mass segregation. The advantage of this ap-
proach is that one can simulate the evolution of a massive
cluster with much fewer stars. We simulate N = 3000−4000
stars packed within 0.4 pc. This provides a stellar density
of ∼ 104M⊙ pc−3, appropriate for the core-density of a
massive cluster. The initial BH population is taken to be
NBH ≈ 100 or 200, representing half or full BH-retention
respectively, of a N = 105 star cluster. In this way, the sim-
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Figure 2. Typical example of the mass segregation of BHs.
Shown is the radial position R vs. time t (top panel) of all BHs for
model C50K80 of Table 1. Each of the points represents a BH.
The BHs segregate within 50 Myr during which NBH remains
unchanged (bottom panel). As the BH sub-cluster becomes dense
enough that BH-BH binary formation takes place through 3-body
encounters, BHs and BH binaries are ejected from the BH-core
and NBH starts to decrease.
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Two phases:  (a) initial 
segregation:                        
(b) formation of BH-core:
         depletes due to 
super-elastic dynamical 
encounters. 

BH-core (or “Dark core”) 
phase have potential for a 
wide variety of physical 
phenomena

NBH � const

NBH

Banerjee, S., et al., 2010, 

MNRAS, 402, 371



Dynamical formation of BH-BH binaries

3-body binary formation in dense BH-core:
in close encounter among 3 BHs, two of them get bound while 
third escape with the excess K.E.
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BH-BH binaries from primordial binaries

Multiple exchange:

BHs being more massive 
replace stellar binary 
members in successive 
exchange encounters;

efficient with primordial 
binaries

Image not to scale



Encounter/collisional hardening

Dynamically formed BH-BH binaries are “hard”:
total binding energy greater than mean stellar K.E.

Heggie’s Law:  “hard 
binary hardens” --- 
encounter/collisional 
hardening
(hardening => increase of 
binding energy, i.e., shrinking 
of semi-major-axis)

Both intruder star & 
binary get recoiled 
with larger total K.E.
N.B. : soft binary softens, 
hence easily dissociated

Image not to scale

Consequence of “negative specific heat” of a 
single binary



Encounter/collisional hardening

Encounters with hard binaries “super-elastic”:
hard binaries supply K.E. to encountering stellar environment as 
they shrink --- energy source.

Statistical effect over many encounters: theoretically predicted & 
verified through numerical experiments. [Heggie, D.C, 1975, 
MNRAS, 173, 729]

“Binary burning”: has profound consequences on cluster’s 
dynamical evolution;  halt’s core collapse.

Hardening rate             (roughly), rate decreases as binary 
shrinks:  too close binaries (                     typically for globular 
clusters) behave essentially as single stars.  

ȧ � a2

P � 103 days
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Shull (1979),  Heggie & Hut (2003), Banerjee & Ghosh (2006) 

Rate of collisional hardening for distant (             ) 
encounters :

d >> a

Much stronger hardening is possible through close (         ) 
encounters!

d � a



Gravitational focussing
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(Spitzer Eqn. 6-15)
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parameters similar to those of the solar system. The lunar
problem was successfully attacked in the end of the 19th
century by Delaunay, who was the Ðrst to apply the method
of canonical transformations to long-term perturbations.
This method possesses much greater generality and was
used to study a broad spectrum of problems. Brown (1936)
was the Ðrst to apply canonical averaging to stellar triples,
and he obtained the transformed quadrupole Hamiltonian.
Kozai (1962) made use of the quadrupole approximation
while studying the long-term motion of asteroids and noted
several important properties of this approximation.
Harrington (1968) obtained quadrupole-level expressions
similar to KozaiÏs for general hierarchical systems of three
stars. (1984) derived octupole-level equations inSo" derhjelm
the limit of low eccentricities and inclinations. In particular,
he demonstrated that the quadrupole approximation fails
in this regime because the octupole term in the Hamiltonian
becomes dominant. Finally, Marchal (1990) averaged the
octupole Hamiltonian keeping all terms up to third order in
a and some terms of order a7@2. His Hamiltonian truncated
at third order is identical to the one used in this paper.

In the process of completing this work, we became aware
of related ongoing work by other groups. In particular,
Krymolowski & Mazeh (1999) have derived octupole-order
perturbation equations following the same method used
here. They retain some additional terms, of order a7@2,
which were also partly included in the Marchal (1990)
Hamiltonian. Based on a few numerical integrations that
Krymolowski & Mazeh (1999) provide for a fairly strongly
coupled system (a \ 0.1), it appears that these higher order
terms have a negligible e†ect on the perturbations, although
they can lead to slightly shorter periods of eccentricity oscil-
lations for systems with low relative inclinations. P. Egg-
leton (2000, in preparation) has used a perturbation method
based on the variation of the Runge-Lenz vector (see Heggie
& Rasio 1996) to derive an extension of KozaiÏs theory to
octupole order. Similar work has been done by N. Geor-
gakarakos (2000, in preparation), who concentrates on
systems where the inner orbit is nearly circular.

2.2. Octupole T heory
A hierarchical triple system consists of a close binary (m0and and a third body moving around the innerm1) (m2)

binary on a much wider orbit. To describe this structure it is
convenient to use Jacobi coordinates, which are deÐned as
follows. The vector represents the position of relativer1 m1to and is the position of relative to the center ofm0, r2 m2mass of the inner binary (see Fig. 1). This coordinate system
naturally divides the motion of the triple into two separate
motions and makes it possible to write the Hamiltonian as a
sum of two terms representing the two decoupled motions
and an inÐnite series representing the coupling of the orbits.
Let the subscripts ““ 1 ÏÏ and ““ 2 ÏÏ refer to the inner and outer
orbits, respectively. The coupling term is written as a power
series in the ratio of the semimajor axes whicha 4 a1/a2,
serves as the small parameter in our perturbation expan-
sion. The complete Hamiltonian of the three-body system is
given by (Harrington 1968)

F \ k 2m0 m1
2a1

] k 2(m0 ] m1)m2
2a2

] k 2
a2

;
j/2

= ajM
j
Ar1

a1

BjAa2
r2

Bj`1
P

j
(cos ') , (1)

FIG. 1.ÈCoordinate system used to describe the hierarchical triple
system.

where k 2 is the gravitational constant, are the LegendreP
jpolynomials, ' is the angle between and andr1 r2,

M
j
\ m0 m1 m2

m0j~1 [ ([m1)j~1
(m0 ] m1)j

. (2)

We shall deal with the expansion only up to third order in a.
Let us deÐne a set of canonical variables, known as

DelaunayÏs elements, that provide a particularly convenient
dynamical description of our three-body system. The angle
variables are chosen to be

l1, l2 \ mean anomalies , (3)

g1, g2 \ arguments of periastron, and (4)

h1, h2 \ longitudes of ascending nodes , (5)

and their conjugate momenta are

L 1 \ m0 m1
m0 ] m1

Jk 2(m0 ] m1)a1 ,

L 2 \ m2(m0 ] m1)
m0 ] m1 ] m2

Jk 2(m0 ] m1 ] m2)a2 , (6)

G1 \ L 1 J1 [ e12 , G2 \ L 2 J1 [ e22 , (7)

and

H1 \ G1 cos i1 , H2 \ G2 cos i2 , (8)

where are the orbital eccentricities and are thee1, e2 i1, i2orbital inclinations.

Kozai oscillation formulae
see

Kiseleva et al. 1998, MNRAS, 300, 292
Ford et al. 2000,  ApJ,  535, 385,

[1 => inner orbit, 2 => outer orbit]

a1 = 1 AU, a2 = 100 AU, e2 = 0
m0 = m1 = m2 = 10M�

� Pe � 0.4 Myr

E.g.,

(similar to dynamical encounter time in a 
dense cluster)

emax �
�

1� (5/3) cos2 i0 (e10 = 0)
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““ maximum eccentricity perturbation ÏÏ of the inner orbit,
although, as pointed out in ° 2.3, the true long-term secular
evolution of the eccentricity will not, in general, be strictly
periodic. A typical BS run lasting for took aboutD105P2400 CPU hours on a MIPS R10000 processor, while the
same run using the MVS integrator would take only about
2 CPU hours.

The numerical integrations all started with initial values
of the inner and outer arguments of pericenter of 0¡ and
180¡, respectively. This choice leads to the maximum eccen-
tricity induced in the inner binary in both the planetary
limit (see ° 2.4) and the quadrupole approximation (see
° 2.3). We have performed additional integrations to verify
that the remaining angles (longitudes of ascending node and
initial anomalies) do not signiÐcantly a†ect the secular evol-
ution of the system. For large inclinations, the initial argu-
ment of pericenter of the inner binary is important in
determining whether the system will undergo circulation or
libration, if the inner orbit has a signiÐcant initial eccentric-
ity (see Fig. 3). However, if the inner orbit is nearly circular
initially, then the initial values of the angles are of little
importance since the inner orbit can switch from circulation
to libration and vice versa. For coplanar orbits, the magni-
tude of the angular momentum of the inner orbit increases
when and decreases when g [ 0. For small,g \ g2 [ g1 \ 0
nonzero inclinations this can still serve as a guide when
considering the e†ect of varying the angles.

3.2. Eccentricity Oscillations
First, we investigate the dependence of the maximum

eccentricity perturbation of the inner orbit on the initial
relative inclination (see Fig. 6). We see that, as expected
(° 2.3), for small inclinations, the perturbations arei [ 40¡,
dominated by the octupole term, while for higher inclina-
tions the quadrupole-level perturbations dominate. In both
regimes the OSPE results match the direct numerical inte-
grations very well. Near the transition, numerical integra-
tions (both OSPE and MVS) show a beatlike pattern of
eccentricity oscillations suggesting an interference between
the quadrupole and octupole terms. Note that the results of
Figure 6 are for a system with and form1 > m0 m2 > m0,
which the analytic results from the classical planetary per-
turbation theory (° 2.4) can be applied for small eccentric-
ities and inclinations. We see that the agreement with both
MVS and OSPE integrations is excellent for i [ 30¡.

We now discuss in some more detail the evolution of
systems in the low- and high-inclination regimes.

3.2.1. L arge-Inclination Regime
Figure 7 illustrates the evolution of and ie1, g1, e2, g2,

obtained from a numerical MVS integration for a typical
system with large relative inclination. For large inclination,
the secular quadrupole-level perturbations dominate the
evolution. In the quadrupole approximation the inner
eccentricity undergoes periodic oscillations, while the outer
eccentricity remains constant. Indeed, we see in Figure 7
that undergoes approximately periodic oscillations ofe1large amplitude (with corresponding oscillations in i), while

remains approximately constant. The small-amplitudee2(about 10%) Ñuctuations in are due mainly to thee2smaller, octupole-level perturbations.
Deviations from strict periodicity in the variation of e1and i are also caused by octupole-level perturbations. The

period of a quadrupole eccentricity oscillation is a function

FIG. 6.ÈMaximum eccentricity of the inner orbit after a single oscil-
lation, as a function of the relative inclination. Here m1/m0 \ 10~3,

a~1 \ 100, and the initial The squaresm2/m0 \ 0.01, e2 \ 0.05, e1 \ 10~5.
are from MVS integrations, and the double dashes on either side are from
OSPE integrations with varying initial longitude of periastron. The hori-
zontal line indicates the amplitude of the eccentricity oscillations calcu-
lated analytically in the planetary theory (° 2.4). The solid curve indicates
the amplitude of eccentricity oscillations calculated analytically according
to the quadrupole-level theory for i Z 40¡.

FIG. 7.ÈTypical evolution of the eccentricities, longitudes of perias-
tron, and relative inclination for a system in the high-inclination regime.
Here a~1 \ 100, the initial inclinationm1/m0 \ 10~3, m2/m0 \ 0.01,
i \ 60¡, and the initial eccentricities and Time is givene1 \ 10~5 e2 \ 0.05.
in years assuming AU and These results were obtaineda1 \ 1 m0 \ 1 M

_
.

using numerical MVS integrations.

Standard
Kozai(-Lidov) Mechanism

(SKM)

(see Ford et al. 2000,  ApJ,  535, 385)

(e10 = 0)
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Figure 3. EKM: two sample trajectories (‘a’ and ‘b’) with F = 0.16, ϵ = 0.01,
and different initial conditions. When the planet is eccentric, the test particle
no longer traces out a single Kozai curve, but evolves from one Kozai curve to
another, approximately tracing out a sequence of Kozai curves that have a fixed
quadrupole energy (Figure 2, left panel). Orbit ‘a’ flips repeatedly (i.e., crosses
θ = 0) and reaches extreme eccentricities, and orbit ‘b’ does not. Although
only points up to time t = 190 are plotted, longer runs yield identical plots,
albeit with more densely packed points. In particular, orbit ‘b’ never flips. The
initial conditions for trajectory ‘a’ are {e, ω, θ, Ω}= {0.192, 0, 0.3,π} and for
trajectory ‘b’ those variables are initialized to {0.0913, 0, 0.38, 0}.
(A color version of this figure is available in the online journal.)

Figure 4. EKM: temporal evolution of the two trajectories depicted in Figure 3.
Trajectory ‘a’ reaches extreme eccentricities when it flips. Its evolution is regular,
with ω+Ω librating when it is prograde, and ω−Ω librating when it is retrograde.
Trajectory ‘b’ is chaotic and never flips. The time t is proportional to the true
time (Equation (A8)).
(A color version of this figure is available in the online journal.)

roles. The right panels of Figure 4 show the same quantities for
trajectory ‘b.’ Trajectory ‘a’ is regular and ‘b’ is chaotic. We
demonstrate that more explicitly below.

The left panels of Figure 5 are a zoom-in of the ‘a’ trajectory
at early times. The fast oscillations in θ and e are primarily
governed by the quadrupole evolution, as e and θ trace out
Kozai curves with F = 0.16 and various values of Jz. Over
the course of a single oscillation, ω increases from 0 to π or

Figure 5. EKM: zoomed-in evolution of trajectories ‘a’ and ‘b’ at early times
(Figure 3). In the top panels, the red lines show that Jz controls the envelope of
both θ and e (via Equation (12)). In the bottom panels, the angles are in units
of radians/π (though unlike in Figure 4, the angles are first reset with modulo
2π ). The time t is proportional to the true time (Equation (A8)).
(A color version of this figure is available in the online journal.)

from −π to 0. Hence the orbit always circulates (see Figure 1).
The top left panel also shows Jz. Whereas in the SKM Jz =
const, here Jz changes in a nearly step-wise fashion. There
are sharp jumps in Jz whenever e and θ change rapidly; these
are forced by the octupolar contribution Foc. The long-term
evolution of Jz controls the envelopes of both θ (Figure 5 , top
left panel) and e (Figure 5 , middle left panel; see Equation (12)).
Successive maxima of e occur in discrete steps. Therefore even
when Jz crosses through zero, the maximum e is never precisely
unity. Nonetheless, as time evolves, the maximum e reached
approaches closer and closer to unity.

The right panels of Figure 5 show the corresponding zoom-in
for trajectory ‘b.’ The bottom right panel shows that ω switches
from circulation to libration and back again. That explains
why the ‘b’ trajectory is chaotic. Similar behavior is shown
in Holman et al. (1997).

Figure 6 shows a zoom-in of the values of 1 − e over the
course of the first 10 flips for trajectory ‘a.’ Near the time that
the orbit flips, e reaches nearly unity and 1 − e becomes small.
The typical minimum 1 − e near a flip is ∼5 × 10−6. For real
astrophysical problems, if the inner body’s e becomes too large
it can penetrate the star or feel other effects such as tides or
general relativistic precession. Whether that happens before the
first flip depends on the parameters of the system of interest. We
are currently investigating the properties of the minima of 1−e,
including their distribution and how the properties depend on ϵ
(J. Teyssandier et al. 2011, in preparation).

A global view of the dynamics is provided by surfaces of
section. Figure 7 maps out the behavior when ϵ = 0.01. We
plot a point whenever ω = 2nπ for integer n.6 This may be
interpreted as follows. Consider trajectory ‘a’ of Figure 3. When

6 Trajectories only appear on our sections while ω is circulating because ω is
never equal to 2nπ during librations (Figure 1).
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Eccentric
Kozai(-Lidov) Mechanism

(EKM)

(e10 > 0)

Lithwick & Naoz 2011, ApJ, 742, 94



Kozai osc. of BH triple / inner BH binary

High inner eccentricity => gravitational-wave radiation 

Recall Peters’ formula of orbit-shrinkage via GW
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Inner orbit in a BH-BH-BH becomes relativistic via 
Kozai mechanism

�
de

dt

�
= �304G3

15c5
m1m2(m1 + m2)a�4e(1� e2)�

5
2



G. F. Rubilar and A. Eckart: Periastron shifts of stellar orbits near the Galactic Center 97

Table 1. Angular and linear resolution versus orbital time
scales.

angular linear scale orbital
resolution scale time scale

[mas] [mpc] = 10−3 pc [years]
1000 40 440
100 4 14
60 2.4 6.5
30 1.2 2.3
15 0.6 0.8

Table 2. Expected relativistic periastron shift ∆ϕ for 100%
of the mass contained in a single BH, calculated for different
semi-major axis a and eccentricities e.

a [mas] a [mpc] ∆ϕ ∆ϕ
e = 0.5 e = 0.9

60 2.4 −5.0′ −20′

30 1.2 −10′ −39′

20 0.8 −15′ −59′

15 0.6 −20′ −1.3◦

Center one can compare it to the case of other measured
periastron advances. In the case of Mercury, the measured
relativistic shift is of the order of ≈0.1 arcsec per revolu-
tion. For the Hulse-Taylor Pulsar PSR B1913+16 the shift
is ≈13 arcsec per revolution (Taylor 1993). Therefore, the
expected relativistic shifts for stars on orbits with semi-
major axes as those listed in Table 2 could be, per rev-
olution, 10 to 102 times bigger than that of the Hulse
Taylor Pulsar, and 103 to 104 times bigger than the one
of Mercury.

As the precise shape of the orbit will depend on the
particular central mass distribution, it is most useful to
have a general framework to compute the orbits for a par-
ticular choice of central mass distribution. If one wants to
include the first order general relativistic contribution, in
particular the relativistic periastron advance, one can use
the so-called post-Newtonian approximation of General
Relativity, which is described in Appendix A.

3. Extended mass distribution

In order to study the Newtonian orbital shift we consider
the simplest case of a spherically symmetric mass distribu-
tion. We assume that a given star can enter the extended
mass distribution, and neglect any non-gravitational in-
teraction. We also neglected the influence of lensing (see
Sect. 4.4).

We assume that the total mass of the central compact
distribution amounts to 2.9 × 106 M⊙.

As a consequence of the spherical symmetry of the con-
sidered mass distribution, the (Newtonian) gravitational
force on a given star depends only on the enclosed mass
within the radius corresponding to the position of the star.

–100

–50

0

50

100

–100 –50 50 100

Fig. 2. Example for prograde relativistic periastron ad-
vance. Units are given in gravitational length scales GM/c2.
Apoastron locations are indicated.

Therefore, as it moves towards the center of forces, the
gravitational force and hence the curvature of the orbit
is smaller as compared with the case in which the whole
mass is concentrated within a radius smaller than the peri-
astron radius of the stellar orbit. This leads to orbits with
a retrograde orbital shift – that is a shift in the opposite
direction as compared with the relativistic orbital shift.

3.1. Simple model: Uniform density sphere

Jiang & Lin (1985) present a simple analytical treatment
of the orbits of a test particle which is allowed to enter into
the inner region of a sphere with uniform matter distribu-
tion. Only the Newtonian gravitational force is considered.
In this case, the potential is given by

φ(r) =

⎧
⎨

⎩

GM
2R3 r2 − 3GM

2R r ≤ R,

−GM
r r > R,

(4)

where R is the radius of the sphere of total mass M . They
have shown, that for a given M and R the resulting orbit
precession is given by

∆ϕ = 2 arccos [Ξ1(e, a)] + arcsin [Ξ2(e, a)] − π

2
, (5)

with

Ξ1(e, a) =
1
e

[ a

R
(1 − e2) − 1

]
, (6)

Ξ2(e, a) =
2

R2 − B
√

B2 + 4A
, (7)

and

A := − 1
aR3(1 − e2)

, B :=
1

a2(1 − e2)

(
3a

R
− 1

)
. (8)

Here we have rewritten the results of Jiang & Lin (1985)
in terms of the semi-major axis a and the eccentricity e of
the outer Keplerian orbit.

GR precession partially “detunes” 
Kozai cycle and delays onset of GW 
in-spiral for inner binary

In-spiral still happens as seen in 
numerical studies

3002 P. Brem, P. Amaro-Seoane and R. Spurzem

Figure 2. Comparison of the semimajor axis evolution of the two-body
integration and Peters’ approximation.

Figure 3. Comparison of the eccentricity evolution of the two-body inte-
gration with 1 PN, 2 PN and 2.5 PN terms and Peters’ approximation.

Figure 4. Comparison of the semimajor axis evolution of the two-body
integration with 1 PN, 2 PN and 2.5 PN terms and Peters’ approximation.

The contribution at 3 PN and 3.5 PN order are small compared to
the leading order, but these terms cause the orbit to diverge when
the binary enters the last few RS.3 This is an important effect, since
with PN terms up to order 2.5 one could in principle let the system
evolve until an overlap of the Schwarzschild radii. When including
3 PN and 3.5 PN, on the other hand, this becomes impossible and
in order to avoid unphysical, divergent behaviour one has to abort
the integration at larger separations. For this reason, we choose the
criterion r = 5RS where r is the instantaneous separation and RS is
the combined Schwarzschild radius.

3.2 Spinning binaries

3.2.1 Precession of angular momenta

In PN theory, the Newtonian angular momentum LN = x × p, with
p = r × m v, is no longer conserved. In the case of non-spinning
bodies, the direction of LN is conserved and only the modulus LN

is gradually radiated away during inspiral. However, in the case of
spinning bodies this no longer holds (Kidder 1995). Nonetheless,
as in electromagnetic theory, both the total spin vector S and the
angular momentum vector L precess around the total angular mo-
mentum vector J = L + S. The angular momentum vector we use
differs from the usual Newtonian definition:

L = LN + L1PN + LSO + L2PN. (10)

With this definition, J̇ = 0 up to 2 PN order. The 2.5 PN order,
however, introduces radiation loss. Kidder (1995) estimated the
precession frequency to the lowest order, i.e. L = LN. In the case
of a single spinning body with mass ms in a system with total mass
m, the precession frequency of both S and LN is given by

ωp = G|J |
2c2r3

(
1 + 3

m

ms

)
. (11)

As an example, let us consider a system of a maximally spinning
black hole of mass ms = 10 M⊙ and a non-spinning companion of
mass m2 = 1 M⊙. We set the system on a circular orbit in the x–y
plane with radius 108 cm with the initial spin of ms in x-direction.
This gives a total initial angular momentum of

|J | =
√

Lz(t = 0)2 + S1,x(t = 0)2 = 1.12 × 1044 kg m2

s
, (12)

and thus a precession frequency of ωp = 0.18 Hz. We use non-
spinning PN terms up to 3.5 PN order and spin–orbit coupling up
to next-to-leading order.

From Fig. 5, we can see that the approximate value for the period
of the first precession cycle is (40.4 ± 0.4) s. This gives a value of
ωp,sim = 0.15 Hz. The small difference comes from the fact that the
calculation assumes the approximation L = LN, and we are already
in a very relativistic regime.

Even under the presence of spin–orbit precession, the direction
of JN should be conserved. Fig. (6) shows the x–y projection of
JN and LN during an inspiral. One can see that the direction of
JN is approximately constant but that the modulus shrinks due
to gravitational radiation. During this process, LN precesses about
this direction. One can also see the wobbles in the precession of the
orbital plane given by LN, as described in the appendix of Kidder
(1995). This is due to the fact that in reality the corrected L from
equation (10) does the strict precession, which is not true for the

3 Private communication with Seppo Mikkola and Cliff Will.
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In-spiral process itself becomes 
quicker

From Brem P., Amaro-Seoane P., Spurzem R., 2013, MNRAS, 434, 2999 
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and in deriving the last expression we have assumed ah �
am.4 The value of am is

am ' max
�
aej; aGW

�
, (27)

with aGW the semi-major axis at which the merger prob-
ability in between binary-single interactions is one, i.e.,
PGW(aGW) = 1, such that

aGW = 1.1 (1 � ✏)�7/10

"
G4 (m1m2)2 m12

c5 €Ebin

#1/5

. (28)

The binary-single interactions will terminate either because
the binary is ejected from the cluster or because the binary
merges in between binary-single interactions.

From equations (26) and (23) it can be seen that PGW /
v

20/7

esc if am = aej, where we neglect the weak dependence
of `GW on €Ebin. If am = aGW all merges occur inside the
cluster and PGW = 1. The probability that a binary will
merge inside its parent cluster before ejection is possible is
therefore related to the host physical properties through its
escape velocity

vesc ' 50 km s
�1M1/3

5
⇢1/6

5
fc, (29)

where we expressed the result in terms of M5 = Mcl/10
5

M�
and ⇢5 = ⇢h/10

5
M�/pc

3, with ⇢h = 3Mcl/(8⇡r3

h
) the average

density within rh. The coe�cient fc in the latter equation
takes into account the dependence of the escape velocity on
the concentration of the cluster, i.e., c = log(rt/r0) with rt

and r0 the cluster truncation and King (or, core) radii. Be-
low we simply set fc = 1 which corresponds to a King model
with concentration parameter W0 ' 7. The other factors af-
fecting whether a binary can merge within the cluster are
the masses of the participants in the interactions and there-
fore the mass function of the black holes and stars in the
cluster. A simple model for the evolution of the BH mass
function is introduced later in Section 3.4, where we make
the assumption that m1 = m2 = m3 and all are equal to the
most massive BH in the cluster at that time.

3.1.2 Gravitational wave captures

In the previous section we did not consider mergers that
occur by ‘direct capture’ during a three-body resonant en-
counter. Although such mergers are expected to be only a
small fraction of the total (. 10%; Gültekin et al. 2006; Sam-
sing 2018), they are interesting because they might have
residual eccentricities in the LIGO/Virgo frequency band.
For this reason we include them in the analysis below.

Following Samsing (2018), we divide each resonant en-
counter into a number NIS of intermediate binary-single
states, where an intermediate BH binary is formed with a
bound companion. Using a large set of three-body scatter-
ing experiments Samsing (2018) finds NIS ' 20, which is the
value we adopt throughout this paper. Moreover, we define
the characteristic angular momentum below which two of
the BHs can undergo a GW merger during an intermediate

4 We note that the total merger probability before a state n of
the hardening sequence is reached is P(n) = Œn

i=0
pi , where pi

is the probability that the binary merged at state i. This gives
P(n) ⇡ 7

10

1

1�✏ pn only at leading order (Samsing et al. 2019a).

binary-single state, `cap, as that for which the GW energy
loss integrated over one periapsis passage becomes of the
order the orbital energy of the binary. One finds that at
(Samsing et al. 2014; Samsing 2018)

` < `cap ' h
✓

RS

a

◆5/14

, (30)

a GWmerger will occur before the next intermediate binary-
single state is formed. In the previous expression, RS =

2Gm12/c2, and the constant h is of order unity.
Assuming that the eccentricity distribution of the in-

termediate state binaries follows a thermal distribution, the
probability per encounter that a GW capture will occur is

pcap(a) = NIS`
2
cap . (31)

By using that the di↵erential merger probability per
encounter is Pcap = pcapdN3, and integrating over all binary-
single encounters one finds the total merger probability via
GW capture:

Pcap(am) = NIS

π am

ah

1

✏ � 1
`2cap

da
a

' NIS

7

5

1

1 � ✏ `
2
cap(am), (32)

where as before we have used that ah >> am. If GW cap-
tures are included, then am has to be redefined as the semi-
major axis where the total in-cluster merger probability,
Pin = PGW + Pcap, is unity. From this latter condition we
find:

aGW =
©≠≠
´

q
N2

IS
g2

cap +
10

7
(1 � ✏)gGW � NISgcap

gGW

™ÆÆ
¨

�7/5

(33)

where gcap = h2R5/7

S
and gGW = 1.7


G4(m1m2)2m12

c5 €Ebin

�2/7

. A

value for h was derived by fitting the GW capture frac-
tions in the three-body scattering experiments of Table 1
in Gültekin et al. (2006). We find the best fit value to be
h = 1.8, which we adopt in what follows. Note that in the
limit RS ! 0, equation (33) becomes equation (28).

3.1.3 Ejected binaries

A BH binary ejected at a (look-back) time ⌧ from its par-
ent cluster will merge within the present time if its angular
momentum satisfies the relation

` < `H ' 1.8


G3m1m2m12

c5
⌧

�1/7

a�4/7 (34)

'
✓

0.07AU

a

◆4/7
 

m1m2m12

103 M
3

�

⌧

10 Gyr

!1/7

,

which was derived by setting tGW < ⌧ in the limit of large
eccentricities.

Detailed Monte Carlo simulations of the secular evolu-
tion of massive star clusters show that dynamically ejected
BH binaries have eccentricities which are well described by
a thermal distribution (e.g., Breivik et al. 2016). Thus, the
probability that an ejected binary will merge on a timescale
shorter than ⌧ is

pex(aej) = `2H(aej) . (35)

Finally, the total probability that a BH binary will merge

MNRAS 000, 1–?? (2018)





Simulate star cluster in a computer: direct N-body calculations

Solve Newtonian equation of motion for N bodies (N^2xN operation)

Computationally expensive but fully self-consistent treatment of all types 
of dynamical interactions.

No symmetry required

Up to several         bodies doable in GPU-based/parallel architecture.

Sverre Aarseth’s (IoA, Cambridge) N-body code “NOBDY6/7”.

105

ẍk,i = �G
N�

j=1,j �=i

mj

r3
ij

�rij · k̂



• A versatile, direct, object-by-object N-body integration program initiated and still 
being developed by Sverre Aarseth (for at least 20 years!) [Fortran-based code]

• No assumption on initial conditions or symmetry of the N-body system (or of the 
problem under study)

• No approximation while dealing with internal or external forces

• Can handle (in principle!) an arbitrary population of compact subsystem (binary 
and above)

• Incorporates analytic (population-synthesis type) recipes of stellar and binary 
evolution

• Incorporates general relativity (post-Newtonian)

• Incorporates any form of static or time-varying external gravitational field (host-
galactic potential, embedding gas  potential)

• Publicly available!

What is NBODY6/NBODY7? 



Binaries inside cluster undergoing close (Chain) interactions 
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Figure 5. The ejected BBHs from all the Mcl(0)� 3.0⇥104 M� models in Table 1. The BBH data points are distinguished w.r.t. their parent
clusters’ Mcl(0) and primordial-binary content (legends) and are colour-coded w.r.t. their eccentricities, e, at the instant of ejection (colour
bars). The total masses, Mtots, of the BBHs show an overall decreasing trend w.r.t. their cluster-evolutionary times, t = tej, of ejection (left
panel) and their orbital periods, P, at the instant of ejection, show an increasing trend (right panel). These trends qualitatively conform
to what can be expected from the secular dynamical evolution of the clusters; see text.
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Figure 6. The distribution of mass ratios, MBH2/MBH1, of the BBH mergers from all of the models in Table 1 combined (includes both
the in situ and escaped mergers). The distribution is approximately flat for MBH2/MBH1 & 0.5 with a peak at MBH2/MBH1 ⇡ 1. The merger
with the lowest mass ratio is an NS-BH merger (see Fig. 4, Sec. 3.2).

The GW radiated by an eccentric binary is broadband
whose peak frequency is given by (Wen 2003)

fGWp =

p
G(m1 +m2)
⇡

(1+ e)1.1954

h
a(1� e2)

i1.5 . (2)

Fig. 7 (top panel) shows the trajectories, in the log10(e)�
log10( fGWp) plane, of the in-spiralling inner BBHs of the BH
triples, that have merged while being bound to the clusters
in Table 1 (see its column ‘f’). At this stage, the GW radi-
ation timescale of the inner BBH is much shorter compared
to the Kozai/dynamical timescale of the associated triple
(as indicated by the ARC treatment; see Sec. 2.1 and ref-
erences therein), making the GR coalescence unavoidable.
These tracks are obtained by integrating the Peters (1964)
GR semi-major-axis and eccentricity decay formulae, begin-
ning with the orbital parameters of the merging BBHs that

are logged by NBODY7 in its GR coalescence events’ records9.
For most of these BBHs, when they have high eccentricities
they emit GW with fGWp either within the LISA’s character-
istic detection frequency band or within the deciHertz range
(see Fig. 7, top panel). Most of the BBHs which initially
emit in the LISA band, circularize su�ciently while travers-
ing through the same band so that they eventually become
audible by the LISA (when e . 0.7; see, e.g., Chen & Amaro-
Seoane 2017) and their remaining eccentricities would then

9 A better way to obtain such trajectories of triple-induced GR
inspirals would be to allow for an on-the-fly, high-time resolution
output of the orbit of a BBH during its GR inspiral, from within
NBODY7 , which is planned in a future paper. That way, any mod-
ifications of the orbital decay due to the perturbations from the
third body could also be tracked.

MNRAS 000, 1–21 (2017)

GW peak frequency (Wen 2003):
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See Banerjee, S., 2018, MNRAS 481, 5123

Outcome of a direct N-body model calculation (NBODY7).
N ⇠ 104; rh ⇠ pc
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Figure 5. The ejected BBHs from all the Mcl(0)� 3.0⇥104 M� models in Table 1. The BBH data points are distinguished w.r.t. their parent
clusters’ Mcl(0) and primordial-binary content (legends) and are colour-coded w.r.t. their eccentricities, e, at the instant of ejection (colour
bars). The total masses, Mtots, of the BBHs show an overall decreasing trend w.r.t. their cluster-evolutionary times, t = tej, of ejection (left
panel) and their orbital periods, P, at the instant of ejection, show an increasing trend (right panel). These trends qualitatively conform
to what can be expected from the secular dynamical evolution of the clusters; see text.
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Figure 6. The distribution of mass ratios, MBH2/MBH1, of the BBH mergers from all of the models in Table 1 combined (includes both
the in situ and escaped mergers). The distribution is approximately flat for MBH2/MBH1 & 0.5 with a peak at MBH2/MBH1 ⇡ 1. The merger
with the lowest mass ratio is an NS-BH merger (see Fig. 4, Sec. 3.2).

The GW radiated by an eccentric binary is broadband
whose peak frequency is given by (Wen 2003)

fGWp =

p
G(m1 +m2)
⇡

(1+ e)1.1954

h
a(1� e2)

i1.5 . (2)

Fig. 7 (top panel) shows the trajectories, in the log10(e)�
log10( fGWp) plane, of the in-spiralling inner BBHs of the BH
triples, that have merged while being bound to the clusters
in Table 1 (see its column ‘f’). At this stage, the GW radi-
ation timescale of the inner BBH is much shorter compared
to the Kozai/dynamical timescale of the associated triple
(as indicated by the ARC treatment; see Sec. 2.1 and ref-
erences therein), making the GR coalescence unavoidable.
These tracks are obtained by integrating the Peters (1964)
GR semi-major-axis and eccentricity decay formulae, begin-
ning with the orbital parameters of the merging BBHs that

are logged by NBODY7 in its GR coalescence events’ records9.
For most of these BBHs, when they have high eccentricities
they emit GW with fGWp either within the LISA’s character-
istic detection frequency band or within the deciHertz range
(see Fig. 7, top panel). Most of the BBHs which initially
emit in the LISA band, circularize su�ciently while travers-
ing through the same band so that they eventually become
audible by the LISA (when e . 0.7; see, e.g., Chen & Amaro-
Seoane 2017) and their remaining eccentricities would then

9 A better way to obtain such trajectories of triple-induced GR
inspirals would be to allow for an on-the-fly, high-time resolution
output of the orbit of a BBH during its GR inspiral, from within
NBODY7 , which is planned in a future paper. That way, any mod-
ifications of the orbital decay due to the perturbations from the
third body could also be tracked.
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GW peak frequency (Wen 2003):see also: Sesana A., 2016, PRL, 116, 231102,
             Chen X., Amaro-Seoane P., 2017, ApJ, 842, L2
             Banerjee, S., 2018, MNRAS 473, 909
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Banerjee, S.: in prep. NBODY7 computations.
(approx. 50 models)

104M� . Mcl(0) . 105M�; 1pc . rh(0) . 3pc; Z�/100 < Z < Z�
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Banerjee, S.: in prep. NBODY7 computations.  Approx. 50 long-term evolutionary models.

104M� . Mcl(0) . 105M�; 1pc . rh(0) . 3pc; Z�/100 < Z < Z�
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BBHs mergers from relativistic, direct N-body simulations
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Banerjee, S.: in prep. NBODY7 computations.
(approx. 50 models)

104M� . Mcl(0) . 105M�; 1pc . rh(0) . 3pc
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BBHs mergers from relativistic, direct N-
body simulations
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Z�/100 < Z < Z�
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See also:

Banerjee, S., et al., 2010, MNRAS, 402, 371

Banerjee, S., 2017, MNRAS, 467, 524

Banerjee, S., 2018, MNRAS 473, 909

Banerjee, S., 2018, MNRAS 481, 5123



BBHs mergers from relativistic, direct N-body simulations: effective aligned spin magnitude parameter
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See also (Monte Carlo simulations):

Rodriguez, C.L., et al., 2016,  ApJ, 832, L2
Morawski, J., et al., 2018, MNRAS 481, 2168
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<latexit sha1_base64="8HsndK00z8zOKKEj+y5TOGzziOM=">AAACAXicbZDNTgIxFIU7+If4h7p000hMXJEZ1OCS6MYlRvlJgJBOuUBDpzNp76CEsPIN3OoLuDNufRL3PogFZqHgSZp8OefetD1+JIVB1/1yUiura+sb6c3M1vbO7l52/6BqwlhzqPBQhrruMwNSKKigQAn1SAMLfAk1f3A9zWtD0EaE6h5HEbQC1lOiKzhDa9WbQ+D0rl1oZ3Nu3p2JLoOXQI4kKrez381OyOMAFHLJjGl4boStMdMouIRJponwiA+ig316li9eCJVpxgYixgesBw2LigVgWuPZDyb0xDod2g21PQrpzP29MWaBMaPAt5MBw75ZzKbmf1kjxu5layxUFCMoPr+oG0uKIZ3WQTtCA0c5ssC4Fvb1lPeZZhxtaRlbi7dYwjJUC3nPzXu357nSVVJQmhyRY3JKPFIkJXJDyqRCOJHkmbyQV+fJeXPenY/5aMpJdg7JHzmfP9q5leM=</latexit><latexit sha1_base64="8HsndK00z8zOKKEj+y5TOGzziOM=">AAACAXicbZDNTgIxFIU7+If4h7p000hMXJEZ1OCS6MYlRvlJgJBOuUBDpzNp76CEsPIN3OoLuDNufRL3PogFZqHgSZp8OefetD1+JIVB1/1yUiura+sb6c3M1vbO7l52/6BqwlhzqPBQhrruMwNSKKigQAn1SAMLfAk1f3A9zWtD0EaE6h5HEbQC1lOiKzhDa9WbQ+D0rl1oZ3Nu3p2JLoOXQI4kKrez381OyOMAFHLJjGl4boStMdMouIRJponwiA+ig316li9eCJVpxgYixgesBw2LigVgWuPZDyb0xDod2g21PQrpzP29MWaBMaPAt5MBw75ZzKbmf1kjxu5layxUFCMoPr+oG0uKIZ3WQTtCA0c5ssC4Fvb1lPeZZhxtaRlbi7dYwjJUC3nPzXu357nSVVJQmhyRY3JKPFIkJXJDyqRCOJHkmbyQV+fJeXPenY/5aMpJdg7JHzmfP9q5leM=</latexit><latexit sha1_base64="8HsndK00z8zOKKEj+y5TOGzziOM=">AAACAXicbZDNTgIxFIU7+If4h7p000hMXJEZ1OCS6MYlRvlJgJBOuUBDpzNp76CEsPIN3OoLuDNufRL3PogFZqHgSZp8OefetD1+JIVB1/1yUiura+sb6c3M1vbO7l52/6BqwlhzqPBQhrruMwNSKKigQAn1SAMLfAk1f3A9zWtD0EaE6h5HEbQC1lOiKzhDa9WbQ+D0rl1oZ3Nu3p2JLoOXQI4kKrez381OyOMAFHLJjGl4boStMdMouIRJponwiA+ig316li9eCJVpxgYixgesBw2LigVgWuPZDyb0xDod2g21PQrpzP29MWaBMaPAt5MBw75ZzKbmf1kjxu5layxUFCMoPr+oG0uKIZ3WQTtCA0c5ssC4Fvb1lPeZZhxtaRlbi7dYwjJUC3nPzXu357nSVVJQmhyRY3JKPFIkJXJDyqRCOJHkmbyQV+fJeXPenY/5aMpJdg7JHzmfP9q5leM=</latexit><latexit sha1_base64="8HsndK00z8zOKKEj+y5TOGzziOM=">AAACAXicbZDNTgIxFIU7+If4h7p000hMXJEZ1OCS6MYlRvlJgJBOuUBDpzNp76CEsPIN3OoLuDNufRL3PogFZqHgSZp8OefetD1+JIVB1/1yUiura+sb6c3M1vbO7l52/6BqwlhzqPBQhrruMwNSKKigQAn1SAMLfAk1f3A9zWtD0EaE6h5HEbQC1lOiKzhDa9WbQ+D0rl1oZ3Nu3p2JLoOXQI4kKrez381OyOMAFHLJjGl4boStMdMouIRJponwiA+ig316li9eCJVpxgYixgesBw2LigVgWuPZDyb0xDod2g21PQrpzP29MWaBMaPAt5MBw75ZzKbmf1kjxu5layxUFCMoPr+oG0uKIZ3WQTtCA0c5ssC4Fvb1lPeZZhxtaRlbi7dYwjJUC3nPzXu357nSVVJQmhyRY3JKPFIkJXJDyqRCOJHkmbyQV+fJeXPenY/5aMpJdg7JHzmfP9q5leM=</latexit>

✓LS1
<latexit sha1_base64="1AMHAbAwWuTDlVbGz18Tk53kE8c=">AAACBnicbZC7TsMwFIYd7oRbgZHFokJiqhIuKiOChYGhCApITRQ57mlr4TjBPgGqqDtvwAovwIZYeQ12HgT3MkDhlyx9+v9zZPuPMykMet6nMzE5NT0zOzfvLiwuLa+UVtcuTZprDnWeylRfx8yAFArqKFDCdaaBJbGEq/jmuJ9f3YE2IlUX2M0gTFhbiZbgDK0VBtgBZFFxeh75vahU9ireQPQv+CMok5FqUekraKY8T0Ahl8yYhu9lGBZMo+ASem6A8ID3ookdulup7gvlBrmBjPEb1oaGRcUSMGEx+EaPblmnSVuptkchHbg/NwqWGNNNYjuZMOyY8axv/pc1cmwdhIVQWY6g+PCiVi4pprTfCW0KDRxl1wLjWtjXU95hmnG0zbm2Fn+8hL9wuVPxvYp/tlc+PBoVNEc2yCbZJj6pkkNyQmqkTji5JU/kmbw4j86r8+a8D0cnnNHOOvkl5+MbY5+Ybw==</latexit><latexit sha1_base64="1AMHAbAwWuTDlVbGz18Tk53kE8c=">AAACBnicbZC7TsMwFIYd7oRbgZHFokJiqhIuKiOChYGhCApITRQ57mlr4TjBPgGqqDtvwAovwIZYeQ12HgT3MkDhlyx9+v9zZPuPMykMet6nMzE5NT0zOzfvLiwuLa+UVtcuTZprDnWeylRfx8yAFArqKFDCdaaBJbGEq/jmuJ9f3YE2IlUX2M0gTFhbiZbgDK0VBtgBZFFxeh75vahU9ireQPQv+CMok5FqUekraKY8T0Ahl8yYhu9lGBZMo+ASem6A8ID3ookdulup7gvlBrmBjPEb1oaGRcUSMGEx+EaPblmnSVuptkchHbg/NwqWGNNNYjuZMOyY8axv/pc1cmwdhIVQWY6g+PCiVi4pprTfCW0KDRxl1wLjWtjXU95hmnG0zbm2Fn+8hL9wuVPxvYp/tlc+PBoVNEc2yCbZJj6pkkNyQmqkTji5JU/kmbw4j86r8+a8D0cnnNHOOvkl5+MbY5+Ybw==</latexit><latexit sha1_base64="1AMHAbAwWuTDlVbGz18Tk53kE8c=">AAACBnicbZC7TsMwFIYd7oRbgZHFokJiqhIuKiOChYGhCApITRQ57mlr4TjBPgGqqDtvwAovwIZYeQ12HgT3MkDhlyx9+v9zZPuPMykMet6nMzE5NT0zOzfvLiwuLa+UVtcuTZprDnWeylRfx8yAFArqKFDCdaaBJbGEq/jmuJ9f3YE2IlUX2M0gTFhbiZbgDK0VBtgBZFFxeh75vahU9ireQPQv+CMok5FqUekraKY8T0Ahl8yYhu9lGBZMo+ASem6A8ID3ookdulup7gvlBrmBjPEb1oaGRcUSMGEx+EaPblmnSVuptkchHbg/NwqWGNNNYjuZMOyY8axv/pc1cmwdhIVQWY6g+PCiVi4pprTfCW0KDRxl1wLjWtjXU95hmnG0zbm2Fn+8hL9wuVPxvYp/tlc+PBoVNEc2yCbZJj6pkkNyQmqkTji5JU/kmbw4j86r8+a8D0cnnNHOOvkl5+MbY5+Ybw==</latexit><latexit sha1_base64="1AMHAbAwWuTDlVbGz18Tk53kE8c=">AAACBnicbZC7TsMwFIYd7oRbgZHFokJiqhIuKiOChYGhCApITRQ57mlr4TjBPgGqqDtvwAovwIZYeQ12HgT3MkDhlyx9+v9zZPuPMykMet6nMzE5NT0zOzfvLiwuLa+UVtcuTZprDnWeylRfx8yAFArqKFDCdaaBJbGEq/jmuJ9f3YE2IlUX2M0gTFhbiZbgDK0VBtgBZFFxeh75vahU9ireQPQv+CMok5FqUekraKY8T0Ahl8yYhu9lGBZMo+ASem6A8ID3ookdulup7gvlBrmBjPEb1oaGRcUSMGEx+EaPblmnSVuptkchHbg/NwqWGNNNYjuZMOyY8axv/pc1cmwdhIVQWY6g+PCiVi4pprTfCW0KDRxl1wLjWtjXU95hmnG0zbm2Fn+8hL9wuVPxvYp/tlc+PBoVNEc2yCbZJj6pkkNyQmqkTji5JU/kmbw4j86r8+a8D0cnnNHOOvkl5+MbY5+Ybw==</latexit>

✓LS2
<latexit sha1_base64="OIasNedeheoa9vzQkD4muINBnYo=">AAACBnicbZC9TsMwFIUd/gl/BUYWiwqJqUoKqIwIFgaGImiL1EaV4962Vh0n2DdAFXXnDVjhBdgQK6/BzoPg/gxQOJKlT+fcK9snTKQw6Hmfzszs3PzC4tKyu7K6tr6R29yqmjjVHCo8lrG+CZkBKRRUUKCEm0QDi0IJtbB3Nsxrd6CNiNU19hMIItZRoi04Q2sFDewCsmZ2cdUsDpq5vFfwRqJ/wZ9AnkxUbua+Gq2YpxEo5JIZU/e9BIOMaRRcwsBtIDzgvWhhlx4USkdCuY3UQMJ4j3WgblGxCEyQjb4xoHvWadF2rO1RSEfuz42MRcb0o9BORgy7Zjobmv9l9RTbx0EmVJIiKD6+qJ1KijEddkJbQgNH2bfAuBb29ZR3mWYcbXOurcWfLuEvVIsF3yv4l4f5k9NJQUtkh+ySfeKTEjkh56RMKoSTW/JEnsmL8+i8Om/O+3h0xpnsbJNfcj6+AWU2mHA=</latexit><latexit sha1_base64="OIasNedeheoa9vzQkD4muINBnYo=">AAACBnicbZC9TsMwFIUd/gl/BUYWiwqJqUoKqIwIFgaGImiL1EaV4962Vh0n2DdAFXXnDVjhBdgQK6/BzoPg/gxQOJKlT+fcK9snTKQw6Hmfzszs3PzC4tKyu7K6tr6R29yqmjjVHCo8lrG+CZkBKRRUUKCEm0QDi0IJtbB3Nsxrd6CNiNU19hMIItZRoi04Q2sFDewCsmZ2cdUsDpq5vFfwRqJ/wZ9AnkxUbua+Gq2YpxEo5JIZU/e9BIOMaRRcwsBtIDzgvWhhlx4USkdCuY3UQMJ4j3WgblGxCEyQjb4xoHvWadF2rO1RSEfuz42MRcb0o9BORgy7Zjobmv9l9RTbx0EmVJIiKD6+qJ1KijEddkJbQgNH2bfAuBb29ZR3mWYcbXOurcWfLuEvVIsF3yv4l4f5k9NJQUtkh+ySfeKTEjkh56RMKoSTW/JEnsmL8+i8Om/O+3h0xpnsbJNfcj6+AWU2mHA=</latexit><latexit sha1_base64="OIasNedeheoa9vzQkD4muINBnYo=">AAACBnicbZC9TsMwFIUd/gl/BUYWiwqJqUoKqIwIFgaGImiL1EaV4962Vh0n2DdAFXXnDVjhBdgQK6/BzoPg/gxQOJKlT+fcK9snTKQw6Hmfzszs3PzC4tKyu7K6tr6R29yqmjjVHCo8lrG+CZkBKRRUUKCEm0QDi0IJtbB3Nsxrd6CNiNU19hMIItZRoi04Q2sFDewCsmZ2cdUsDpq5vFfwRqJ/wZ9AnkxUbua+Gq2YpxEo5JIZU/e9BIOMaRRcwsBtIDzgvWhhlx4USkdCuY3UQMJ4j3WgblGxCEyQjb4xoHvWadF2rO1RSEfuz42MRcb0o9BORgy7Zjobmv9l9RTbx0EmVJIiKD6+qJ1KijEddkJbQgNH2bfAuBb29ZR3mWYcbXOurcWfLuEvVIsF3yv4l4f5k9NJQUtkh+ySfeKTEjkh56RMKoSTW/JEnsmL8+i8Om/O+3h0xpnsbJNfcj6+AWU2mHA=</latexit><latexit sha1_base64="OIasNedeheoa9vzQkD4muINBnYo=">AAACBnicbZC9TsMwFIUd/gl/BUYWiwqJqUoKqIwIFgaGImiL1EaV4962Vh0n2DdAFXXnDVjhBdgQK6/BzoPg/gxQOJKlT+fcK9snTKQw6Hmfzszs3PzC4tKyu7K6tr6R29yqmjjVHCo8lrG+CZkBKRRUUKCEm0QDi0IJtbB3Nsxrd6CNiNU19hMIItZRoi04Q2sFDewCsmZ2cdUsDpq5vFfwRqJ/wZ9AnkxUbua+Gq2YpxEo5JIZU/e9BIOMaRRcwsBtIDzgvWhhlx4USkdCuY3UQMJ4j3WgblGxCEyQjb4xoHvWadF2rO1RSEfuz42MRcb0o9BORgy7Zjobmv9l9RTbx0EmVJIiKD6+qJ1KijEddkJbQgNH2bfAuBb29ZR3mWYcbXOurcWfLuEvVIsF3yv4l4f5k9NJQUtkh+ySfeKTEjkh56RMKoSTW/JEnsmL8+i8Om/O+3h0xpnsbJNfcj6+AWU2mHA=</latexit>

�e↵
<latexit sha1_base64="fmcstMjDbJcbRDnWBe4xOBJZ8Ns=">AAACB3icbZC7TsMwFIadcg+3AiOLRYXEVCVcVEYEC2ORaEFqQuU4J9Sq40T2CVBFfQDegBVegA2x8hjsPAhu6cDtlyx9+v9zZPuPcikMet67U5manpmdm19wF5eWV1ara+ttkxWaQ4tnMtOXETMghYIWCpRwmWtgaSThIuqfjPKLG9BGZOocBzmEKbtWIhGcobWuAt4T3TLQKYUkGXarNa/ujUX/gj+BGpmo2a1+BHHGixQUcsmM6fhejmHJNAouYegGCHd4K2Ls0b1640AoNygM5Iz32TV0LCqWggnL8T+GdNs6MU0ybY9COna/b5QsNWaQRnYyZdgzv7OR+V/WKTA5DEuh8gJB8a+LkkJSzOioFBoLDRzlwALjWtjXU95jmnG01bm2Fv93CX+hvVv3vbp/tl87Op4UNE82yRbZIT5pkCNySpqkRTjR5IE8kifn3nl2XpzXr9GKM9nZID/kvH0CUCiY9A==</latexit><latexit sha1_base64="fmcstMjDbJcbRDnWBe4xOBJZ8Ns=">AAACB3icbZC7TsMwFIadcg+3AiOLRYXEVCVcVEYEC2ORaEFqQuU4J9Sq40T2CVBFfQDegBVegA2x8hjsPAhu6cDtlyx9+v9zZPuPcikMet67U5manpmdm19wF5eWV1ara+ttkxWaQ4tnMtOXETMghYIWCpRwmWtgaSThIuqfjPKLG9BGZOocBzmEKbtWIhGcobWuAt4T3TLQKYUkGXarNa/ujUX/gj+BGpmo2a1+BHHGixQUcsmM6fhejmHJNAouYegGCHd4K2Ls0b1640AoNygM5Iz32TV0LCqWggnL8T+GdNs6MU0ybY9COna/b5QsNWaQRnYyZdgzv7OR+V/WKTA5DEuh8gJB8a+LkkJSzOioFBoLDRzlwALjWtjXU95jmnG01bm2Fv93CX+hvVv3vbp/tl87Op4UNE82yRbZIT5pkCNySpqkRTjR5IE8kifn3nl2XpzXr9GKM9nZID/kvH0CUCiY9A==</latexit><latexit sha1_base64="fmcstMjDbJcbRDnWBe4xOBJZ8Ns=">AAACB3icbZC7TsMwFIadcg+3AiOLRYXEVCVcVEYEC2ORaEFqQuU4J9Sq40T2CVBFfQDegBVegA2x8hjsPAhu6cDtlyx9+v9zZPuPcikMet67U5manpmdm19wF5eWV1ara+ttkxWaQ4tnMtOXETMghYIWCpRwmWtgaSThIuqfjPKLG9BGZOocBzmEKbtWIhGcobWuAt4T3TLQKYUkGXarNa/ujUX/gj+BGpmo2a1+BHHGixQUcsmM6fhejmHJNAouYegGCHd4K2Ls0b1640AoNygM5Iz32TV0LCqWggnL8T+GdNs6MU0ybY9COna/b5QsNWaQRnYyZdgzv7OR+V/WKTA5DEuh8gJB8a+LkkJSzOioFBoLDRzlwALjWtjXU95jmnG01bm2Fv93CX+hvVv3vbp/tl87Op4UNE82yRbZIT5pkCNySpqkRTjR5IE8kifn3nl2XpzXr9GKM9nZID/kvH0CUCiY9A==</latexit><latexit sha1_base64="fmcstMjDbJcbRDnWBe4xOBJZ8Ns=">AAACB3icbZC7TsMwFIadcg+3AiOLRYXEVCVcVEYEC2ORaEFqQuU4J9Sq40T2CVBFfQDegBVegA2x8hjsPAhu6cDtlyx9+v9zZPuPcikMet67U5manpmdm19wF5eWV1ara+ttkxWaQ4tnMtOXETMghYIWCpRwmWtgaSThIuqfjPKLG9BGZOocBzmEKbtWIhGcobWuAt4T3TLQKYUkGXarNa/ujUX/gj+BGpmo2a1+BHHGixQUcsmM6fhejmHJNAouYegGCHd4K2Ls0b1640AoNygM5Iz32TV0LCqWggnL8T+GdNs6MU0ybY9COna/b5QsNWaQRnYyZdgzv7OR+V/WKTA5DEuh8gJB8a+LkkJSzOioFBoLDRzlwALjWtjXU95jmnG01bm2Fv93CX+hvVv3vbp/tl87Op4UNE82yRbZIT5pkCNySpqkRTjR5IE8kifn3nl2XpzXr9GKM9nZID/kvH0CUCiY9A==</latexit>

m1
<latexit sha1_base64="NCgWAfbWZBLg4ew84cnnMvQ10lQ=">AAAB/HicbZC7TsMwFIadcivhVmBksaiQmKKEi8pYwcJYBL1IbVQ5jttadZzIPgGqqLwBK7wAG2LlXdh5ENw2A7T8kqVP/3+OfPQHieAaXPfLKiwtr6yuFdftjc2t7Z3S7l5Dx6mirE5jEatWQDQTXLI6cBCslShGokCwZjC8muTNe6Y0j+UdjBLmR6QveY9TAsa6jbpet1R2HXcqvAheDmWUq9YtfXfCmKYRk0AF0brtuQn4GVHAqWBjuwPsER54CAN86lTOubQ7qWYJoUPSZ22DkkRM+9n0+DE+Mk6Ie7EyTwKeur83MhJpPYoCMxkRGOj5bGL+l7VT6F34GZdJCkzS2Ue9VGCI8aQJHHLFKIiRAUIVN9djOiCKUDB92aYWb76ERWicOJ7reDdn5eplXlARHaBDdIw8VEFVdI1qqI4o6qNn9IJerSfrzXq3PmajBSvf2Ud/ZH3+AINHlBA=</latexit><latexit sha1_base64="NCgWAfbWZBLg4ew84cnnMvQ10lQ=">AAAB/HicbZC7TsMwFIadcivhVmBksaiQmKKEi8pYwcJYBL1IbVQ5jttadZzIPgGqqLwBK7wAG2LlXdh5ENw2A7T8kqVP/3+OfPQHieAaXPfLKiwtr6yuFdftjc2t7Z3S7l5Dx6mirE5jEatWQDQTXLI6cBCslShGokCwZjC8muTNe6Y0j+UdjBLmR6QveY9TAsa6jbpet1R2HXcqvAheDmWUq9YtfXfCmKYRk0AF0brtuQn4GVHAqWBjuwPsER54CAN86lTOubQ7qWYJoUPSZ22DkkRM+9n0+DE+Mk6Ie7EyTwKeur83MhJpPYoCMxkRGOj5bGL+l7VT6F34GZdJCkzS2Ue9VGCI8aQJHHLFKIiRAUIVN9djOiCKUDB92aYWb76ERWicOJ7reDdn5eplXlARHaBDdIw8VEFVdI1qqI4o6qNn9IJerSfrzXq3PmajBSvf2Ud/ZH3+AINHlBA=</latexit><latexit sha1_base64="NCgWAfbWZBLg4ew84cnnMvQ10lQ=">AAAB/HicbZC7TsMwFIadcivhVmBksaiQmKKEi8pYwcJYBL1IbVQ5jttadZzIPgGqqLwBK7wAG2LlXdh5ENw2A7T8kqVP/3+OfPQHieAaXPfLKiwtr6yuFdftjc2t7Z3S7l5Dx6mirE5jEatWQDQTXLI6cBCslShGokCwZjC8muTNe6Y0j+UdjBLmR6QveY9TAsa6jbpet1R2HXcqvAheDmWUq9YtfXfCmKYRk0AF0brtuQn4GVHAqWBjuwPsER54CAN86lTOubQ7qWYJoUPSZ22DkkRM+9n0+DE+Mk6Ie7EyTwKeur83MhJpPYoCMxkRGOj5bGL+l7VT6F34GZdJCkzS2Ue9VGCI8aQJHHLFKIiRAUIVN9djOiCKUDB92aYWb76ERWicOJ7reDdn5eplXlARHaBDdIw8VEFVdI1qqI4o6qNn9IJerSfrzXq3PmajBSvf2Ud/ZH3+AINHlBA=</latexit><latexit sha1_base64="NCgWAfbWZBLg4ew84cnnMvQ10lQ=">AAAB/HicbZC7TsMwFIadcivhVmBksaiQmKKEi8pYwcJYBL1IbVQ5jttadZzIPgGqqLwBK7wAG2LlXdh5ENw2A7T8kqVP/3+OfPQHieAaXPfLKiwtr6yuFdftjc2t7Z3S7l5Dx6mirE5jEatWQDQTXLI6cBCslShGokCwZjC8muTNe6Y0j+UdjBLmR6QveY9TAsa6jbpet1R2HXcqvAheDmWUq9YtfXfCmKYRk0AF0brtuQn4GVHAqWBjuwPsER54CAN86lTOubQ7qWYJoUPSZ22DkkRM+9n0+DE+Mk6Ie7EyTwKeur83MhJpPYoCMxkRGOj5bGL+l7VT6F34GZdJCkzS2Ue9VGCI8aQJHHLFKIiRAUIVN9djOiCKUDB92aYWb76ERWicOJ7reDdn5eplXlARHaBDdIw8VEFVdI1qqI4o6qNn9IJerSfrzXq3PmajBSvf2Ud/ZH3+AINHlBA=</latexit>

m2
<latexit sha1_base64="WfTx3bXtKIUcRUDoJduejO+3aqM=">AAAB/HicbZC9TsMwFIUdfkv4KzCyWFRITFFSQGWsYGEsgv5IbVQ5jtNadZzIvgGqqrwBK7wAG2LlXdh5ENw2A7QcydKnc+6Vr06QCq7Bdb+speWV1bX1woa9ubW9s1vc22/oJFOU1WkiEtUKiGaCS1YHDoK1UsVIHAjWDAZXk7x5z5TmibyDYcr8mPQkjzglYKzbuFvuFkuu406FF8HLoYRy1brF706Y0CxmEqggWrc9NwV/RBRwKtjY7gB7hAceQh+fOpVzLu1OpllK6ID0WNugJDHT/mh6/BgfGyfEUaLMk4Cn7u+NEYm1HsaBmYwJ9PV8NjH/y9oZRBf+iMs0Aybp7KMoExgSPGkCh1wxCmJogFDFzfWY9okiFExftqnFmy9hERplx3Md7+asVL3MCyqgQ3SETpCHKqiKrlEN1RFFPfSMXtCr9WS9We/Wx2x0ycp3DtAfWZ8/hN2UEQ==</latexit><latexit sha1_base64="WfTx3bXtKIUcRUDoJduejO+3aqM=">AAAB/HicbZC9TsMwFIUdfkv4KzCyWFRITFFSQGWsYGEsgv5IbVQ5jtNadZzIvgGqqrwBK7wAG2LlXdh5ENw2A7QcydKnc+6Vr06QCq7Bdb+speWV1bX1woa9ubW9s1vc22/oJFOU1WkiEtUKiGaCS1YHDoK1UsVIHAjWDAZXk7x5z5TmibyDYcr8mPQkjzglYKzbuFvuFkuu406FF8HLoYRy1brF706Y0CxmEqggWrc9NwV/RBRwKtjY7gB7hAceQh+fOpVzLu1OpllK6ID0WNugJDHT/mh6/BgfGyfEUaLMk4Cn7u+NEYm1HsaBmYwJ9PV8NjH/y9oZRBf+iMs0Aybp7KMoExgSPGkCh1wxCmJogFDFzfWY9okiFExftqnFmy9hERplx3Md7+asVL3MCyqgQ3SETpCHKqiKrlEN1RFFPfSMXtCr9WS9We/Wx2x0ycp3DtAfWZ8/hN2UEQ==</latexit><latexit sha1_base64="WfTx3bXtKIUcRUDoJduejO+3aqM=">AAAB/HicbZC9TsMwFIUdfkv4KzCyWFRITFFSQGWsYGEsgv5IbVQ5jtNadZzIvgGqqrwBK7wAG2LlXdh5ENw2A7QcydKnc+6Vr06QCq7Bdb+speWV1bX1woa9ubW9s1vc22/oJFOU1WkiEtUKiGaCS1YHDoK1UsVIHAjWDAZXk7x5z5TmibyDYcr8mPQkjzglYKzbuFvuFkuu406FF8HLoYRy1brF706Y0CxmEqggWrc9NwV/RBRwKtjY7gB7hAceQh+fOpVzLu1OpllK6ID0WNugJDHT/mh6/BgfGyfEUaLMk4Cn7u+NEYm1HsaBmYwJ9PV8NjH/y9oZRBf+iMs0Aybp7KMoExgSPGkCh1wxCmJogFDFzfWY9okiFExftqnFmy9hERplx3Md7+asVL3MCyqgQ3SETpCHKqiKrlEN1RFFPfSMXtCr9WS9We/Wx2x0ycp3DtAfWZ8/hN2UEQ==</latexit><latexit sha1_base64="WfTx3bXtKIUcRUDoJduejO+3aqM=">AAAB/HicbZC9TsMwFIUdfkv4KzCyWFRITFFSQGWsYGEsgv5IbVQ5jtNadZzIvgGqqrwBK7wAG2LlXdh5ENw2A7QcydKnc+6Vr06QCq7Bdb+speWV1bX1woa9ubW9s1vc22/oJFOU1WkiEtUKiGaCS1YHDoK1UsVIHAjWDAZXk7x5z5TmibyDYcr8mPQkjzglYKzbuFvuFkuu406FF8HLoYRy1brF706Y0CxmEqggWrc9NwV/RBRwKtjY7gB7hAceQh+fOpVzLu1OpllK6ID0WNugJDHT/mh6/BgfGyfEUaLMk4Cn7u+NEYm1HsaBmYwJ9PV8NjH/y9oZRBf+iMs0Aybp7KMoExgSPGkCh1wxCmJogFDFzfWY9okiFExftqnFmy9hERplx3Md7+asVL3MCyqgQ3SETpCHKqiKrlEN1RFFPfSMXtCr9WS9We/Wx2x0ycp3DtAfWZ8/hN2UEQ==</latexit>

Banerjee, S.: in prep. NBODY7 
computations. (approx. 50 models)
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Can measure initial spins through spin-orbit 
coupling if enough cycles of inspiral are measured.

Slide credit: Matt Benacquista



Effective alined spin magnitude from observations (LIGO O2)

approximately 60–120 M⊙ [135–138]. The lowest-mass
BBH systems, GW151226 and GW170608, have 90%
credible lower bounds on m 2 of 5.6 M⊙ and 5.9 M⊙,
respectively, and therefore lie above the proposed BH mass
gap region [139–142] of 2–5 M⊙. The component masses
of the BBHs show a strong degeneracy with each other.
Lower-mass systems are dominated by the inspiral of the
binary, and the component mass contours trace out a line of
constant chirp mass Eq. (5) which is the best measured
parameter in the inspiral [34,63,122]. Since higher-mass
systems merge at a lower GW frequency, their GW signal is
dominated by the merger of the binary. For high-mass
binaries, the total mass can be measured with an accuracy
comparable to that of the chirp mass [143–146].
We show posteriors for the ratio of the component

masses Eq. (6) in the top left in Fig. 5. This parameter
is much harder to constrain than the chirp mass. The
width of the posteriors depends mostly on the SNR, and
so the mass ratio is best measured for the loudest
events, GW170817, GW150914, and GW170814. Even

though GW170817 has the highest SNR of all events,
its mass ratio is less well constrained, because the
signal power comes predominantly from the inspiral,
while the merger contributes little compared to the
BBH [147]. GW151226 and GW151012 have posterior
support for more unequal mass ratios than the other
events, with lower bounds of 0.28 and 0.29, respec-
tively, at 90% credible level.
The final mass, radiated energy, final spin, and peak

luminosity of the BH remnant from a BBH coalescence are
computed using averages of fits to numerical relativity
(NR) results [15,148–153]. Posteriors for the mass and spin
of the BH remnant for BBH coalescences are shown in the
right in Fig. 4. Only a fraction ð0.02–0.07Þ of the binary’s
total mass is radiated away in GWs. The amount of radiated
energy scales with its total mass. The heaviest remnant BH
found is GW170729, at 79.5þ14.7

−10.2 M⊙ while the lightest
remnant BH is GW170608, at 17.8þ3.4

−0.7 M⊙.
GW mergers reach extraordinary values of peak lumi-

nosity which is independent of the total mass. While it

FIG. 5. Parameter estimation summary plots II. Posterior probability densities of the mass ratio and spin parameters of the GWevents.
The shaded probability distributions have equal maximum widths, and horizontal lines indicate the medians and 90% credible intervals
of the distributions. For the two-dimensional distributions, the contours show 90% credible regions. Events are ordered by source-frame
chirp mass. The colors correspond to the colors used in summary plots. For GW170817, we show results for the high-spin prior
ai < 0.89. Top left: The mass ratio q ¼ m 2=m 1. Top right: The effective aligned spin magnitude χeff . Bottom left: Contours of 90%
credible regions for the effective aligned spin and mass ratio of the binary components for low- (high-) mass binaries are shown in the
upper (lower) panel. Bottom right: The effective precession spin posterior (colored) and its effective prior distribution (white) for BBH
(BNS) events. The priors are conditioned on the χeff posterior distributions.
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Mass Model Spin Parameters

Model E[a] Var[a] ↵a,�a ⇣ �i

Gaussian (G) C [0, 1] [0, 0.25] � 1 1 [0, 4]

Mixture (M) C [0, 1] [0, 0.25] � 1 [0, 1] [0, 4]

Table 6. Summary of spin distribution models examined in Section 5.1, with prior ranges for the population parameters
determining the spin models. The fixed parameters are in bold. Each of these distributions is uniform over the stated range,
with boundary conditions such that the inferred parameters ↵a,�a must be � 1. Details of the mass model listed here is
described in Table 2.

Figure 7. Inferred distribution of spin magnitude for
a parametric (top) and non-parametric binned model (bot-
tom). The solid lines show the median and the dashed line
shows the PPD. The shaded regions denote the 50% and 90%
symmetric intervals. In the bottom panel, the distribution
of spin magnitude is inferred over five bins, assuming either
perfectly aligned (green) or isotropic (blue) population. The
solid lines denote the median, and the shaded regions denote
the central 90% posterior credible bounds. In both cases,
the magnitude is consistent within the uncertainties with the
parametric results.

et al. (2018). We show in the bottom panel of Figure 7
that under the perfectly aligned scenario there is pref-
erence for small black hole spin, inferring 90% of black
holes to have spin magnitudes below 0.6+0.24

�0.28. However,
when spins are assumed to be isotropic the distribution

is relatively flat, with 90% of black hole spin magni-
tudes below 0.8+0.15

�0.24. Thus, the non-parametric analy-
sis produces conclusions consistent with our parametric
analyses described above. These conclusions are also
reinforced by computing the Bayes factor for a set of
fixed parameter models of spin magnitude and orienta-
tion in Appendix B. There we find that the very low
spin magnitude model is preferred in all three orienta-
tion configurations tested (see Figure 11 and Table 7 for
details).
Figure 8 shows the inferred distribution of the pri-

mary spin tilt for the more massive black hole. These
results were obtained without including the e↵ects of
component spins on the detection probability: see Ap-
pendix A for further discussion. In the Gaussian model
(⇣ = 1), all black hole spin orientations are drawn from
spin tilt distributions which are preferentially aligned
and parameterized with �i. In that model, the �i dis-
tributions do not di↵er appreciably from the their flat
priors. As such, the inferred spin tilt distribution are in-
fluenced by large �i and the result resembles an isotropic
distribution. The Mixture distribution does not return
a decisive measurement of the mixture fraction, obtain-
ing ⇣ = 0.5+0.4

�0.5. Since the Gaussian model is a subset of

Figure 8. Inferred distribution of cosine spin tilt for
the more massive black hole for two choices of prior (see
Section 2.4). The dash-dotted line denotes a completely
isotropic distribution (see Appendix B). The solid lines show
the median. The shaded regions denote the 50% and 90%
symmetric intervals and the dashed line denotes the PPD.

From:

GWTC-1:  Abbott, B.P., et al., 2019, Phys. Rev. X., 9, 031040

                Abbott, B.P., et al., arXiv: 1811.12940



Dynamically-induced BBH mergers can happen over a wide range 
of timescales (eccentricities). Commonly used terminology:

GW capture: GR merger during a dynamical 
interaction involving triple/multiplet or via GR 
energy loss during a hyperbolic encounter.

In-cluster mergers: GR merger of a BBH 
in-between two subsequent close interactions.

Ejected mergers: GR merger after getting 
(dynamically) ejected from a cluster.

1� e < 10�5; ⌧mrg < ⌧orb(. yr)
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h2c;n ¼
1

ðπDÞ2

!
2G
c3

_En

_fn

"
: ð1Þ

Here,D is the luminosity distance to the source and fn is the
rest-frame GW frequency of the nth harmonic given by

fn ¼ nforb ð2Þ

where forb is the rest-frame orbital frequency. Note that fn is
related to the observed (detector frame) GW frequency, fn;z,
by fn ¼ fn;zð1þ zÞ.
Here _En is the time derivative of the energy radiated in

GWs at (rest-frame) frequency fn, which to lowest order is
given by (e.g., Ref. [66])

_En ¼
32

5

G7=3

c5
ð2πforbMcÞ10=3gðn; eÞ ð3Þ

whereMc is the (rest-frame) chirp mass, which is related to
observed chirp mass Mc;z by

Mc ¼ Mc;zð1þ zÞ−1 ¼ ðM1M2Þ3=5

ðM1 þM2Þ1=5
ð1þ zÞ−1: ð4Þ

To lowest order, _fn ¼ n _forb, where _forb is found by
combining

da
dt

¼ 64

5

G3M2
1M

2
2ðM1 þM2Þ
c5a5

FðeÞ ð5Þ

(e.g., Ref. [67]) with the time derivative of Kepler’s third
law. In this case,

_fn ¼ n
96

10π
ðGMcÞ5=3

c5
ð2πforbÞ11=3FðeÞ ð6Þ

where FðeÞ ¼ ½1þ ð73=24Þe2 þ ð37=96Þe4&=ð1 − e2Þ7=2.
Combining Eqs. (1), (3), and (6), we obtain

h2c;n ¼
2

3π4=3
G5=3

c3
M5=3

c;z

D2

1

f1=3n;z ð1þ zÞ2

!
2

n

"
2=3 gðn; eÞ

FðeÞ
ð7Þ

where we have written the expression in terms of the
detector frame (redshifted) chirp mass and GW frequency,
Mc;z and fn;z.
The characteristic strain hc;n is a measure of the number

of cycles per frequency bin of width Δf ¼ 1=Tobs, where
Tobs is the LISA mission lifetime (we assume a fiducial
value of Tobs ¼ 5 yr). For stellar-mass BBHs, the source
lifetime can be significantly longer than the observation
lifetime; thus, it is necessary to take into account the
fraction of the mission lifetime a particular source spends
within a given frequency bin when discussing the character-
istic strain. Therefore, when showing detectability results

for particular binaries (as in Figs. 1 and 3), we show the
characteristic strain hc;n multiplied by the square root of
min½1; _fnðTobs=fnÞ& to account for the frequency band
swept by each source during the observation time (see,
e.g., Refs. [33,68,69]).

B. Strain-f peakGW evolution

The top panel of Fig. 1 shows evolutionary tracks for
all (dynamical) BBH mergers identified in our models that
have merger times less than a Hubble time. These tracks
are computed by integrating the equations of purely
GW-driven orbital evolution (e.g., Ref. [67]) given the
binary orbital parameters following the last dynamical
encounter, as calculated in CMC. The tracks in Fig. 1

FIG. 1. The top panel shows the evolution of characteristic
strain at the frequency of peak emission, fpeakGW , for all BBH
mergers with tmerge < tH in our models, assuming a distance of
250 Mpc from Earth. The bottom panel shows inspiral time
versus fpeakGW at formation. Blue, red, and yellow dots denote the
mergers which occur through the ejected, in-cluster, and GW-
capture channels, respectively. Filled circles denote the values at
the time of last dynamical encounter. The black and gray curves
in the top panel denote the LISA and LIGO sensitivity curves,
respectively [70,71].
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- ~ 10 to ~100 BBH coalescences per year by LIGO at design sensitivity, from dynamics 
in stellar clusters alone (Banerjee et al. 2010, Banerjee, S. 2017, Rodriguez et al. 2015, 
Askar et al. 2016, Chatterjee et al. 2016) (or                             ) 

- YMCs and open clusters potentially contribute to the BBH coalescence rate of the Universe 
to a similar extent as globular (and possibly nuclear) clusters (Banerjee, S., 2018, MNRAS, 
473, 909)

Compact-binary merger detection rate for LIGO
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populous clusters have the same specific frequencies (SN) as old
GCs (van den Bergh 1995; McLaughlin 1999), but in absence of
any firm determination of the SNs of the former. We compute the
detection rate for each model cluster assuming that it has a space
density of the above value.

The LIGO/AdLIGO-detection rate of BH–BH mergers from a
particular model cluster can be estimated from (Belczynski et al.
2007, and references therein)

RLIGO = 4
3
πD3ρclRmrg, (5)

where Rmrg is the compact binary merger rate from a cluster and
D is the maximum distance from which the emitted GW from a
compact binary inspiral can be detected. D is given by

D = D0

(
Mch

Mch,nsns

)5/6

, (6)

where D0 = 18.4 and 300 Mpc for LIGO and AdLIGO, respectively.
The quantity Mch is the ‘chirp mass’ of the compact binary with
component masses m1 and m2, which is given by

Mch = (m1m2)3/5

(m1 + m2)1/5
, (7)

and Mch,nsns = 1.2 M⊙ is that for a binary with two 1.4 M⊙ neutron
stars.

For a BH binary with m1 = m2 = 10 M⊙, Mch = 8.71 M⊙ which
gives D ≈ 1500 Mpc for AdLIGO. The AdLIGO-detection rates
RAdLIGO (mean over 3 Gyr taking into account the time of escape tesc

of the escaped binaries) for the model clusters are shown in Table 1,
where the currently accepted value of the Hubble parameter h =
0.73 is assumed. The error in each detection rate is simply obtained
from the Poisson dispersion of the total number of mergers for the
corresponding cluster. Note that these detection rates are for clusters
with solar-like metallicity which is implied by our assumption of
10 M⊙ BHs for all the clusters.

To obtain a basic estimate of the overall detection rate of BH–BH
mergers from IMCs, we consider the subset of our computed models
that are isolated clusters with full BH retention (see Table 1). We
take the mass function of the IMCs to be a power law with index
α = −2 which is the approximate index of the ICMF in spiral and
starburst galaxies (see e.g. Gieles et al. 2004; Larsen 2009a). Then
the weighted average of the corresponding AdLIGO-detection rates
is RAdLIGO ≈ 31(±7) yr−1, which estimates the total present-day
detection rate of BH–BH mergers from IMCs expected for AdLIGO.
The corresponding LIGO detection rate is negligible, RLIGO ≈
7.4 × 10−3 yr−1. Note that these BH–BH detection rates are only
lower limits. First, the observed population of star clusters can be
an underestimation by a factor of 2 owing to their dissolution in the
tidal field of their host galaxies (see Portegies Zwart & McMillan
2000, and references therein). Secondly, the above detection rates
are only from IMCs and there can be additional contributions from
GCs (see above).

In comparing the AdLIGO-detection rates from our computations
with those from earlier works, we note that our rates are typically
an order of magnitude smaller than those of Portegies Zwart &
McMillan (2000), but about one order of magnitude larger than
those obtained by O’Leary et al. (2006). The principal origin of
the former difference is due to the fact that while we considered
only IMCs distinguishing them as the most appropriate candidates
for producing present-day BH–BH mergers (see above), Portegies
Zwart & McMillan (2000) also included GCs, which have con-
siderably larger spatial density and also larger fraction of BH–BH

binaries merging within the Hubble time, as obtained from their ana-
lytic extrapolations. Note that the number of escapers as obtained by
them for young populous clusters and the fraction of them merging
within a Hubble time (see table 1 of Portegies Zwart & McMillan
2000) is similar to that obtained from the present computations,
implying qualitative agreement. The above authors apparently did
not consider the time-scales of formation and depletion of the BH
subsystems in their preliminary study. On the other hand, although
O’Leary et al. (2006) considered clusters significantly more massive
than ours in their Monte Carlo approach, so that larger merger de-
tection rates can be expected, their clusters were much older (8 and
13 Gyr) than IMCs which, in accordance with our results, accounts
for their much lower detection rate.

It is interesting to note that the dynamical BH–BH merger detec-
tion rates obtained by us are typically an order of magnitude higher
than that from primordial stellar binaries as predicted by Belczynski
et al. (2007) based on their revised binary-evolution model, and is
similar to that for the isolated NS–NS binaries derived by them.
Hence, our results imply that dynamical BH–BH binaries consti-
tute the dominant contribution to the BH–BH merger detection.
Thus, the dynamical BH–BH inspirals from star clusters seem to
be a promising channel for GW detection by the future AdLIGO,
although their estimated detection rate with the present LIGO de-
tector is negligible, in agreement with the hitherto non-detection
of GW.

4.2 Limitations and outlook

The work presented here is a first step towards a detailed study of the
dynamics of stellar-mass BHs in star clusters and the consequences
for GW-driven BH mergers, and improvements in several directions
are possible. First, we do not consider the initial phase of the cluster
here when BHs form through stellar evolution, and a more consistent
approach would be to begin with a star cluster with a full stellar
spectrum and produce the BHs from stellar evolution. Note however
that in the present study, we have inserted numbers of BHs in
our clusters of low-mass stars similar to what would have been
formed from the stellar evolution of a cluster following a Kroupa
IMF (see Section 2.2). Stellar evolution also produces NSs (about
twice in number as the BHs) which also segregate to the central
region of the cluster. It is interesting to study the dynamics of the
NS cluster and how it is affected by the (more concentrated) BH
cluster – in particular the formation of tight inspiralling NS–NS and
NS–BH binaries, which are important for both GW detection and
GRBs.

Another aspect that we do not consider in our present study is
the effect of primordial stellar binaries. Tight stellar binaries aid the
formation of compact binaries through double exchanges (Grindlay,
Portegies Zwart & McMillan 2006), in addition to the three-body
mechanism (see Section 1) which can increase the number BH–BH
(also BH–NS and NS–NS) binaries formed and hence the merger
rate. Thus, the study of BH–BH binaries in star clusters with primor-
dial binaries is an important next step. Such studies are in progress
and will be presented in future papers.

Finally, the number of N-body computations in this initial study is
not enough to obtain the BH–BH merger rate as a function of cluster
mass and BH-retention fraction with a reasonable accuracy. There
is typically one integration per cluster model. To obtain merger
rate dependencies with cluster parameters, e.g. mass, half-mass
radius, binary fraction and BH retention, many computations are
needed within smaller intervals, which involves much larger time
and computing capacity than that utilized for the present project.
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populous clusters have the same specific frequencies (SN) as old
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any firm determination of the SNs of the former. We compute the
detection rate for each model cluster assuming that it has a space
density of the above value.

The LIGO/AdLIGO-detection rate of BH–BH mergers from a
particular model cluster can be estimated from (Belczynski et al.
2007, and references therein)

RLIGO = 4
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πD3ρclRmrg, (5)

where Rmrg is the compact binary merger rate from a cluster and
D is the maximum distance from which the emitted GW from a
compact binary inspiral can be detected. D is given by
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component masses m1 and m2, which is given by
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0.73 is assumed. The error in each detection rate is simply obtained
from the Poisson dispersion of the total number of mergers for the
corresponding cluster. Note that these detection rates are for clusters
with solar-like metallicity which is implied by our assumption of
10 M⊙ BHs for all the clusters.

To obtain a basic estimate of the overall detection rate of BH–BH
mergers from IMCs, we consider the subset of our computed models
that are isolated clusters with full BH retention (see Table 1). We
take the mass function of the IMCs to be a power law with index
α = −2 which is the approximate index of the ICMF in spiral and
starburst galaxies (see e.g. Gieles et al. 2004; Larsen 2009a). Then
the weighted average of the corresponding AdLIGO-detection rates
is RAdLIGO ≈ 31(±7) yr−1, which estimates the total present-day
detection rate of BH–BH mergers from IMCs expected for AdLIGO.
The corresponding LIGO detection rate is negligible, RLIGO ≈
7.4 × 10−3 yr−1. Note that these BH–BH detection rates are only
lower limits. First, the observed population of star clusters can be
an underestimation by a factor of 2 owing to their dissolution in the
tidal field of their host galaxies (see Portegies Zwart & McMillan
2000, and references therein). Secondly, the above detection rates
are only from IMCs and there can be additional contributions from
GCs (see above).

In comparing the AdLIGO-detection rates from our computations
with those from earlier works, we note that our rates are typically
an order of magnitude smaller than those of Portegies Zwart &
McMillan (2000), but about one order of magnitude larger than
those obtained by O’Leary et al. (2006). The principal origin of
the former difference is due to the fact that while we considered
only IMCs distinguishing them as the most appropriate candidates
for producing present-day BH–BH mergers (see above), Portegies
Zwart & McMillan (2000) also included GCs, which have con-
siderably larger spatial density and also larger fraction of BH–BH

binaries merging within the Hubble time, as obtained from their ana-
lytic extrapolations. Note that the number of escapers as obtained by
them for young populous clusters and the fraction of them merging
within a Hubble time (see table 1 of Portegies Zwart & McMillan
2000) is similar to that obtained from the present computations,
implying qualitative agreement. The above authors apparently did
not consider the time-scales of formation and depletion of the BH
subsystems in their preliminary study. On the other hand, although
O’Leary et al. (2006) considered clusters significantly more massive
than ours in their Monte Carlo approach, so that larger merger de-
tection rates can be expected, their clusters were much older (8 and
13 Gyr) than IMCs which, in accordance with our results, accounts
for their much lower detection rate.

It is interesting to note that the dynamical BH–BH merger detec-
tion rates obtained by us are typically an order of magnitude higher
than that from primordial stellar binaries as predicted by Belczynski
et al. (2007) based on their revised binary-evolution model, and is
similar to that for the isolated NS–NS binaries derived by them.
Hence, our results imply that dynamical BH–BH binaries consti-
tute the dominant contribution to the BH–BH merger detection.
Thus, the dynamical BH–BH inspirals from star clusters seem to
be a promising channel for GW detection by the future AdLIGO,
although their estimated detection rate with the present LIGO de-
tector is negligible, in agreement with the hitherto non-detection
of GW.

4.2 Limitations and outlook

The work presented here is a first step towards a detailed study of the
dynamics of stellar-mass BHs in star clusters and the consequences
for GW-driven BH mergers, and improvements in several directions
are possible. First, we do not consider the initial phase of the cluster
here when BHs form through stellar evolution, and a more consistent
approach would be to begin with a star cluster with a full stellar
spectrum and produce the BHs from stellar evolution. Note however
that in the present study, we have inserted numbers of BHs in
our clusters of low-mass stars similar to what would have been
formed from the stellar evolution of a cluster following a Kroupa
IMF (see Section 2.2). Stellar evolution also produces NSs (about
twice in number as the BHs) which also segregate to the central
region of the cluster. It is interesting to study the dynamics of the
NS cluster and how it is affected by the (more concentrated) BH
cluster – in particular the formation of tight inspiralling NS–NS and
NS–BH binaries, which are important for both GW detection and
GRBs.

Another aspect that we do not consider in our present study is
the effect of primordial stellar binaries. Tight stellar binaries aid the
formation of compact binaries through double exchanges (Grindlay,
Portegies Zwart & McMillan 2006), in addition to the three-body
mechanism (see Section 1) which can increase the number BH–BH
(also BH–NS and NS–NS) binaries formed and hence the merger
rate. Thus, the study of BH–BH binaries in star clusters with primor-
dial binaries is an important next step. Such studies are in progress
and will be presented in future papers.

Finally, the number of N-body computations in this initial study is
not enough to obtain the BH–BH merger rate as a function of cluster
mass and BH-retention fraction with a reasonable accuracy. There
is typically one integration per cluster model. To obtain merger
rate dependencies with cluster parameters, e.g. mass, half-mass
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needed within smaller intervals, which involves much larger time
and computing capacity than that utilized for the present project.
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for BH-BH merger

See, e.g., Banerjee, S. et al., 2010, MNRAS, 402, 371 

D =
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At design sensitivity:

. 10 Gpc�3 yr�1
<latexit sha1_base64="b0h3zxOj1PY8On+LctZIMmfCpig="></latexit><latexit sha1_base64="b0h3zxOj1PY8On+LctZIMmfCpig="></latexit><latexit sha1_base64="b0h3zxOj1PY8On+LctZIMmfCpig="></latexit><latexit sha1_base64="b0h3zxOj1PY8On+LctZIMmfCpig="></latexit>



Stellar BBH inside a nuclear star cluster (NSC)

BBH in the vicinity of an SMBH: SMBH acts as the third, outer body, inducing Kozai-Lidov 
oscillations. This can potentially lead to the GR inspiral of the BBH.

Interactions with NSC stars must be taken into account.

See, e.g.,:                                                             Estimated full-sensitivity BBH merger rate:
Hoang, B.-M., et al., 2018,  ApJ,  856, 140
Antonini, F., Rasio, F.A., 2016,  ApJ,  831, 187

⇠ 1 Gpc�3 yr�1
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Super-massive black hole (SMBH)

Binary stellar-mass black hole (BBH)

aouter . 1000Rs
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ainner . 10 AU
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Stellar BHs within accretion disks of active galactic nuclei (AGN)

See, e.g.,:
Secunda, A., et al., 2019,  ApJ,  878,  85



Multi-band in-spiral of stellar-mass BBHs: from relativistic, direct N-body simulations
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Figure 5. The ejected BBHs from all the Mcl(0)� 3.0⇥104 M� models in Table 1. The BBH data points are distinguished w.r.t. their parent
clusters’ Mcl(0) and primordial-binary content (legends) and are colour-coded w.r.t. their eccentricities, e, at the instant of ejection (colour
bars). The total masses, Mtots, of the BBHs show an overall decreasing trend w.r.t. their cluster-evolutionary times, t = tej, of ejection (left
panel) and their orbital periods, P, at the instant of ejection, show an increasing trend (right panel). These trends qualitatively conform
to what can be expected from the secular dynamical evolution of the clusters; see text.
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Figure 6. The distribution of mass ratios, MBH2/MBH1, of the BBH mergers from all of the models in Table 1 combined (includes both
the in situ and escaped mergers). The distribution is approximately flat for MBH2/MBH1 & 0.5 with a peak at MBH2/MBH1 ⇡ 1. The merger
with the lowest mass ratio is an NS-BH merger (see Fig. 4, Sec. 3.2).

The GW radiated by an eccentric binary is broadband
whose peak frequency is given by (Wen 2003)

fGWp =

p
G(m1 +m2)
⇡

(1+ e)1.1954

h
a(1� e2)

i1.5 . (2)

Fig. 7 (top panel) shows the trajectories, in the log10(e)�
log10( fGWp) plane, of the in-spiralling inner BBHs of the BH
triples, that have merged while being bound to the clusters
in Table 1 (see its column ‘f’). At this stage, the GW radi-
ation timescale of the inner BBH is much shorter compared
to the Kozai/dynamical timescale of the associated triple
(as indicated by the ARC treatment; see Sec. 2.1 and ref-
erences therein), making the GR coalescence unavoidable.
These tracks are obtained by integrating the Peters (1964)
GR semi-major-axis and eccentricity decay formulae, begin-
ning with the orbital parameters of the merging BBHs that

are logged by NBODY7 in its GR coalescence events’ records9.
For most of these BBHs, when they have high eccentricities
they emit GW with fGWp either within the LISA’s character-
istic detection frequency band or within the deciHertz range
(see Fig. 7, top panel). Most of the BBHs which initially
emit in the LISA band, circularize su�ciently while travers-
ing through the same band so that they eventually become
audible by the LISA (when e . 0.7; see, e.g., Chen & Amaro-
Seoane 2017) and their remaining eccentricities would then

9 A better way to obtain such trajectories of triple-induced GR
inspirals would be to allow for an on-the-fly, high-time resolution
output of the orbit of a BBH during its GR inspiral, from within
NBODY7 , which is planned in a future paper. That way, any mod-
ifications of the orbital decay due to the perturbations from the
third body could also be tracked.

MNRAS 000, 1–21 (2017)

GW peak frequency (Wen 2003):see also: Sesana A., 2016, PRL, 116, 231102,
             Chen X., Amaro-Seoane P., 2017, ApJ, 842, L2
             Banerjee, S., 2018, MNRAS 473, 909
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Banerjee, S.: in prep. NBODY7 computations.
(approx. 50 models)

104M� . Mcl(0) . 105M�; 1pc . rh(0) . 3pc; Z�/100 < Z < Z�
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Recap: observational signatures of dynamically-induced stellar-mass GR mergers

LISA band 10
�3 � 10

�1
Hz
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Eccentric, (near-)persistent BBH sources. But till e < 0.7 from within the Local Group.

[DECIGO (and other future Decihertz detectors)] 10
�1 � 10

0
Hz
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Low-eccentricity (e < 0.1), (near-)persistent BBH sources.
High-eccentricity (e > 0.5), highly variable BBH sources transitioning to LIGO band in days - years
(the missing links!)

LIGO (and it successors)

Near-circular, transient BBH sources (mergers).
Rarely, eccentric (e>0.1) BBH mergers.
Spin-orbit misalignment including anti-alignment (approx. 50%).

These are natural outcomes of dynamics inside stellar clusters. No 
model adjustments, fine-tunings, or exotic physics required!

10
1 � 10

3
Hz
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