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Black hole 
engine!



Returning BHs sink due to dynamical 
friction which, in turn, deposit energy 
into the stellar background



Dynamical friction caused by “wake” formation behind fast-moving 
massive particle due to its “gravitational focussing” effect.  The wake 
applies retarding force to the particle.
[see Chandrashekhar’s stellar dynamics book for details]

Image from Heggie & Hut’s book 



Energy injection into the cluster by the “BH-engine”:

- Expands the cluster

- Delay’s secular (two-body relaxation driven) processes of the rest of the stellar 
system, e.g., mass segregation and core collapse

- Is essentially a manifestation of the “post-collapse expansion” due to the core-
collapse of the BH sub-system

- Recall He`non’s Principle! (lecture 1)

- Observational signatures?



Example from N-body simulation
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All bound members

All bound members
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Figure 8. Top: The cumulative radial distribution of the (bound) NSs, at increasing evolutionary times (legends), for the Mcl(0) ⇡
7.5⇥ 104 M� computed models (Table 1). The number of NSs, NNS(R, t), within a radial distance, R, and at an evolutionary time, t, is
normalized w.r.t. the total number of NSs, NNS,bound(t), bound to the cluster at that time and the radial axis is normalized w.r.t. the
cluster’s half-mass radius, rh(t), at time t. These cumulative distributions imply that although the NSs continue to centrally segregate
with time, the mass segregation is ine�cient due to the dynamical energy injection by the BHs, as already indicated in Banerjee (2017)
— at late evolutionary times, ⇡ 90% of the NSs occupy 2 half-mass radii. Bottom: The same treatment as in the top panels but for the
BHs bound to the clusters. They imply that, except for very early evolutionary times, the much more massive BHs are generally much
more strongly centrally concentrated than the NSs, as can be expected — nearly all BHs are contained within one half-mass radius.

serve as signatures of their dynamical origin (Nishizawa et al.
2016, 2017). By the time the BBHs spiral in to emit (in
terms of fGWp) within the LIGO’s characteristic detection
frequency band, they are practically circularized; the most
eccentric BBHs in the LIGO band have 10�2 < e < 10�1. For
all these BBHs, the time spent in the plotted trajectories un-
til merger vary from a few years to ⇡ 0.1 Myr. Hence, some
of these BBHs would qualify for the combined LISA-LIGO
detectability (Sesana 2016).

Fig. 7 (bottom panel) shows such tracks for the escaped
BBHs with ⌧mrg < 13.7 Gyr, from all the computed clusters
in Table. 1 (see its column ‘g’). As in the panel above, these
tracks are obtained by integrating the Peters (1964) formu-
lae, initiating with the orbital parameters of these BBHs at
the instants of their ejections (as logged by NBODY7 ). All of
these BBHs are ejected with very high eccentricities (which
is why they have shorter ⌧mrg; see Eqn. 1) when their fGWps
lie within or below the LISA’s detection band. As in the
case of triple-induced mergers (see above), these BBHs cir-
cularize su�ciently to be heard by the LISA while traversing

through the instrument’s detection band and are practically
circularized when they enter the LIGO’s detection band.

Studies such as Samsing et al. (2014); Samsing &
Ramirez-Ruiz (2017); Antonini et al. (2014, 2016, 2017) sug-
gest the occurrences of BBH mergers that retain signifi-
cant eccentricities, e > 0.1, in the LIGO band ( fGWp � 10
Hz); matching with the corresponding GW waveforms would
require GW templates from eccentric binaries (Huerta &
Brown 2013). In the latter three studies, the same ARC
code as here (Sec. 2.1) has been applied to directly inte-
grate the (isolated/field) triple BHs. Note that the GC-
or nucleus-type model clusters, that are considered as the
hosts/parents of the triple-BHs/ejected-BBHs in the above
works, are about an order of magnitude more massive than
the present open cluster-type models. Therefore, the for-
mer clusters would contain tighter BBHs that can become
members of triples or be ejected, with higher probabilities
of retaining higher eccentricities in the LIGO band. With a
larger model set giving a larger sample of triple-induced and
ejected BBH mergers, such “eccentric” LIGO mergers can,
perhaps, be obtained in similar models.

MNRAS 000, 1–21 (2017)

BH retention prevents mass segregation of NSs From Banerjee, S., 2018, MNRAS, 473, 909 



Non-segregation of NSs prevents them from participating in close 
encounters and exchange interactions with the BHs as long as a 
dynamically-active population of BHs remains in the cluster. This makes 
dynamical formation of BNS and NS-BH binaries and their mergers unlikely 
in stellar clusters, as confirmed in recent star-cluster simulations.

Young massive and open clusters (direct N-body):

Banerjee, S., 2018, MNRAS, 473, 909
Fragione, G., Pavlík, V., Banerjee, S., 2018, MNRAS, 480, 4955 [work initiated in Modest17 in Prague!]

Globular clusters (Monte Carlo):

Ye, C. S., Kremer, K., Chatterjee, S., Rodriguez, C. L., Rasio, F. A., 2019, ApJ, 877, 122
Ye, C. S., Fong, W-f., Kremer, K., Rodriguez, C. L., Fragione, G., Rasio, F. A.,  arXiv:1910.10740

NS-BH and BNS mergers are, nevertheless, being observed by LIGO! They are then likely field 
binary evolution products. More studies needed.
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Figure 9. The normalized cumulative radial distribution of NSs, as in Fig. 8, at ⇡ 10 Gyr evolutionary time and for the models with
3.0⇥ 104 M� . Mcl(0) . 7.5⇥ 104 M� (legends) and Z = 0.05Z� (left panel) and 0.25Z� (right panel). Those for the computed models with
fbin ⇡ 5% overall binary fraction (Table 1) are shown in the black lines. A higher rate of BH depletion, in the presence of primordial
binaries (Fig. 3; Sec. 3), aids the mass segregation of the NSs, making them somewhat more centrally concentrated at 10 Gyr, compared
to the cases with no primordial binaries.
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Figure 10. The time evolution of the semi-major-axes, A, of the NS-BH binaries present in the computed models with Mcl(0)⇡ 3.0⇥104 M�
and fbin ⇡ 10% (Table 1). Each line follows a particular NS-BH binary, with member masses as indicated in the legends. All NS-BH binaries,
that appear in these models (as well as in the other ones with primordial binaries; see Table 1), are formed through the evolution of
(possibly dynamically-modified) primordial binaires. Their lifetimes, in the clusters, vary from ⇠ 100 Myr to ⇠ Gyr, by which time the
pairs get destroyed, often through exchange interactions (Sec. 3.2). Typically, such binaries are born several 10s of AUs wide and they
retain sizes of that order until their destructions (true for the NS-BH binaries in the other primordial-binary models also).

and references therein). In any case, the BBH merger counts
per cluster and the delay times of the mergers, as obtained
here for the open clusters, follow qualitatively similar trends
with cluster mass, primordial-binary content, and BBH pa-
rameters as those in the Monte Carlo GC models (Sec. 3.3
and references therein). Based on such trends, it can be qual-
itatively inferred that open clusters would contribute to the
present-epoch (low-redshift) dynamical BBH merger rate to
a similar extent as the GCs.

• The introduction of a small population of primordial
binaries ( fbin & 0.05 overall binary fraction, with fObin ⇡ 1.0
for the O-stars; Sec. 2) in the model clusters tends to in-
crease the number of in situ BBH coalescences significantly
(Table 1). However, in all the fbin > 0 computations here, all
the in situ (and also the few ejected) BBH mergers involve
BHs that were members of di↵erent primordial pairs, i.e.,

the coalescing binaries have been assembled, through ex-
change interactions, with independently-born BHs. Hence,
if these BHs have finite spins, all of these mergers will be
spin-orbit misaligned as indicated in the GW170104 event
(Sec. 1 and references therein). Besides spin-orbit misalign-
ment, the BBH-merger mass ratio being substantially less
than unity, especially being MBH2/MBH1 . 0.7, would serve
as an additional indication of a dynamical assembly of the
BBH (Sec. 3.1, Fig. 6).

• Among all the to-date confirmed LIGO GW events (i.e.,
excluding LVT151012), the limits of GW170104’s param-
eters encompass the highest fraction of the BBH mergers
obtained here (Fig. 4, Sec. 3.1). All the coalescing BBHs,
obtained here, have high eccentricities (owing to resonant
triples/Kozai mechanism or strong dynamical perturbation
while getting ejected) when they have been emitting GW in

MNRAS 000, 1–21 (2017)

NS in a binary gets 
exchanged by BH in < 1 Gyr

From: Banerjee, S., 2018, MNRAS, 473, 909



Cluster core expansion in 
similar N-body calculations 
by Mackey et al., 2008, 
MNRAS, 386, 65 consistent 
with observed age-core 
radius relation of LMC/SMC 
clusters! 

Evidence of high BH 
retention following 
supernovae collapse (low 
BH natal kick)?

See also:

Weatherford, N. C., et al., 2018,  ApJ, 864, 13  ([non-]mass-segregation signatures of luminous stars in Galactic GCs)

Ye, C.S., et al., 2019,  ApJ, 877, 122 ([non-]mass-segregation signatures of neutron stars in Galactic GCs)



Modelling individual Galactic GCs (Monte Carlo simulations)

The present result also differs from Kremer et al. (2018c) in
the number of BHs retained at birth. Using the fallback-based
BH retention model (see Section 2), roughly 1000 of the 1500
total BHs formed are retained in the cluster initially after natal
kicks. This is in contrast to the best-fit model for NGC 3201
identified in Kremer et al. (2018c), for which 0.04BH NSs s = ,
where a somewhat higher fraction of BHs (roughly 1400 out of
1500) are retained initially. The models in Kremer et al.
(2018c) assumed initial virial radii of rv=1 pc (with all other
cluster parameters the same as here). As illustrated in Figure 2,
clusters with initially smaller core radii will dynamically
process their BHs more quickly, so it is not surprising that the
rv=1 pc model of Kremer et al. (2018c) needed to retain more
BHs at birth (achieved by adopting smaller BH natal kicks) to
achieve a similarly large population of BHs at late times
compared to the rv=1.75 pc model identified here.

3.2. M10

Figure 6 is analogous to Figure 5 but for the model snapshots
that most accurately match the observed SBP and σv-profile of
M10. The black curve in the top panel marks the SBP for

Figure 4. Surface brightness profiles for all GC models listed in Table 1 at t=12 Gyr. Orange curves denote BH-rich models (N 100BH . at t=12 Gyr), blue curves
denote BH-poor models (N 10BH 1 ), and black curves denote models with intermediate number of BHs. The top-left panel shows our model SBPs compared to the
observed SBP for NGC 3201 (gold circles), as studied in Kremer et al. (2018c). The top-right panel shows the models compared to M10, bottom-left compares to
M22, and bottom-right compares to the core-collapsed cluster NGC 6752. All observed SBPs are taken from Trager et al. (1995).

Figure 5. Best-fit models for NGC 3201 compared to observations. Here, the
bottom panel shows the σv-profile for model 8 at t=12 Gyr (shown as black
curve in top panel) compared to the observed σv-profile from Zocchi et al.
(2012). We predict NGC 3201 contains 121±10 BHs at present.
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From: Kremer, K., Chatterjee, S., Ye, C. S., Rodriguez, C. L., Rasio, F. A., 2019,  ApJ, 871, 38 
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Modelling individual Galactic GCs (Monte Carlo simulations)

NGC 3201
model 4 at t=10.8 Gyr, the best-fit model for M10. At this
time, this model contains 33 BHs, one of which is found in a
BH–LC binary. Although this particular time snapshot does not
contain an accreting BH–LC, other cluster snapshots in the
late-time range of 10–12 Gyr do contain accreting BH binaries
(see Table 1).

From all of the best-fit models for M10 shown as gray curves
in the top panel of Figure 6, we predict M10 retains 39±9
BHs at present.

By correlating the size of BH populations with observational
measurements of mass segregation and using cluster models
also developed using CMC, Weatherford et al. (2017) predict
that M10 contains up to 38 BHs, with a mode at 24, consistent
with our result.

3.3. M22

Figure 7 shows the models that most accurately match the
observed SBP and σv-profile of M22. The black curve in the
top panel marks the SBP for model 5 at t=10.9 Gyr, the best-
fit model for M22. At this snapshot in time, this model contains
49 BHs, four of which are found BH–LC binaries. Two of
these four BH–LC binaries are found in mass-transferring
configurations.

From all of the best-fit models for M22 shown as gray curves
in the top panel of Figure 7, we predict M22 has 40±9 BHs at
present.

Several previous analyses have studied the BH population in
M22, and drawn similar conclusions to those drawn here. On
the basis of the two accreting stellar-mass BHs in M22 and on
the expected fraction of BHs that will be found in accreting
systems, Strader et al. (2012) argued that M22 likely contains
∼5–100 stellar-mass BHs. Soon thereafter, Sippel and Hurley
(2013) modeled M22 using direct N-body methods and
imposed an initial BH retention fraction of 10%. This analysis
found that for a model slightly less massive than M22 at
present, 16 BHs were retained at t=12 Gyr. Heggie and
Giersz (2014) used Monte Carlo methods similar to those
considered in this study to model M22 and predicted ∼40 BHs

are likely retained at present. Most recently, using a
combination of Monte Carlo GC models and observations of
MW GCs, Askar et al. (2018) predicted that M22 retained
63 16

25
-
+ BHs at present, consistent with our predicted number.

Weatherford et al. (2017) predict 49 34
50

-
+ BHs in M22, also

consistent with our prediction.

3.4. NGC 6752

Finally, Figure 8 shows the SBP and σv-profile for our best-fit
models for NGC 6752. The black curve in the top panel marks
model 2 at t=11.3 Gyr, which has 17 BHs. Since Zocchi et al.
(2012) does not contain a σv-profile for NGC 6752, we compare
to the σv-profile of Watkins et al. (2015), shown in the bottom
panel of the figure compared to the σv-profile of model 2. We
predict NGC 6752 has 16±7 BHs at present.

Figure 6. The top panel shows the SBP for the best-fit models for M10 (gray
curves) compared to observations (Trager et al. 1995). The bottom panel shows
the σv-profile for model 4 at t=10.8 Gyr (shown as black curve in top panel)
compared to observations from Zocchi et al. (2012). On the basis of these best-
fit models, we predict that M10 contains 39±9 BHs at present.

Figure 7. Same as Figure 6, but for M22. Here, the bottom panel shows the
σv-profile for model 5 at t=10.9 Gyr (shown as black curve in top panel). We
predict that M22 contains 40±9 BHs at present.

Figure 8. Best-fit models for NGC 6752 compared to observations. Here, the
bottom panel shows the σv-profile for model 2 at t=11.3 Gyr (shown as black
curve in top panel) compared to the observed σv-profile from Watkins et al.
(2015). From our best-fit models, we predict that NGC 6752 contains 16±7
BHs at present.
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NGC 6752

in Table 1. From bottom to top, the colored curves show
models of increasing initial virial radius. The scatter points
mark observed core radii and ages (taken from Portegies Zwart
et al. 2010) for young massive clusters in the Milky Way (red),
in the Local Group (yellow), and outside the Local Group
(blue). Clearly, our selected range in initial virial radii
(0.5–5 pc) effectively maps into the full range of observed
core radii of young massive clusters in the local universe.

As Table 1 shows, the number of BHs retained in the models
at late times is directly related to the choice of initial rv.
Figure 2 demonstrates this same result. Here we plot the
theoretical core radius (top panel), the observed core radius
(middle panel), and the total number of BHs (NBH; bottom
panel) versus time for four models: model 1 (blue curve;
rv=0.5 pc), which retains only 2 BHs at 12 Gyr; model 6
(black curve; rv=1 pc), which retains 50 BHs; model 8
(orange curve; rv=2 pc), which retains 201 BHs; and model
11 (red curve; rv=5 pc), which retains 614 BHs. More precise
best-fit models for each cluster are discussed in the following
subsections, but at a basic level, the orange curve in Figure 2
can be viewed as an NGC 3201-like cluster, the black curve
can be viewed as an M10/M22-like cluster, and blue can be
viewed as an NGC 6752-like (core-collapsed) cluster.

In all four of these models, ∼1500 BHs are formed initially,
and ∼500 of these are ejected promptly due to natal kicks. NBH

then gradually decreases over the course of the evolution of the
cluster as BHs are slowly ejected through dynamical proces-
sing, as has been studied extensively and shown in previous
analyses (e.g., Morscher et al. 2015; Chatterjee et al. 2017b;
Kremer et al. 2018c).
As the bottom panel of Figure 2 shows, the initial value of rv

has a significant effect on the way the BH population evolves
over the lifetime of the cluster. Models with smaller initial rv
(e.g., rv=0.5 pc) have shorter relaxation timescales (see
Table 1), and therefore process their BHs faster. As a result,

Table 2
Properties of Best-fit Models for Various Clusters

NGC 3201 M10 M22 NGC 6752

rv,0 (pc) 1.75–2 0.7–0.9 0.8–0.9 0.5–0.7

NBH 121±10 39±9 40±9 16±7
NBH–LC 2.5±0.5 2.6±1.1 2.7±1.1 2.7±1
NBH–MTB 1 1.5±0.95 1.5±1 2.0±0.97

Note. The top row shows shows the range in initial virial radius, rv,0, for the best-fit (minimum-α) models for each cluster of interest. Row 2 shows the mean number
of BHs at present (with 1σ uncertainties) calculated from these same best-fit models. Rows 3 and 4 show the mean number of BH–LC binaries and BH–MTBs for the
best-fit models.

Figure 1. Time evolution of “observed” core radii of all models for first
100 Myr of evolution. From bottom to top, the colored curves show models of
increasing initial rv. Filled scatter points mark observed core radii and ages of
young massive clusters in the Milky Way (red), Local Group (yellow), and
outside the Local Group (blue), taken from Portegies Zwart et al. (2010).

Figure 2. Theoretical core radius (top panel), observed core radius (middle
panel), and total number of BHs (bottom panel) vs. time for models with four
different initial rv: rv=5 pc (red curve), rv=2 pc (orange curve), rv=1 pc
(black), and rv=0.5 pc (blue).
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Short-listing BH population-containing Galactic GCs

From:

Askar et al., 2018, MNRAS, 478, 1844

1848 A. Askar, M. Arca Sedda, and M. Giersz
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Figure 1. BHS density as a function of the GC V-band luminosity inside
the square of the half-light radius (LV/r2

hl ) at 12 Gyr. The black line shows
the fitted linear in log–log correlation. The colours of the points indicate the
total number of BHs in the GC model.

and B= 0.4 ± 0.7. Using these values, the maximum number of
BHs estimated in D2-R7-IMF01 is around 700. Therefore, it seems
that the application of the correlations discussed in this paper to
GCs with half-light radii larger than 8 pc and above may lead to
an underestimation of the number of BHs in those GCs. However,
GCs with such large half-light radius values are rare in the Galaxy,
as there are only eight Galactic GCs within 50 kpc of the Galactic
centre which have such a high half-light radii. The majority of
Galactic GCs have present-day half-light radii between 2 and 5 pc.

2.4 GC identification criteria

By using equation (1) and the correlations described in Section 2.2
and AAG 2018, we estimated the BHS properties and the potential
number of BHs in a GC from the observed half-light radius and total
V-band luminosity of the GC. We have shortlisted 29 Galactic GCs
for which CSB, absolute magnitude, and average surface luminosity
values agree with what we find for simulated GCs that harbour a
high number of BHs at 12 Gyr. We have also selected only those GCs
for which the observed present-day half-mass relaxation times are
larger than about 0.9 Gyr. This choice is motivated by the properties
of our simulations, as all the GC models with a high number of BHs
had half-mass relaxation times larger than this limiting value at
12 Gyr.

While shortlisting these 29 Galactic GCs, we restricted ourselves
to GCs for which the Galactocentric radius values were smaller
than 17 kpc. This was done because except for two, all the 163
simulated GC models that retained more than 15 BHs at 12 Gyr
had Galactocentric radii smaller than 17 kpc. We cannot compare
these simulated models with Galactic GCs that are very far from
the Galactic centre due to the modelling of the tidal field. Never-
theless, in Section 4, we mention distant Galactic GCs that do have
observational properties suggesting the presence of a large number
of BHs. Moreover, we shortlisted Galactic GCs that were bright
(MV< −6.5) but had low CSB (CSB ! 1 × 104 L⊙ pc−2) values
similar to the observed properties of simulated GCs at 12 Gyr (see
the top panel in Fig. 2). There were only 3 GC models with BHS that
had CSB values larger than 1 × 104 L⊙ pc−2. In order to calculate
the CSB from the simulated models, we use the infinite projection
method described in Appendix B of Mashchenko & Sills (2005) to

Figure 2. Top panel: On the x-axis is the absolute V-band magnitude and
on the y-axis is the central V-band surface brightness (CSB) in units of L⊙
pc−2. 12 Gyr properties for simulated GC models with more than 15 BHs
are shown with the black points and the observed properties of 29 Galactic
GCs that could potentially be containing BHs are shown with red points.
Other simulation models that occupy the range of magnitudes and CSB at
12 Gyr are also shown. These are only the models in which mass fallback
was enabled but the number of BHs at 12 Gyr was less than 15. Bottom
panel: On the x-axis is the GC V-band luminosity divided by the square of
the the half-light radius and on the y-axis is the CSB. The colour coding is
similar to the top panel.

generate a surface brightness profile for the GC at 12 Gyr, which
we use to find the central value in units of V-band luminosity per
square pc. In order to compare this value with the observations, we
convert the apparent V magnitudes per square arcsecond CSB value
provided in the Harris (1996, updated 2010) catalogue to units of
V-band luminosity per square pc. In doing this, we took into ac-
count the distance to the cluster from the Sun and the foreground
reddening are also provided in the catalogue.

We also compared the V-band luminosity inside the half-light
radius and the CSB of the observed GCs with the simulated models
to further constrain our list of Galactic GCs with a BHS (see the
lower panel in Fig. 2). We excluded two very bright and massive
GCs; these were NGC 5139 (ω Cen) and NGC 6402 (M14). While
both of these GCs are bright with relatively low CSB values, none
of the simulated models at 12 Gyr are as bright as these GCs.
To reproduce their present-day brightness, we would need initial

MNRAS 478, 1844–1854 (2018)
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Simulate star cluster in a computer: direct N-body calculations

Solve Newtonian equation of motion for N bodies (N^2xN operation)

Computationally expensive but fully self-consistent treatment of all types 
of dynamical interactions.

No symmetry required

Up to several         bodies doable in GPU-based/parallel architecture.

Sverre Aarseth’s (IoA, Cambridge) N-body code “NOBDY6/7”.
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• A versatile, direct, object-by-object N-body integration program initiated and still 
being developed by Sverre Aarseth (for at least 20 years!) [Fortran-based code]

• No assumption on initial conditions or symmetry of the N-body system (or of the 
problem under study)

• No approximation while dealing with internal or external forces

• Can handle (in principle!) an arbitrary population of compact subsystem (binary 
and above)

• Incorporates analytic (population-synthesis type) recipes of stellar and binary 
evolution

• Incorporates general relativity (post-Newtonian)

• Incorporates any form of static or time-varying external gravitational field (host-
galactic potential, embedding gas  potential)

• Publicly available!

What is NBODY6/NBODY7? 



• Time-consuming computation! (~N^3): large N becomes prohibitive 

• This is dealt with a combination of algorithms (e.g., applying the neighbour 
scheme) and hardware assist (GPU-based force calculation, parallelization 
in CPU and GPU) [the GPU interface is developed mainly by Keigo Nitadori] 

• Large population of binaries (e.g., high primordial-binary fraction) also 
results in inefficient GPU usage (also less efficient parallelization) resulting 
significant slow down 

• Coupling with the state of the art from stellar- and binary-evolution studies 

• Coupling with hydrodynamics, gas physics (currently, absent in NBODY6) 

• Accessibly: skilled management required; crash recovery (often frequent) 
and maintenance of long-running (months!) jobs. 

• Accessibly: good knowledge of the code is necessary for day-to-day work!

NBODY6/NBODY7: challenges 

Other direct N-body codes (frameworks): NBODY6++,  STARLAB,  AMUSE
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“Long-term” N-body computations with NBODY6/7 
(non-exhaustive list)



NBODY 6/7  integration algorithms

Fourth-order Hermite Individual Timestep Scheme (HITS) for integration

KS regularisation (no force softening!)

KS-Chain regularization(NBODY6)/ARCHAIN(NBODY7)

Post-Newtonian treatment in ARCHAIN

[In NBODY6, GR treatment is done within a (KS-regularized) binary by applying the Peters’ 
1964 formula.  Also applied for a hyperbolic KS pair through the tidal-dissipation formalism 
(KSTIDE).  Retained in NBODY7 also.]

Other than the treatment of Chain subsystems and GR, NBODY6 and NBODY7 are 
(supposed to be!) identical.

Speed-up procedures:  Ahmed-Cohen neighbour scheme, parallel processing in CPU and 
GPU (openMP; GPU only for regular force calculation)

Check out Aarseth’s 2003 book and Nitadori & Aarseth, 2012, MNRAS, 424, 545!



Post-Newtonian treatment in NBODY7

Aarseth, 2012, MNRAS, 422, 841: 

ARCHAIN (Mikkola & Merritt 2008)  

PN-1, PN-2, PN-2.5, PN-3, PN-3.5 

PN orders activated sequentially 

BH spins (can be computationally expensive): 
maximal or zero spin for all BH 

GR coalescence based on BBH merger 
timescale

Potential improvement/alternative: 

Apply all PN terms at the same time 

e.g.,  

Brem et al., 2013, MNRAS 434, 2999  

3004 P. Brem, P. Amaro-Seoane and R. Spurzem

some tolerance for numerical errors. In this work, we have added
relativistic terms in the PN approximation, so that this is no longer
the case: (i) the dissipation, mainly by the 2.5 PN term, causes a
cumulative energy loss that has to be tracked and subtracted from
the total energy. On the other hand, (ii) even the non-dissipative
terms cause oscillations in the Newtonian energy, since only the
modified expression,

E = ENewt + E2.5PN,dis + E1PN + E2PN + E3PN + · · · (16)

is conserved at any given time. We thus calculate and subtract
the corrections up to 3 PN order from the total energy in order to
construct the conserved quantity E. In this way, we are able to verify
energy conservation in the same way as it is usually done in purely
Newtonian codes. This works well if the relativistic corrections
are small. However, when gPN/g ≈ 1 the error induced by PN
corrections will dominate and it becomes impossible to verify the
correct integration of the system. In order to avoid this, one could
decide an even larger distance threshold for merging two bodies
into one or a criterion based on the relative strength of the PN
corrections.

4 STELLAR-MASS BINA RY MERGERS
I N A C L U S T E R : SO U R C E S O F G W S F O R
G RO U N D - BA S E D D E T E C TO R S

It is well-established that most galaxies should harbour a massive
black hole in their centre, with a mass of some 106−9 M⊙ (see e.g.
Ferrarese et al. 2001; Kormendy & Gebhardt 2001; Ferrarese & Ford
2005). The densities observed may even exceed the core density of
globular clusters by a factor of 100, and hence achieve about 107–
108 M⊙ pc−3. Mass segregation creates a flow of compact objects
towards the centre of the system (Lee 1987; Miralda-Escudé &
Gould 2000; Khalisi, Amaro-Seoane & Spurzem 2007; Preto &
Amaro-Seoane 2010; Amaro-Seoane & Preto 2011) and may build
up a cluster which could reproduce the effect of a massive black
hole (MBH). Indeed, this has been used as an alternative to explain
phenomena related to cluster evolution, like G1 and M15 (Gebhardt,
Rich & Ho 2002; van der Marel et al. 2002; Baumgardt et al.
2003a,b; Banerjee & Kroupa 2011). Nonetheless, for a globular
cluster, compact objects such as stellar black holes are very likely
expulsed via three-body interactions (Phinney & Sigurdsson 1991;
Kulkarni, Hut & McMillan 1993; Sigurdsson & Hernquist 1993;
Portegies Zwart & McMillan 2000). Lee (1995) proved that for σ

! 300 km s−1, the merger induced by gravity loss in clusters with
two components is shorter than the required time-scale for a third
star to interact with a binary, so that clusters with higher velocity
dispersions will not run into that problem. In this section, we will
test the robustness of our code by running simulations of dense
stellar clusters with a very high velocity dispersion to trigger a large
number of relativistic coalescences.

4.1 Initial conditions

To run a stress test on our implementation, we will consider that the
clusters are represented by an isotropic Plummer sphere containing
N = 1000 stellar remnants of equal mass m. We use N-body units
and choose a scaling according to KAS06 to trigger a significant
amount of relativistic mergers to test the code. We set the central
velocity dispersion to σ cen ≈ 4300 km s−1, which is equivalent to
fixing the ratio

σcen

c
= 1

70
. (17)

Figure 8. Top panel: eccentricity evolution of one dynamically formed
binary. First it is driven by Newtonian perturbations until the eccentricity
reaches a critical value, from which the rapid circularization sets in. The
dashed line marks the point from which we integrated equation (7) shown
in the bottom panel. Middle panel: perturbing force relative to the binary
force. Strong changes in eccentricity are caused by strong Newtonian per-
turbations. Bottom panel: inspiral as recorded in the simulation, compared
to the analytical solution of equation (7) as the solid line.

In other words, the speed of light ‘in code units’ is c = 70. We
consider therefore a cluster of compact objects with the same mass,
spinning with a dimensionless spin parameter a and we consider
three different initial spin setups for the compact objects at the time
T = 0.

(i) Non-spinning (a = 0).
(ii) Maximally spinning in the z-direction (a = 1).
(iii) Random magnitude and orientation.

4.2 Demonstration of a typical binary merger

We demonstrate here the evolution of a relativistic binary that has
been formed dynamically within one of the non-spinning setups.
Since we want to compare the decay to the approximation given
by equation (7), only the dissipative 2.5 PN term has been in-
cluded. Fig. 8 shows the evolution of the orbital elements and the
Newtonian perturbation by third bodies relative to the binary force.
The eccentricity evolves due to Newtonian perturbation until it
reaches a critical value and the GW-driven inspiral sets in. From
this point, the solution of equation (7) is plotted for comparison. We
note that in all plotted data points, the PN terms have been switched
on and we thus confirm the robustness of our implementation under
the presence of strong Newtonian perturbations.

4.3 Runaway growth

Because our system consists of very relativistic objects, almost any
binary that forms and is regularized will undergo a quick merger due
to the loss of orbital energy and due to the dissipative 2.5 PN term.
Around the time of the core collapse, i.e. after some ∼15 Trlx(T = 0),
with Trlx(T = 0) the initial relaxation time of the cluster, a series of
mergers leads to the formation of one particular BH in the system
that rapidly grows in mass and becomes much more massive than
the other objects. Therefore, we say that the object runs away in
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Figure 4. Ejection velocities in km s−1 from the central BH binary for
Model BH7.

Figure 5. Semimajor axis as function of N-body time. Middle curve: actual
plot from Model BH12. Upper and lower curves: orbit-averaged solution
from Peters (1964) for two initial values of eccentricity, 0.9996 and 0.99965,
where only the four first significant figures are available. The plot is truncated
at 3 × 10−10 while the calculation extends to 1.5 × 10−11.

Figure 6. Maximum eccentricity as function of time for Model BH12. Note
the late increase of eccentricity due to Kozai cycles.

eccentricity in agreement with estimates of the time-scale (4). This is
by no means assured since it is known that the relativistic precession
acts to de-tune eccentricity growth. In this connection, a discussion
of the PN modification of the Hamiltonian is of interest (Miller
& Hamilton 2002). It turns out that the modified expression for
the maximum eccentricity still admits values above 0.999 for the
parameters of interest here (Aarseth 2007).

A summary of all the coalescence events is given in Table 1. A
total of 14 models have been investigated using the PN formulation.
However, a few were terminated prematurely because of technical
difficulties. Most of the other models were continued further, unless
the total BH mass was small. Although all the cases listed were
accepted as coalescence, some did not reach the actual end state
of equation (11) because one of the secondary criteria discussed
above was satisfied. For example, in the case of Model BH11, the
eccentricity was extremely large for a short time interval. Likewise,
for Model BH14 the high eccentricity and short time-scale would
ensure coalescence.

There have been many observational efforts to determine the
velocity dispersion as a function of radius, in particular related to the
quest for discovering an intermediate-mass BH in a globular cluster.
The velocity profiles of all luminous members in two models are
shown in Fig. 7 for illustration. Here the more evolved Model BH8
exhibits a larger central velocity, but both models are characterized
by a slight velocity decrease in the innermost region. This deficiency

Table 1. Summary of coalescence events. The
coalescence time in Myr is given in column 2,
followed by the corresponding semimajor axis,
eccentricity and combined mass in M⊙.

Model Tcoal a e m

BH8 300 2 × 10−11 0.00 35
BH11 184 2 × 10−11 0.9999 30
BH12 554 1 × 10−11 0.00 25
BH12 720 4 × 10−08 0.47 41
BH13 716 3 × 10−07 0.99 28
BH14 360 6 × 10−07 0.985 29
BH14 760 2 × 10−06 0.9997 14

Figure 7. Final velocity dispersion profiles as a function of central distance,
Model BH7 (upper curve) and BH8 (lower curve). The current density centre
is used as reference point and the respective times are 750 Myr and 1.1 Gyr.
BHs and neutron stars have been excluded but the small membership hardly
affects the outcome.

C⃝ 2012 The Author, MNRAS 422, 841–848
Monthly Notices of the Royal Astronomical Society C⃝ 2012 RAS
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• Based on He´non’s orbit-averaged Monte Carlo method

• Orbit-averaged but star-by-star approach

• Based on basic and reasonable assumptions: spherical symmetry and 
dynamical equilibrium

• NlogN operation - much faster than direct N-body summation.

• N~10^5 - 10^7 with parallel computing (~100 cores)

Monte Carlo simulations of stellar clusters 

Currently, two semi-public versions available:

Cluster Monte Carlo (CMC): Northwestern team
[Joshi, K. J., Rasio, F. A., & Portegies Zwart, S. 2000, ApJ, 540, 969]

MOCCA: Warsaw team
[Giersz, M., Heggie, D. C., Hurley, J. R., & Hypki, A. 2013, MNRAS, 431, 2184 ]



CMC
Assume:

• 2-Body Relaxation 
• Dynamical Equilibrium 
• Spherical Symmetry

Calculate new E and J

Generate r for each star’s E,J and�

2-body relaxation, get new ~v

Recompute �

Adjust E and J
O(N log(N))

Slide credit: Fred Rasio



Stellar evolution in NBODY: BSE
The stellar-evolution “engine” of Aarseth’s NBODY6/7 is a semi-analytic stellar evolution and 
population synthesis program [Fortran].

SSE: fast, recipe-based, semi-analytic evolution of single stars
Hurley, J. R., Pols, O. R., & Tout, C. A. 2000, MNRAS, 315, 543

BSE: SSE + binary-interaction physics (tidal circularization, mass transfer, common envelope; 
also semi-analytical approach)
Hurley, J. R., Tout, C. A., & Pols, O. R. 2002, MNRAS, 329, 897

BSE is adapted to NBODY and evolves stars and binaries in tandem with their dynamical 
integration.

Also available as a standalone program (see Jarrod Hurley’s website).

Customizable: new recipes can be added and hence into NBODY (but not so easy!)

Well known variants: MOBSE (Giacobbo, N., Mapelli, M., & Spera, M. 2018, MNRAS, 474, 2959),
the “new BSE” : Banerjee, S., et al,  A&A, arXiv:1902.07718

A parallel implementation: StarTrack (Belczynski, K., Kalogera, V., Rasio, F. A., et al. 2008, ApJS, 
174, 223)



*       SSE/BSE Stellar evolution types 
*       *********************** 
* 
*       --------------------------------------------------------------------- 
*      -1       Pre mainsequence. 
*       0       Low main sequence (M < 0.7). 
*       1       Main sequence. 
*       2       Hertzsprung gap (HG). 
*       3       Red giant. 
*       4       Core Helium burning. 
*       5       First AGB. 
*       6       Second AGB. 
*       7       Helium main sequence. 
*       8       Helium HG. 
*       9       Helium GB. 
*      10       Helium white dwarf. 
*      11       Carbon-Oxygen white dwarf. 
*      12       Oxygen-Neon white dwarf. 
*      13       Neutron star. 
*      14       Black hole. 
*      15       Massless supernova remnant. 
*       --------------------------------------------------------------------- 
* 
*       SSE/BSE Binary types 
*       ************ 
* 
*       --------------------------------------------------------------------- 
*       0       Standard case. 
*      -1       Chaotic (option 27 = 2). 
*      -2       Continuous circularizing (option 27 = 2). 
*       9       Sequential circularization (option 27 = 1). 
*      10       Circularized. 
*      11       First Roche stage (option 34 = 1/2). 
*      12       End of first Roche stage. 
*      13       Start of second Roche stage. 
*      xx       Further Roche stages. 
*       ---------------------------------------------------------------------
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Remnant (NS or BH)

Zero-age main sequence (ZAMS) star MZAMS & 8M�
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- stellar wind 

- supernova ejecta 
+ supernova fallback

Recipes are necessary for wind, supernova, and 
fallback on the top of an underlying mass-radius 
relation and parametrized structural evolution of 
single stars, as functions of mass and metallicity.

These recipes and structural evolutions are 
obtained from numerical stellar-evolutionary and 
supernova models or (semi-)empirically (e.g., the 
wind recipes).

Binary interaction (BSE) can modify the evolution 
at any stage.

Remnant mass would depend intricately on the 
entire stellar-evolutionary history!

- neutrino emission 



Change of wind recipes can strongly affect the remnant mass

1220 BELCZYNSKI ET AL. Vol. 714

Table 1
Characteristic Properties of Initial-remnant Mass Relationsa

Model Z WD/NSb NS/BH Mzams (M⊙): NS/BH W-R LBV Mremnant:
(2.0 M⊙) NS/BH (3.0 M⊙) Mbh,max

(2.5 M⊙) (M⊙)

Hurley Z⊙ 7.7 (8.3) 20.2 20.8 21.3 24.2 48.5 10.5
Hurley 0.3 Z⊙ 7.0 (7.7) 19.2 19.4 19.6 37.4 34.3 16.0
Hurley 0.01 Z⊙ 6.0 (6.8) 18.0 18.2 18.3 36.2 32.0 24.2
Vink Z⊙ 7.7 (8.3) 20.2 20.8 21.2 24.2 49.7 15.0
Vink 0.3 Z⊙ 7.0 (7.7) 19.0 19.2 19.4 33.8 33.9 28.3
Vink 0.01 Z⊙ 6.0 (6.8) 17.9 18.1 18.2 36.9c 32.0 79.1

Notes.
a Initial star mass (Mzams) is given for transition of WD to NS formation and NS to BH formation for three assumed maximum NS
masses Mns,max = 2.0, 2.5, 3.0 M⊙. Columns 7 & 8: minimum initial mass over which W-R star forms and over which LBV forms. In
the last column we list the maximum BH mass that is formed in a given model.
b Numbers in parentheses: initial star mass for transition from electron capture supernova NS to core collapse NS.
c W-R stars form only in the limited range of Mzams = 36.9–92.5 M⊙; for details see Section 3.1.

mass stars, the new wind prescription results in more massive
presupernova objects and heavier BHs. Although the details of
supernova calculations are still rather uncertain, relevant studies
(e.g., Fryer 1999) indicate that stars with very high initial masses
Mzams ! 100 M⊙ form BHs through direct collapse or at least
with significant fallback (i.e., most of presupernova mass ends
up in the BH). Therefore, the maximum mass of a BH, which is
the main subject of this study, will predominantly depend only
on (1) the employed stellar models and (2) the adopted set of
stellar winds, both which set presupernova mass.

3. RESULTS

3.1. Standard Prediction

Here we describe the predictions for the new adopted wind
mass loss rates and we compare them with the previously
employed prescription. The results for both new and old winds
are presented in Figure 1 and Table 1. In Figure 1, we present
the initial-remnant mass relation for three different metallicities;
Z = Z⊙ = 0.02; Z = 0.3, Z⊙ = 0.006; and Z = 0.01, Z⊙ =
0.0002. The initial-remnant mass relation shows the compact
object remnant mass (Mremnant: either NS or a BH) for a given
initial (Mzams: at zero age MS) star mass.

For high (Galaxy-like; Z = Z⊙ = 0.02) metallicity, NS
formation begins at Mzams = 7.7 M⊙ with low mass NSs
(Mns = 1.26 M⊙) formed through electron capture supernovae
(e.g., Podsiadlowski et al. 2004), while for higher initial masses
(over Mzams = 8.3 M⊙; see Table 1) NSs form through regular
core collapse. In a rather wide range 8 " Mzams " 18 M⊙ NSs
are formed with Mns = 1.36 M⊙, then for 18 " Mzams "
20 M⊙ NSs are formed with Mns = 1.86 M⊙. There is a
bimodal final FeNi core mass distribution due to the mode of
CO burning—convective or radiative—prior to core collapse
(Timmes et al. 1996). The latest results from the KEPLER code
do not show these same bimodal effect on the FeNi core mass,
so this effect may not be real (Zhang et al. 2008). The detailed
study of an alternative NS formation mass is underway (C. L.
Fryer et al. 2010, in preparation); we just note that the details of
NS formation do not play a crucial role in conclusions derived
in this study. For Mzams # 20 M⊙, fallback is expected to occur
and this rapidly increases the mass of the remnant. Depending
on the adopted limit for maximum NS mass (Mns,max), BH
formation starts at Mzams ∼ 20 M⊙ (Mns,max = 2.0 M⊙)
or at Mzams ∼ 21 M⊙ (Mns,max = 3.0 M⊙). Note that the

Figure 1. Initial-remnant mass relation for single stellar evolution for two
wind prescriptions: the previously used Hurley et al. winds (Section 2.1) and
newly adopted modified Vink et al. winds (imposed LBV winds at the level of
1.5 × 10−4 M⊙ yr−1; Section 2.2). Top panel: results for solar metallicity that
correspond to the stellar field populations in Galaxy. The predicted maximum
BH mass Mbh,max ∼ 15 M⊙ for new and ∼10 M⊙ for old winds is consistent
with the most massive stellar BHs observed in our Galaxy (e.g., in GRS
1915 Mbh = 14 ± 4 M⊙). Middle panel: results for moderate metallicity that
correspond to stellar populations in galaxy IC10 which hosts the most massive
known stellar BH (Mbh = 23–34 M⊙). Note that the predicted maximum BH
mass Mbh,max ∼ 30 M⊙ for new winds is consistent with the measurement in
IC10, while Mbh,max ∼ 15 M⊙ obtained for old winds appears to be significantly
too small. Bottom panel: results for very low metallicity that correspond to stellar
populations of Galactic globular clusters or metal-poor galaxies. The maximum
BH mass may reach Mbh,max ∼ 80 M⊙ or ∼25 M⊙ for the new and old wind
prescriptions, respectively. Note the change of vertical scale from panel to panel.
(A color version of this figure is available in the online journal.)

NS/BH transition is almost insensitive to the value adopted for
the maximum NS mass as the initial-remnant mass relation rises
very steeply for the relevant remnant masses (Mremnant # 2 M⊙).
The steepness of the relation is due to the increasing contribution
of fallback in the final mass of the remnant.

E.g., B10 wind vs old wind:
Belczynski, K., Bulik, T., Fryer, C. L., et al. 2010,  ApJ,  714, 1217 (B10)



…. the same goes for SN recipes

S. Banerjee et al.: BSE versus StarTrack: new ingredients and their astrophysical implications

Table 1. The formation and retention of stellar-remnant BHs in a Mcl(0) ⇡ 5.0⇥ 104 M� model cluster (Sec. 3) as a function of metallicity (column
1) and SN/remnant-formation scheme (column 2; Sec. 2.2; “+MB” implies the cluster model includes a population of massive primordial binaries
as described in Sec. 4). The columns 3, 4, 5, and 6 give the fraction, FBH,m, of the cluster’s initial stellar mass that is converted into BHs, the
fraction, fret,BH,m, of them that are retained in the cluster due to low-enough natal kicks, the fraction, FBH,n, of the cluster’s initial number of
stars that is converted into BHs, and the fraction, fret,BH,n, of them that are retained in the cluster, respectively. In this table, fret,BH,m and fret,BH,n
correspond to the standard, fallback-controlled natal kicks (Sec. 3.1) — Sec. 3.2 discusses how the retentions are a↵ected by alternative natal-
kick prescriptions, namely, the convection-asymmetry-driven kick results in nearly the same retention fractions, the collapse-asymmetry-driven
kick leads to all retention fractions ⇡ 1.0 and the neutrino-driven kick leads to all retention fractions ⇡ 0.0. Such BH retention fractions are
representatives of those in a typical young massive or an open cluster or a low-mass GC in the Milky Way or a local-group galaxy.

Metallicity Z Remnant scheme FBH,m/10�2 fret,BH,m FBH,n/10�3 fret,BH,n
0.0001 F12-rapid+B16-PPSN/PSN 6.130 0.771 1.833 0.656
0.0001 F12-rapid 6.562 0.786 1.844 0.658
0.0001 F12-delayed 6.973 0.601 2.580 0.353
0.0001 B08 7.493 0.835 2.055 0.682
0.002 F12-rapid+B16-PPSN/PSN 4.999 0.777 1.751 0.633
0.002 F12-rapid 5.018 0.777 1.751 0.633
0.002 F12-delayed 5.334 0.566 2.533 0.318
0.002 B08 5.604 0.808 1.938 0.675
0.02 F12-rapid 2.117 0.594 1.564 0.530
0.02 F12-delayed 1.944 0.185 2.055 0.074
0.02 B08 2.220 0.538 1.716 0.374
0.0001 F12-rapid+B16-PPSN/PSN (+MB) 6.152 0.793 1.167 0.700
0.0001 F12-rapid (+MB) 7.418 0.813 1.249 0.710
0.0001 F12-delayed (+MB) 7.563 0.736 1.447 0.564
0.0001 B08 (+MB) 7.992 0.881 1.296 0.793
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Fig. 1. Comparisons of the ZAMS mass-remnant mass relation between the upgraded BSE (Secs. 2.1 & 2.2) and StarTrack . The comparison
is done for the cases of B08, F12-delayed, and F12-rapid remnant-mass models and for the metallicities Z = 0.0002, 0.006, and 0.02, as indicated
in the legends. In all cases in this figure, PPSN/PSN is disabled. In all panels, the black, dashed line is the outcome from the new BSE and the
blue, solid line is the corresponding StarTrack result. The mass gap between NSs and BHs, that is characteristic of the F12-rapid remnant mass
model, is also indicated in the corresponding panels (the grey, horizontal lines at ⇡ 2.0M� and ⇡ 5.0M� in the F12-rapid panels).
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4.1. StarTrack

Here we present a brief description of the computation of
compact object masses in the StarTrack population synthesis
code (for the full description see Belczynski et al. 2008, 2010a).

We determine the mass of a NS/BH remnant using informa-
tion on the final CO mass MCO combined with the knowledge of
the pre-supernova mass of the star M. For a given initial ZAMS
mass, the final CO core mass is obtained from the original Hur-
ley et al. (2000) formula, while we use the models of Timmes
et al. (1996) with the addition of Si shell mass to estimate final
FeNi core mass (which we here refer to as proto-compact object
mass). The proto-compact object mass is obtained from

⎧
⎪⎨

⎪⎩

Mproto = 1.50 M⊙ MCO < 4.82 M⊙
Mproto = 2.11 M⊙ 4.82 ! MCO < 6.31 M⊙
Mproto = 0.69MCO − 2.26 M⊙ 6.31 ! MCO < 6.75 M⊙
Mproto = 0.37MCO − 0.07 M⊙ MCO " 6.75 M⊙.

(10)

The fallback of material after the launch of the explosions adds
mass to the remnant. To calculate the amount of fallback, Mfb,
for a given core mass, MCO, we employ

{
Mfb = 0 M⊙ MCO < 5.0 M⊙
ffb = 0.378MCO − 1.889 M⊙ 5.0 ! MCO < 7.6 M⊙
ffb = 1.0 MCO " 7.6 M⊙

(11)

with Mfb = ffb(M − Mproto) in the mass range for which the
fractional fallback ffb is given.12

The final remnant (baryonic) mass is calculated from

Mrem,bar = Mproto + Mfb, (12)

and we convert baryonic to gravitational mass (Mrem) using

Mrem,bar − Mrem = 0.075 M2
rem (13)

for NSs (Lattimer & Yahil 1989; see also Timmes et al. 1996),
while for BHs we simply approximate the gravitational mass
with

Mrem = 0.9 Mrem,bar. (14)

4.2. Rapid Supernova Mechanism

To calculate the final mass of a compact object we need to
know the mass of a star, M, and its CO core mass, MCO, at
the time of core-collapse/supernova explosion. For the rapid
explosion mechanism, the explosion either occurs quickly or
not at all. We set the proto-compact object mass

Mproto = 1.0 M⊙, (15)

independent of exploding star mass according to hydrodynami-
cal simulations of supernova explosions (Woosley et al. 2002).
Depending on the amount of mass above the proto-compact ob-
ject (M − Mproto) and the strength of the explosion, potential

12 The formula for the fallback presented here is somewhat different than in
Belczynski et al. (2008), however it results in very similar fallback values. The
ranges for partial fallback (0 < ffb < 1) and direct BH formation (ffb = 1) are
estimated from core-collapse models of Fryer et al. (1999b) and the analysis of
Fryer & Kalogera (2001).

fallback may increase the mass of the compact object. We cal-
culate the amount of fallback, Mfb, for a given core mass, MCO:

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

Mfb = 0.2 M⊙ MCO < 2.5 M⊙
Mfb = 0.286MCO − 0.514 M⊙ 2.5 M⊙ ! MCO < 6.0 M⊙
ffb = 1.0 6.0 M⊙ ! MCO < 7.0 M⊙
ffb = a1MCO + b1 7.0 M⊙ ! MCO < 11.0 M⊙
ffb = 1.0 MCO " 11.0 M⊙

(16)

with a1 = 0.25 − (1.275/M − Mproto), b1 = −11a1 + 1, and
Mfb = ffb(M −Mproto) in the mass range for which ffb is given.

The final baryonic mass of the remnant is then

Mrem,bar = Mproto + Mfb (17)

and the gravitational mass of the remnant is obtained from
Equations (13) and (14).

4.3. Delayed Supernova Mechanism

The calculation of the final mass of a compact object for
the delayed mechanism is similar to the rapid supernova case
detailed above. The formulae are based on the delayed supernova
calculations discussed in Sections 3.2 and 3.3. Again, for binary
population synthesis, we use the CO core mass employed in
most population synthesis calculations. First, we calculate the
proto-compact object mass

⎧
⎪⎨

⎪⎩

Mproto = 1.2 M⊙ MCO < 3.5 M⊙
Mproto = 1.3 M⊙ 3.5 M⊙ ! MCO < 6.0 M⊙
Mproto = 1.4 M⊙ 6.0 M⊙ ! MCO < 11.0 M⊙
Mproto = 1.6 M⊙ MCO " 11.0 M⊙.

(18)

This assumes that the delay increases for more massive cores,
causing more material to accrete onto the proto-NS during the
explosion.

The amount of fallback is given by
⎧
⎪⎨

⎪⎩

Mfb = 0.2 M⊙ MCO < 2.5 M⊙
Mfb = 0.5MCO − 1.05 M⊙ 2.5 M⊙ ! MCO < 3.5 M⊙
ffb = a2MCO + b2 3.5 M⊙ ! MCO < 11.0 M⊙
ffb = 1.0 MCO " 11.0 M⊙

(19)

with a2 = 0.133 − (0.093/M − Mproto), b2 = −11a2 + 1, and
Mfb = ffb(M −Mproto) in the mass range for which ffb is given.

The final baryonic mass of the remnant is then

Mrem,bar = Mproto + Mfb, (20)

and the gravitational mass of the remnant is obtained from
Equations (13) and (14).

4.4. Electron-capture Supernovae

In our calculations for the masses of compact objects, as
detailed above, we allow for NS formation through ECS
(e.g., Podsiadlowski et al. 2004), following the approach in
Belczynski et al. (2008). From Hurley et al. (2000), we use the
He core mass at the asymptotic giant branch base to set the
limit for the formation of various CO cores. If the He core mass
is smaller than Mcbur1, the star forms a degenerate CO core,
and ends up forming a CO WD. If the core is more massive
than Mcbur2 = 2.25 M⊙, the star forms a non-degenerate CO
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4.1. StarTrack

Here we present a brief description of the computation of
compact object masses in the StarTrack population synthesis
code (for the full description see Belczynski et al. 2008, 2010a).

We determine the mass of a NS/BH remnant using informa-
tion on the final CO mass MCO combined with the knowledge of
the pre-supernova mass of the star M. For a given initial ZAMS
mass, the final CO core mass is obtained from the original Hur-
ley et al. (2000) formula, while we use the models of Timmes
et al. (1996) with the addition of Si shell mass to estimate final
FeNi core mass (which we here refer to as proto-compact object
mass). The proto-compact object mass is obtained from

⎧
⎪⎨

⎪⎩

Mproto = 1.50 M⊙ MCO < 4.82 M⊙
Mproto = 2.11 M⊙ 4.82 ! MCO < 6.31 M⊙
Mproto = 0.69MCO − 2.26 M⊙ 6.31 ! MCO < 6.75 M⊙
Mproto = 0.37MCO − 0.07 M⊙ MCO " 6.75 M⊙.

(10)

The fallback of material after the launch of the explosions adds
mass to the remnant. To calculate the amount of fallback, Mfb,
for a given core mass, MCO, we employ

{
Mfb = 0 M⊙ MCO < 5.0 M⊙
ffb = 0.378MCO − 1.889 M⊙ 5.0 ! MCO < 7.6 M⊙
ffb = 1.0 MCO " 7.6 M⊙

(11)

with Mfb = ffb(M − Mproto) in the mass range for which the
fractional fallback ffb is given.12

The final remnant (baryonic) mass is calculated from

Mrem,bar = Mproto + Mfb, (12)

and we convert baryonic to gravitational mass (Mrem) using

Mrem,bar − Mrem = 0.075 M2
rem (13)

for NSs (Lattimer & Yahil 1989; see also Timmes et al. 1996),
while for BHs we simply approximate the gravitational mass
with

Mrem = 0.9 Mrem,bar. (14)

4.2. Rapid Supernova Mechanism

To calculate the final mass of a compact object we need to
know the mass of a star, M, and its CO core mass, MCO, at
the time of core-collapse/supernova explosion. For the rapid
explosion mechanism, the explosion either occurs quickly or
not at all. We set the proto-compact object mass

Mproto = 1.0 M⊙, (15)

independent of exploding star mass according to hydrodynami-
cal simulations of supernova explosions (Woosley et al. 2002).
Depending on the amount of mass above the proto-compact ob-
ject (M − Mproto) and the strength of the explosion, potential

12 The formula for the fallback presented here is somewhat different than in
Belczynski et al. (2008), however it results in very similar fallback values. The
ranges for partial fallback (0 < ffb < 1) and direct BH formation (ffb = 1) are
estimated from core-collapse models of Fryer et al. (1999b) and the analysis of
Fryer & Kalogera (2001).

fallback may increase the mass of the compact object. We cal-
culate the amount of fallback, Mfb, for a given core mass, MCO:

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

Mfb = 0.2 M⊙ MCO < 2.5 M⊙
Mfb = 0.286MCO − 0.514 M⊙ 2.5 M⊙ ! MCO < 6.0 M⊙
ffb = 1.0 6.0 M⊙ ! MCO < 7.0 M⊙
ffb = a1MCO + b1 7.0 M⊙ ! MCO < 11.0 M⊙
ffb = 1.0 MCO " 11.0 M⊙

(16)

with a1 = 0.25 − (1.275/M − Mproto), b1 = −11a1 + 1, and
Mfb = ffb(M −Mproto) in the mass range for which ffb is given.

The final baryonic mass of the remnant is then

Mrem,bar = Mproto + Mfb (17)

and the gravitational mass of the remnant is obtained from
Equations (13) and (14).

4.3. Delayed Supernova Mechanism

The calculation of the final mass of a compact object for
the delayed mechanism is similar to the rapid supernova case
detailed above. The formulae are based on the delayed supernova
calculations discussed in Sections 3.2 and 3.3. Again, for binary
population synthesis, we use the CO core mass employed in
most population synthesis calculations. First, we calculate the
proto-compact object mass

⎧
⎪⎨

⎪⎩

Mproto = 1.2 M⊙ MCO < 3.5 M⊙
Mproto = 1.3 M⊙ 3.5 M⊙ ! MCO < 6.0 M⊙
Mproto = 1.4 M⊙ 6.0 M⊙ ! MCO < 11.0 M⊙
Mproto = 1.6 M⊙ MCO " 11.0 M⊙.

(18)

This assumes that the delay increases for more massive cores,
causing more material to accrete onto the proto-NS during the
explosion.

The amount of fallback is given by
⎧
⎪⎨

⎪⎩

Mfb = 0.2 M⊙ MCO < 2.5 M⊙
Mfb = 0.5MCO − 1.05 M⊙ 2.5 M⊙ ! MCO < 3.5 M⊙
ffb = a2MCO + b2 3.5 M⊙ ! MCO < 11.0 M⊙
ffb = 1.0 MCO " 11.0 M⊙

(19)

with a2 = 0.133 − (0.093/M − Mproto), b2 = −11a2 + 1, and
Mfb = ffb(M −Mproto) in the mass range for which ffb is given.

The final baryonic mass of the remnant is then

Mrem,bar = Mproto + Mfb, (20)

and the gravitational mass of the remnant is obtained from
Equations (13) and (14).

4.4. Electron-capture Supernovae

In our calculations for the masses of compact objects, as
detailed above, we allow for NS formation through ECS
(e.g., Podsiadlowski et al. 2004), following the approach in
Belczynski et al. (2008). From Hurley et al. (2000), we use the
He core mass at the asymptotic giant branch base to set the
limit for the formation of various CO cores. If the He core mass
is smaller than Mcbur1, the star forms a degenerate CO core,
and ends up forming a CO WD. If the core is more massive
than Mcbur2 = 2.25 M⊙, the star forms a non-degenerate CO
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4.1. StarTrack

Here we present a brief description of the computation of
compact object masses in the StarTrack population synthesis
code (for the full description see Belczynski et al. 2008, 2010a).

We determine the mass of a NS/BH remnant using informa-
tion on the final CO mass MCO combined with the knowledge of
the pre-supernova mass of the star M. For a given initial ZAMS
mass, the final CO core mass is obtained from the original Hur-
ley et al. (2000) formula, while we use the models of Timmes
et al. (1996) with the addition of Si shell mass to estimate final
FeNi core mass (which we here refer to as proto-compact object
mass). The proto-compact object mass is obtained from

⎧
⎪⎨

⎪⎩

Mproto = 1.50 M⊙ MCO < 4.82 M⊙
Mproto = 2.11 M⊙ 4.82 ! MCO < 6.31 M⊙
Mproto = 0.69MCO − 2.26 M⊙ 6.31 ! MCO < 6.75 M⊙
Mproto = 0.37MCO − 0.07 M⊙ MCO " 6.75 M⊙.

(10)

The fallback of material after the launch of the explosions adds
mass to the remnant. To calculate the amount of fallback, Mfb,
for a given core mass, MCO, we employ

{
Mfb = 0 M⊙ MCO < 5.0 M⊙
ffb = 0.378MCO − 1.889 M⊙ 5.0 ! MCO < 7.6 M⊙
ffb = 1.0 MCO " 7.6 M⊙

(11)

with Mfb = ffb(M − Mproto) in the mass range for which the
fractional fallback ffb is given.12

The final remnant (baryonic) mass is calculated from

Mrem,bar = Mproto + Mfb, (12)

and we convert baryonic to gravitational mass (Mrem) using

Mrem,bar − Mrem = 0.075 M2
rem (13)

for NSs (Lattimer & Yahil 1989; see also Timmes et al. 1996),
while for BHs we simply approximate the gravitational mass
with

Mrem = 0.9 Mrem,bar. (14)

4.2. Rapid Supernova Mechanism

To calculate the final mass of a compact object we need to
know the mass of a star, M, and its CO core mass, MCO, at
the time of core-collapse/supernova explosion. For the rapid
explosion mechanism, the explosion either occurs quickly or
not at all. We set the proto-compact object mass

Mproto = 1.0 M⊙, (15)

independent of exploding star mass according to hydrodynami-
cal simulations of supernova explosions (Woosley et al. 2002).
Depending on the amount of mass above the proto-compact ob-
ject (M − Mproto) and the strength of the explosion, potential

12 The formula for the fallback presented here is somewhat different than in
Belczynski et al. (2008), however it results in very similar fallback values. The
ranges for partial fallback (0 < ffb < 1) and direct BH formation (ffb = 1) are
estimated from core-collapse models of Fryer et al. (1999b) and the analysis of
Fryer & Kalogera (2001).

fallback may increase the mass of the compact object. We cal-
culate the amount of fallback, Mfb, for a given core mass, MCO:

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

Mfb = 0.2 M⊙ MCO < 2.5 M⊙
Mfb = 0.286MCO − 0.514 M⊙ 2.5 M⊙ ! MCO < 6.0 M⊙
ffb = 1.0 6.0 M⊙ ! MCO < 7.0 M⊙
ffb = a1MCO + b1 7.0 M⊙ ! MCO < 11.0 M⊙
ffb = 1.0 MCO " 11.0 M⊙

(16)

with a1 = 0.25 − (1.275/M − Mproto), b1 = −11a1 + 1, and
Mfb = ffb(M −Mproto) in the mass range for which ffb is given.

The final baryonic mass of the remnant is then

Mrem,bar = Mproto + Mfb (17)

and the gravitational mass of the remnant is obtained from
Equations (13) and (14).

4.3. Delayed Supernova Mechanism

The calculation of the final mass of a compact object for
the delayed mechanism is similar to the rapid supernova case
detailed above. The formulae are based on the delayed supernova
calculations discussed in Sections 3.2 and 3.3. Again, for binary
population synthesis, we use the CO core mass employed in
most population synthesis calculations. First, we calculate the
proto-compact object mass

⎧
⎪⎨

⎪⎩

Mproto = 1.2 M⊙ MCO < 3.5 M⊙
Mproto = 1.3 M⊙ 3.5 M⊙ ! MCO < 6.0 M⊙
Mproto = 1.4 M⊙ 6.0 M⊙ ! MCO < 11.0 M⊙
Mproto = 1.6 M⊙ MCO " 11.0 M⊙.

(18)

This assumes that the delay increases for more massive cores,
causing more material to accrete onto the proto-NS during the
explosion.

The amount of fallback is given by
⎧
⎪⎨

⎪⎩

Mfb = 0.2 M⊙ MCO < 2.5 M⊙
Mfb = 0.5MCO − 1.05 M⊙ 2.5 M⊙ ! MCO < 3.5 M⊙
ffb = a2MCO + b2 3.5 M⊙ ! MCO < 11.0 M⊙
ffb = 1.0 MCO " 11.0 M⊙

(19)

with a2 = 0.133 − (0.093/M − Mproto), b2 = −11a2 + 1, and
Mfb = ffb(M −Mproto) in the mass range for which ffb is given.

The final baryonic mass of the remnant is then

Mrem,bar = Mproto + Mfb, (20)

and the gravitational mass of the remnant is obtained from
Equations (13) and (14).

4.4. Electron-capture Supernovae

In our calculations for the masses of compact objects, as
detailed above, we allow for NS formation through ECS
(e.g., Podsiadlowski et al. 2004), following the approach in
Belczynski et al. (2008). From Hurley et al. (2000), we use the
He core mass at the asymptotic giant branch base to set the
limit for the formation of various CO cores. If the He core mass
is smaller than Mcbur1, the star forms a degenerate CO core,
and ends up forming a CO WD. If the core is more massive
than Mcbur2 = 2.25 M⊙, the star forms a non-degenerate CO
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4.1. StarTrack

Here we present a brief description of the computation of
compact object masses in the StarTrack population synthesis
code (for the full description see Belczynski et al. 2008, 2010a).

We determine the mass of a NS/BH remnant using informa-
tion on the final CO mass MCO combined with the knowledge of
the pre-supernova mass of the star M. For a given initial ZAMS
mass, the final CO core mass is obtained from the original Hur-
ley et al. (2000) formula, while we use the models of Timmes
et al. (1996) with the addition of Si shell mass to estimate final
FeNi core mass (which we here refer to as proto-compact object
mass). The proto-compact object mass is obtained from

⎧
⎪⎨

⎪⎩

Mproto = 1.50 M⊙ MCO < 4.82 M⊙
Mproto = 2.11 M⊙ 4.82 ! MCO < 6.31 M⊙
Mproto = 0.69MCO − 2.26 M⊙ 6.31 ! MCO < 6.75 M⊙
Mproto = 0.37MCO − 0.07 M⊙ MCO " 6.75 M⊙.

(10)

The fallback of material after the launch of the explosions adds
mass to the remnant. To calculate the amount of fallback, Mfb,
for a given core mass, MCO, we employ

{
Mfb = 0 M⊙ MCO < 5.0 M⊙
ffb = 0.378MCO − 1.889 M⊙ 5.0 ! MCO < 7.6 M⊙
ffb = 1.0 MCO " 7.6 M⊙

(11)

with Mfb = ffb(M − Mproto) in the mass range for which the
fractional fallback ffb is given.12

The final remnant (baryonic) mass is calculated from

Mrem,bar = Mproto + Mfb, (12)

and we convert baryonic to gravitational mass (Mrem) using

Mrem,bar − Mrem = 0.075 M2
rem (13)

for NSs (Lattimer & Yahil 1989; see also Timmes et al. 1996),
while for BHs we simply approximate the gravitational mass
with

Mrem = 0.9 Mrem,bar. (14)

4.2. Rapid Supernova Mechanism

To calculate the final mass of a compact object we need to
know the mass of a star, M, and its CO core mass, MCO, at
the time of core-collapse/supernova explosion. For the rapid
explosion mechanism, the explosion either occurs quickly or
not at all. We set the proto-compact object mass

Mproto = 1.0 M⊙, (15)

independent of exploding star mass according to hydrodynami-
cal simulations of supernova explosions (Woosley et al. 2002).
Depending on the amount of mass above the proto-compact ob-
ject (M − Mproto) and the strength of the explosion, potential

12 The formula for the fallback presented here is somewhat different than in
Belczynski et al. (2008), however it results in very similar fallback values. The
ranges for partial fallback (0 < ffb < 1) and direct BH formation (ffb = 1) are
estimated from core-collapse models of Fryer et al. (1999b) and the analysis of
Fryer & Kalogera (2001).

fallback may increase the mass of the compact object. We cal-
culate the amount of fallback, Mfb, for a given core mass, MCO:

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

Mfb = 0.2 M⊙ MCO < 2.5 M⊙
Mfb = 0.286MCO − 0.514 M⊙ 2.5 M⊙ ! MCO < 6.0 M⊙
ffb = 1.0 6.0 M⊙ ! MCO < 7.0 M⊙
ffb = a1MCO + b1 7.0 M⊙ ! MCO < 11.0 M⊙
ffb = 1.0 MCO " 11.0 M⊙

(16)

with a1 = 0.25 − (1.275/M − Mproto), b1 = −11a1 + 1, and
Mfb = ffb(M −Mproto) in the mass range for which ffb is given.

The final baryonic mass of the remnant is then

Mrem,bar = Mproto + Mfb (17)

and the gravitational mass of the remnant is obtained from
Equations (13) and (14).

4.3. Delayed Supernova Mechanism

The calculation of the final mass of a compact object for
the delayed mechanism is similar to the rapid supernova case
detailed above. The formulae are based on the delayed supernova
calculations discussed in Sections 3.2 and 3.3. Again, for binary
population synthesis, we use the CO core mass employed in
most population synthesis calculations. First, we calculate the
proto-compact object mass

⎧
⎪⎨

⎪⎩

Mproto = 1.2 M⊙ MCO < 3.5 M⊙
Mproto = 1.3 M⊙ 3.5 M⊙ ! MCO < 6.0 M⊙
Mproto = 1.4 M⊙ 6.0 M⊙ ! MCO < 11.0 M⊙
Mproto = 1.6 M⊙ MCO " 11.0 M⊙.

(18)

This assumes that the delay increases for more massive cores,
causing more material to accrete onto the proto-NS during the
explosion.

The amount of fallback is given by
⎧
⎪⎨

⎪⎩

Mfb = 0.2 M⊙ MCO < 2.5 M⊙
Mfb = 0.5MCO − 1.05 M⊙ 2.5 M⊙ ! MCO < 3.5 M⊙
ffb = a2MCO + b2 3.5 M⊙ ! MCO < 11.0 M⊙
ffb = 1.0 MCO " 11.0 M⊙

(19)

with a2 = 0.133 − (0.093/M − Mproto), b2 = −11a2 + 1, and
Mfb = ffb(M −Mproto) in the mass range for which ffb is given.

The final baryonic mass of the remnant is then

Mrem,bar = Mproto + Mfb, (20)

and the gravitational mass of the remnant is obtained from
Equations (13) and (14).

4.4. Electron-capture Supernovae

In our calculations for the masses of compact objects, as
detailed above, we allow for NS formation through ECS
(e.g., Podsiadlowski et al. 2004), following the approach in
Belczynski et al. (2008). From Hurley et al. (2000), we use the
He core mass at the asymptotic giant branch base to set the
limit for the formation of various CO cores. If the He core mass
is smaller than Mcbur1, the star forms a degenerate CO core,
and ends up forming a CO WD. If the core is more massive
than Mcbur2 = 2.25 M⊙, the star forms a non-degenerate CO

10

F12-rapid model: Fryer, C. L., Belczynski, K., Wiktorowicz, G., et al. 2012, ApJ, 749, 91 (F12)

F12-delayed model: Fryer, C. L., Belczynski, K., Wiktorowicz, G., et al. 2012, ApJ, 749, 91 (F12)

The Astrophysical Journal, 749:91 (14pp), 2012 April 10 Fryer et al.

4.1. StarTrack

Here we present a brief description of the computation of
compact object masses in the StarTrack population synthesis
code (for the full description see Belczynski et al. 2008, 2010a).

We determine the mass of a NS/BH remnant using informa-
tion on the final CO mass MCO combined with the knowledge of
the pre-supernova mass of the star M. For a given initial ZAMS
mass, the final CO core mass is obtained from the original Hur-
ley et al. (2000) formula, while we use the models of Timmes
et al. (1996) with the addition of Si shell mass to estimate final
FeNi core mass (which we here refer to as proto-compact object
mass). The proto-compact object mass is obtained from

⎧
⎪⎨

⎪⎩

Mproto = 1.50 M⊙ MCO < 4.82 M⊙
Mproto = 2.11 M⊙ 4.82 ! MCO < 6.31 M⊙
Mproto = 0.69MCO − 2.26 M⊙ 6.31 ! MCO < 6.75 M⊙
Mproto = 0.37MCO − 0.07 M⊙ MCO " 6.75 M⊙.

(10)

The fallback of material after the launch of the explosions adds
mass to the remnant. To calculate the amount of fallback, Mfb,
for a given core mass, MCO, we employ

{
Mfb = 0 M⊙ MCO < 5.0 M⊙
ffb = 0.378MCO − 1.889 M⊙ 5.0 ! MCO < 7.6 M⊙
ffb = 1.0 MCO " 7.6 M⊙

(11)

with Mfb = ffb(M − Mproto) in the mass range for which the
fractional fallback ffb is given.12

The final remnant (baryonic) mass is calculated from

Mrem,bar = Mproto + Mfb, (12)

and we convert baryonic to gravitational mass (Mrem) using

Mrem,bar − Mrem = 0.075 M2
rem (13)

for NSs (Lattimer & Yahil 1989; see also Timmes et al. 1996),
while for BHs we simply approximate the gravitational mass
with

Mrem = 0.9 Mrem,bar. (14)

4.2. Rapid Supernova Mechanism

To calculate the final mass of a compact object we need to
know the mass of a star, M, and its CO core mass, MCO, at
the time of core-collapse/supernova explosion. For the rapid
explosion mechanism, the explosion either occurs quickly or
not at all. We set the proto-compact object mass

Mproto = 1.0 M⊙, (15)

independent of exploding star mass according to hydrodynami-
cal simulations of supernova explosions (Woosley et al. 2002).
Depending on the amount of mass above the proto-compact ob-
ject (M − Mproto) and the strength of the explosion, potential

12 The formula for the fallback presented here is somewhat different than in
Belczynski et al. (2008), however it results in very similar fallback values. The
ranges for partial fallback (0 < ffb < 1) and direct BH formation (ffb = 1) are
estimated from core-collapse models of Fryer et al. (1999b) and the analysis of
Fryer & Kalogera (2001).

fallback may increase the mass of the compact object. We cal-
culate the amount of fallback, Mfb, for a given core mass, MCO:

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

Mfb = 0.2 M⊙ MCO < 2.5 M⊙
Mfb = 0.286MCO − 0.514 M⊙ 2.5 M⊙ ! MCO < 6.0 M⊙
ffb = 1.0 6.0 M⊙ ! MCO < 7.0 M⊙
ffb = a1MCO + b1 7.0 M⊙ ! MCO < 11.0 M⊙
ffb = 1.0 MCO " 11.0 M⊙

(16)

with a1 = 0.25 − (1.275/M − Mproto), b1 = −11a1 + 1, and
Mfb = ffb(M −Mproto) in the mass range for which ffb is given.

The final baryonic mass of the remnant is then

Mrem,bar = Mproto + Mfb (17)

and the gravitational mass of the remnant is obtained from
Equations (13) and (14).

4.3. Delayed Supernova Mechanism

The calculation of the final mass of a compact object for
the delayed mechanism is similar to the rapid supernova case
detailed above. The formulae are based on the delayed supernova
calculations discussed in Sections 3.2 and 3.3. Again, for binary
population synthesis, we use the CO core mass employed in
most population synthesis calculations. First, we calculate the
proto-compact object mass

⎧
⎪⎨

⎪⎩

Mproto = 1.2 M⊙ MCO < 3.5 M⊙
Mproto = 1.3 M⊙ 3.5 M⊙ ! MCO < 6.0 M⊙
Mproto = 1.4 M⊙ 6.0 M⊙ ! MCO < 11.0 M⊙
Mproto = 1.6 M⊙ MCO " 11.0 M⊙.

(18)

This assumes that the delay increases for more massive cores,
causing more material to accrete onto the proto-NS during the
explosion.

The amount of fallback is given by
⎧
⎪⎨

⎪⎩

Mfb = 0.2 M⊙ MCO < 2.5 M⊙
Mfb = 0.5MCO − 1.05 M⊙ 2.5 M⊙ ! MCO < 3.5 M⊙
ffb = a2MCO + b2 3.5 M⊙ ! MCO < 11.0 M⊙
ffb = 1.0 MCO " 11.0 M⊙

(19)

with a2 = 0.133 − (0.093/M − Mproto), b2 = −11a2 + 1, and
Mfb = ffb(M −Mproto) in the mass range for which ffb is given.

The final baryonic mass of the remnant is then

Mrem,bar = Mproto + Mfb, (20)

and the gravitational mass of the remnant is obtained from
Equations (13) and (14).

4.4. Electron-capture Supernovae

In our calculations for the masses of compact objects, as
detailed above, we allow for NS formation through ECS
(e.g., Podsiadlowski et al. 2004), following the approach in
Belczynski et al. (2008). From Hurley et al. (2000), we use the
He core mass at the asymptotic giant branch base to set the
limit for the formation of various CO cores. If the He core mass
is smaller than Mcbur1, the star forms a degenerate CO core,
and ends up forming a CO WD. If the core is more massive
than Mcbur2 = 2.25 M⊙, the star forms a non-degenerate CO
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4.1. StarTrack

Here we present a brief description of the computation of
compact object masses in the StarTrack population synthesis
code (for the full description see Belczynski et al. 2008, 2010a).

We determine the mass of a NS/BH remnant using informa-
tion on the final CO mass MCO combined with the knowledge of
the pre-supernova mass of the star M. For a given initial ZAMS
mass, the final CO core mass is obtained from the original Hur-
ley et al. (2000) formula, while we use the models of Timmes
et al. (1996) with the addition of Si shell mass to estimate final
FeNi core mass (which we here refer to as proto-compact object
mass). The proto-compact object mass is obtained from

⎧
⎪⎨

⎪⎩

Mproto = 1.50 M⊙ MCO < 4.82 M⊙
Mproto = 2.11 M⊙ 4.82 ! MCO < 6.31 M⊙
Mproto = 0.69MCO − 2.26 M⊙ 6.31 ! MCO < 6.75 M⊙
Mproto = 0.37MCO − 0.07 M⊙ MCO " 6.75 M⊙.

(10)

The fallback of material after the launch of the explosions adds
mass to the remnant. To calculate the amount of fallback, Mfb,
for a given core mass, MCO, we employ

{
Mfb = 0 M⊙ MCO < 5.0 M⊙
ffb = 0.378MCO − 1.889 M⊙ 5.0 ! MCO < 7.6 M⊙
ffb = 1.0 MCO " 7.6 M⊙

(11)

with Mfb = ffb(M − Mproto) in the mass range for which the
fractional fallback ffb is given.12

The final remnant (baryonic) mass is calculated from

Mrem,bar = Mproto + Mfb, (12)

and we convert baryonic to gravitational mass (Mrem) using

Mrem,bar − Mrem = 0.075 M2
rem (13)

for NSs (Lattimer & Yahil 1989; see also Timmes et al. 1996),
while for BHs we simply approximate the gravitational mass
with

Mrem = 0.9 Mrem,bar. (14)

4.2. Rapid Supernova Mechanism

To calculate the final mass of a compact object we need to
know the mass of a star, M, and its CO core mass, MCO, at
the time of core-collapse/supernova explosion. For the rapid
explosion mechanism, the explosion either occurs quickly or
not at all. We set the proto-compact object mass

Mproto = 1.0 M⊙, (15)

independent of exploding star mass according to hydrodynami-
cal simulations of supernova explosions (Woosley et al. 2002).
Depending on the amount of mass above the proto-compact ob-
ject (M − Mproto) and the strength of the explosion, potential

12 The formula for the fallback presented here is somewhat different than in
Belczynski et al. (2008), however it results in very similar fallback values. The
ranges for partial fallback (0 < ffb < 1) and direct BH formation (ffb = 1) are
estimated from core-collapse models of Fryer et al. (1999b) and the analysis of
Fryer & Kalogera (2001).

fallback may increase the mass of the compact object. We cal-
culate the amount of fallback, Mfb, for a given core mass, MCO:

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩
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ffb = 1.0 6.0 M⊙ ! MCO < 7.0 M⊙
ffb = a1MCO + b1 7.0 M⊙ ! MCO < 11.0 M⊙
ffb = 1.0 MCO " 11.0 M⊙

(16)

with a1 = 0.25 − (1.275/M − Mproto), b1 = −11a1 + 1, and
Mfb = ffb(M −Mproto) in the mass range for which ffb is given.

The final baryonic mass of the remnant is then

Mrem,bar = Mproto + Mfb (17)

and the gravitational mass of the remnant is obtained from
Equations (13) and (14).

4.3. Delayed Supernova Mechanism

The calculation of the final mass of a compact object for
the delayed mechanism is similar to the rapid supernova case
detailed above. The formulae are based on the delayed supernova
calculations discussed in Sections 3.2 and 3.3. Again, for binary
population synthesis, we use the CO core mass employed in
most population synthesis calculations. First, we calculate the
proto-compact object mass

⎧
⎪⎨

⎪⎩
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Mproto = 1.4 M⊙ 6.0 M⊙ ! MCO < 11.0 M⊙
Mproto = 1.6 M⊙ MCO " 11.0 M⊙.

(18)

This assumes that the delay increases for more massive cores,
causing more material to accrete onto the proto-NS during the
explosion.

The amount of fallback is given by
⎧
⎪⎨

⎪⎩

Mfb = 0.2 M⊙ MCO < 2.5 M⊙
Mfb = 0.5MCO − 1.05 M⊙ 2.5 M⊙ ! MCO < 3.5 M⊙
ffb = a2MCO + b2 3.5 M⊙ ! MCO < 11.0 M⊙
ffb = 1.0 MCO " 11.0 M⊙

(19)

with a2 = 0.133 − (0.093/M − Mproto), b2 = −11a2 + 1, and
Mfb = ffb(M −Mproto) in the mass range for which ffb is given.

The final baryonic mass of the remnant is then

Mrem,bar = Mproto + Mfb, (20)

and the gravitational mass of the remnant is obtained from
Equations (13) and (14).

4.4. Electron-capture Supernovae

In our calculations for the masses of compact objects, as
detailed above, we allow for NS formation through ECS
(e.g., Podsiadlowski et al. 2004), following the approach in
Belczynski et al. (2008). From Hurley et al. (2000), we use the
He core mass at the asymptotic giant branch base to set the
limit for the formation of various CO cores. If the He core mass
is smaller than Mcbur1, the star forms a degenerate CO core,
and ends up forming a CO WD. If the core is more massive
than Mcbur2 = 2.25 M⊙, the star forms a non-degenerate CO

10

The Astrophysical Journal, 749:91 (14pp), 2012 April 10 Fryer et al.

4.1. StarTrack

Here we present a brief description of the computation of
compact object masses in the StarTrack population synthesis
code (for the full description see Belczynski et al. 2008, 2010a).

We determine the mass of a NS/BH remnant using informa-
tion on the final CO mass MCO combined with the knowledge of
the pre-supernova mass of the star M. For a given initial ZAMS
mass, the final CO core mass is obtained from the original Hur-
ley et al. (2000) formula, while we use the models of Timmes
et al. (1996) with the addition of Si shell mass to estimate final
FeNi core mass (which we here refer to as proto-compact object
mass). The proto-compact object mass is obtained from

⎧
⎪⎨

⎪⎩

Mproto = 1.50 M⊙ MCO < 4.82 M⊙
Mproto = 2.11 M⊙ 4.82 ! MCO < 6.31 M⊙
Mproto = 0.69MCO − 2.26 M⊙ 6.31 ! MCO < 6.75 M⊙
Mproto = 0.37MCO − 0.07 M⊙ MCO " 6.75 M⊙.

(10)

The fallback of material after the launch of the explosions adds
mass to the remnant. To calculate the amount of fallback, Mfb,
for a given core mass, MCO, we employ

{
Mfb = 0 M⊙ MCO < 5.0 M⊙
ffb = 0.378MCO − 1.889 M⊙ 5.0 ! MCO < 7.6 M⊙
ffb = 1.0 MCO " 7.6 M⊙

(11)

with Mfb = ffb(M − Mproto) in the mass range for which the
fractional fallback ffb is given.12

The final remnant (baryonic) mass is calculated from

Mrem,bar = Mproto + Mfb, (12)

and we convert baryonic to gravitational mass (Mrem) using

Mrem,bar − Mrem = 0.075 M2
rem (13)

for NSs (Lattimer & Yahil 1989; see also Timmes et al. 1996),
while for BHs we simply approximate the gravitational mass
with

Mrem = 0.9 Mrem,bar. (14)

4.2. Rapid Supernova Mechanism

To calculate the final mass of a compact object we need to
know the mass of a star, M, and its CO core mass, MCO, at
the time of core-collapse/supernova explosion. For the rapid
explosion mechanism, the explosion either occurs quickly or
not at all. We set the proto-compact object mass

Mproto = 1.0 M⊙, (15)

independent of exploding star mass according to hydrodynami-
cal simulations of supernova explosions (Woosley et al. 2002).
Depending on the amount of mass above the proto-compact ob-
ject (M − Mproto) and the strength of the explosion, potential

12 The formula for the fallback presented here is somewhat different than in
Belczynski et al. (2008), however it results in very similar fallback values. The
ranges for partial fallback (0 < ffb < 1) and direct BH formation (ffb = 1) are
estimated from core-collapse models of Fryer et al. (1999b) and the analysis of
Fryer & Kalogera (2001).

fallback may increase the mass of the compact object. We cal-
culate the amount of fallback, Mfb, for a given core mass, MCO:

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

Mfb = 0.2 M⊙ MCO < 2.5 M⊙
Mfb = 0.286MCO − 0.514 M⊙ 2.5 M⊙ ! MCO < 6.0 M⊙
ffb = 1.0 6.0 M⊙ ! MCO < 7.0 M⊙
ffb = a1MCO + b1 7.0 M⊙ ! MCO < 11.0 M⊙
ffb = 1.0 MCO " 11.0 M⊙

(16)

with a1 = 0.25 − (1.275/M − Mproto), b1 = −11a1 + 1, and
Mfb = ffb(M −Mproto) in the mass range for which ffb is given.

The final baryonic mass of the remnant is then

Mrem,bar = Mproto + Mfb (17)

and the gravitational mass of the remnant is obtained from
Equations (13) and (14).

4.3. Delayed Supernova Mechanism

The calculation of the final mass of a compact object for
the delayed mechanism is similar to the rapid supernova case
detailed above. The formulae are based on the delayed supernova
calculations discussed in Sections 3.2 and 3.3. Again, for binary
population synthesis, we use the CO core mass employed in
most population synthesis calculations. First, we calculate the
proto-compact object mass

⎧
⎪⎨

⎪⎩

Mproto = 1.2 M⊙ MCO < 3.5 M⊙
Mproto = 1.3 M⊙ 3.5 M⊙ ! MCO < 6.0 M⊙
Mproto = 1.4 M⊙ 6.0 M⊙ ! MCO < 11.0 M⊙
Mproto = 1.6 M⊙ MCO " 11.0 M⊙.

(18)

This assumes that the delay increases for more massive cores,
causing more material to accrete onto the proto-NS during the
explosion.

The amount of fallback is given by
⎧
⎪⎨

⎪⎩

Mfb = 0.2 M⊙ MCO < 2.5 M⊙
Mfb = 0.5MCO − 1.05 M⊙ 2.5 M⊙ ! MCO < 3.5 M⊙
ffb = a2MCO + b2 3.5 M⊙ ! MCO < 11.0 M⊙
ffb = 1.0 MCO " 11.0 M⊙

(19)

with a2 = 0.133 − (0.093/M − Mproto), b2 = −11a2 + 1, and
Mfb = ffb(M −Mproto) in the mass range for which ffb is given.

The final baryonic mass of the remnant is then

Mrem,bar = Mproto + Mfb, (20)

and the gravitational mass of the remnant is obtained from
Equations (13) and (14).

4.4. Electron-capture Supernovae

In our calculations for the masses of compact objects, as
detailed above, we allow for NS formation through ECS
(e.g., Podsiadlowski et al. 2004), following the approach in
Belczynski et al. (2008). From Hurley et al. (2000), we use the
He core mass at the asymptotic giant branch base to set the
limit for the formation of various CO cores. If the He core mass
is smaller than Mcbur1, the star forms a degenerate CO core,
and ends up forming a CO WD. If the core is more massive
than Mcbur2 = 2.25 M⊙, the star forms a non-degenerate CO
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4.1. StarTrack

Here we present a brief description of the computation of
compact object masses in the StarTrack population synthesis
code (for the full description see Belczynski et al. 2008, 2010a).

We determine the mass of a NS/BH remnant using informa-
tion on the final CO mass MCO combined with the knowledge of
the pre-supernova mass of the star M. For a given initial ZAMS
mass, the final CO core mass is obtained from the original Hur-
ley et al. (2000) formula, while we use the models of Timmes
et al. (1996) with the addition of Si shell mass to estimate final
FeNi core mass (which we here refer to as proto-compact object
mass). The proto-compact object mass is obtained from

⎧
⎪⎨

⎪⎩

Mproto = 1.50 M⊙ MCO < 4.82 M⊙
Mproto = 2.11 M⊙ 4.82 ! MCO < 6.31 M⊙
Mproto = 0.69MCO − 2.26 M⊙ 6.31 ! MCO < 6.75 M⊙
Mproto = 0.37MCO − 0.07 M⊙ MCO " 6.75 M⊙.

(10)

The fallback of material after the launch of the explosions adds
mass to the remnant. To calculate the amount of fallback, Mfb,
for a given core mass, MCO, we employ

{
Mfb = 0 M⊙ MCO < 5.0 M⊙
ffb = 0.378MCO − 1.889 M⊙ 5.0 ! MCO < 7.6 M⊙
ffb = 1.0 MCO " 7.6 M⊙

(11)

with Mfb = ffb(M − Mproto) in the mass range for which the
fractional fallback ffb is given.12

The final remnant (baryonic) mass is calculated from

Mrem,bar = Mproto + Mfb, (12)

and we convert baryonic to gravitational mass (Mrem) using

Mrem,bar − Mrem = 0.075 M2
rem (13)

for NSs (Lattimer & Yahil 1989; see also Timmes et al. 1996),
while for BHs we simply approximate the gravitational mass
with

Mrem = 0.9 Mrem,bar. (14)

4.2. Rapid Supernova Mechanism

To calculate the final mass of a compact object we need to
know the mass of a star, M, and its CO core mass, MCO, at
the time of core-collapse/supernova explosion. For the rapid
explosion mechanism, the explosion either occurs quickly or
not at all. We set the proto-compact object mass

Mproto = 1.0 M⊙, (15)

independent of exploding star mass according to hydrodynami-
cal simulations of supernova explosions (Woosley et al. 2002).
Depending on the amount of mass above the proto-compact ob-
ject (M − Mproto) and the strength of the explosion, potential

12 The formula for the fallback presented here is somewhat different than in
Belczynski et al. (2008), however it results in very similar fallback values. The
ranges for partial fallback (0 < ffb < 1) and direct BH formation (ffb = 1) are
estimated from core-collapse models of Fryer et al. (1999b) and the analysis of
Fryer & Kalogera (2001).

fallback may increase the mass of the compact object. We cal-
culate the amount of fallback, Mfb, for a given core mass, MCO:

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

Mfb = 0.2 M⊙ MCO < 2.5 M⊙
Mfb = 0.286MCO − 0.514 M⊙ 2.5 M⊙ ! MCO < 6.0 M⊙
ffb = 1.0 6.0 M⊙ ! MCO < 7.0 M⊙
ffb = a1MCO + b1 7.0 M⊙ ! MCO < 11.0 M⊙
ffb = 1.0 MCO " 11.0 M⊙

(16)

with a1 = 0.25 − (1.275/M − Mproto), b1 = −11a1 + 1, and
Mfb = ffb(M −Mproto) in the mass range for which ffb is given.

The final baryonic mass of the remnant is then

Mrem,bar = Mproto + Mfb (17)

and the gravitational mass of the remnant is obtained from
Equations (13) and (14).

4.3. Delayed Supernova Mechanism

The calculation of the final mass of a compact object for
the delayed mechanism is similar to the rapid supernova case
detailed above. The formulae are based on the delayed supernova
calculations discussed in Sections 3.2 and 3.3. Again, for binary
population synthesis, we use the CO core mass employed in
most population synthesis calculations. First, we calculate the
proto-compact object mass

⎧
⎪⎨

⎪⎩

Mproto = 1.2 M⊙ MCO < 3.5 M⊙
Mproto = 1.3 M⊙ 3.5 M⊙ ! MCO < 6.0 M⊙
Mproto = 1.4 M⊙ 6.0 M⊙ ! MCO < 11.0 M⊙
Mproto = 1.6 M⊙ MCO " 11.0 M⊙.

(18)

This assumes that the delay increases for more massive cores,
causing more material to accrete onto the proto-NS during the
explosion.

The amount of fallback is given by
⎧
⎪⎨

⎪⎩

Mfb = 0.2 M⊙ MCO < 2.5 M⊙
Mfb = 0.5MCO − 1.05 M⊙ 2.5 M⊙ ! MCO < 3.5 M⊙
ffb = a2MCO + b2 3.5 M⊙ ! MCO < 11.0 M⊙
ffb = 1.0 MCO " 11.0 M⊙

(19)

with a2 = 0.133 − (0.093/M − Mproto), b2 = −11a2 + 1, and
Mfb = ffb(M −Mproto) in the mass range for which ffb is given.

The final baryonic mass of the remnant is then

Mrem,bar = Mproto + Mfb, (20)

and the gravitational mass of the remnant is obtained from
Equations (13) and (14).

4.4. Electron-capture Supernovae

In our calculations for the masses of compact objects, as
detailed above, we allow for NS formation through ECS
(e.g., Podsiadlowski et al. 2004), following the approach in
Belczynski et al. (2008). From Hurley et al. (2000), we use the
He core mass at the asymptotic giant branch base to set the
limit for the formation of various CO cores. If the He core mass
is smaller than Mcbur1, the star forms a degenerate CO core,
and ends up forming a CO WD. If the core is more massive
than Mcbur2 = 2.25 M⊙, the star forms a non-degenerate CO
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Here we present a brief description of the computation of
compact object masses in the StarTrack population synthesis
code (for the full description see Belczynski et al. 2008, 2010a).

We determine the mass of a NS/BH remnant using informa-
tion on the final CO mass MCO combined with the knowledge of
the pre-supernova mass of the star M. For a given initial ZAMS
mass, the final CO core mass is obtained from the original Hur-
ley et al. (2000) formula, while we use the models of Timmes
et al. (1996) with the addition of Si shell mass to estimate final
FeNi core mass (which we here refer to as proto-compact object
mass). The proto-compact object mass is obtained from

⎧
⎪⎨

⎪⎩

Mproto = 1.50 M⊙ MCO < 4.82 M⊙
Mproto = 2.11 M⊙ 4.82 ! MCO < 6.31 M⊙
Mproto = 0.69MCO − 2.26 M⊙ 6.31 ! MCO < 6.75 M⊙
Mproto = 0.37MCO − 0.07 M⊙ MCO " 6.75 M⊙.

(10)

The fallback of material after the launch of the explosions adds
mass to the remnant. To calculate the amount of fallback, Mfb,
for a given core mass, MCO, we employ

{
Mfb = 0 M⊙ MCO < 5.0 M⊙
ffb = 0.378MCO − 1.889 M⊙ 5.0 ! MCO < 7.6 M⊙
ffb = 1.0 MCO " 7.6 M⊙

(11)

with Mfb = ffb(M − Mproto) in the mass range for which the
fractional fallback ffb is given.12

The final remnant (baryonic) mass is calculated from

Mrem,bar = Mproto + Mfb, (12)

and we convert baryonic to gravitational mass (Mrem) using

Mrem,bar − Mrem = 0.075 M2
rem (13)

for NSs (Lattimer & Yahil 1989; see also Timmes et al. 1996),
while for BHs we simply approximate the gravitational mass
with

Mrem = 0.9 Mrem,bar. (14)

4.2. Rapid Supernova Mechanism

To calculate the final mass of a compact object we need to
know the mass of a star, M, and its CO core mass, MCO, at
the time of core-collapse/supernova explosion. For the rapid
explosion mechanism, the explosion either occurs quickly or
not at all. We set the proto-compact object mass

Mproto = 1.0 M⊙, (15)

independent of exploding star mass according to hydrodynami-
cal simulations of supernova explosions (Woosley et al. 2002).
Depending on the amount of mass above the proto-compact ob-
ject (M − Mproto) and the strength of the explosion, potential

12 The formula for the fallback presented here is somewhat different than in
Belczynski et al. (2008), however it results in very similar fallback values. The
ranges for partial fallback (0 < ffb < 1) and direct BH formation (ffb = 1) are
estimated from core-collapse models of Fryer et al. (1999b) and the analysis of
Fryer & Kalogera (2001).

fallback may increase the mass of the compact object. We cal-
culate the amount of fallback, Mfb, for a given core mass, MCO:

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

Mfb = 0.2 M⊙ MCO < 2.5 M⊙
Mfb = 0.286MCO − 0.514 M⊙ 2.5 M⊙ ! MCO < 6.0 M⊙
ffb = 1.0 6.0 M⊙ ! MCO < 7.0 M⊙
ffb = a1MCO + b1 7.0 M⊙ ! MCO < 11.0 M⊙
ffb = 1.0 MCO " 11.0 M⊙

(16)

with a1 = 0.25 − (1.275/M − Mproto), b1 = −11a1 + 1, and
Mfb = ffb(M −Mproto) in the mass range for which ffb is given.

The final baryonic mass of the remnant is then

Mrem,bar = Mproto + Mfb (17)

and the gravitational mass of the remnant is obtained from
Equations (13) and (14).

4.3. Delayed Supernova Mechanism

The calculation of the final mass of a compact object for
the delayed mechanism is similar to the rapid supernova case
detailed above. The formulae are based on the delayed supernova
calculations discussed in Sections 3.2 and 3.3. Again, for binary
population synthesis, we use the CO core mass employed in
most population synthesis calculations. First, we calculate the
proto-compact object mass

⎧
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⎪⎩

Mproto = 1.2 M⊙ MCO < 3.5 M⊙
Mproto = 1.3 M⊙ 3.5 M⊙ ! MCO < 6.0 M⊙
Mproto = 1.4 M⊙ 6.0 M⊙ ! MCO < 11.0 M⊙
Mproto = 1.6 M⊙ MCO " 11.0 M⊙.

(18)

This assumes that the delay increases for more massive cores,
causing more material to accrete onto the proto-NS during the
explosion.

The amount of fallback is given by
⎧
⎪⎨

⎪⎩

Mfb = 0.2 M⊙ MCO < 2.5 M⊙
Mfb = 0.5MCO − 1.05 M⊙ 2.5 M⊙ ! MCO < 3.5 M⊙
ffb = a2MCO + b2 3.5 M⊙ ! MCO < 11.0 M⊙
ffb = 1.0 MCO " 11.0 M⊙

(19)

with a2 = 0.133 − (0.093/M − Mproto), b2 = −11a2 + 1, and
Mfb = ffb(M −Mproto) in the mass range for which ffb is given.

The final baryonic mass of the remnant is then

Mrem,bar = Mproto + Mfb, (20)

and the gravitational mass of the remnant is obtained from
Equations (13) and (14).

4.4. Electron-capture Supernovae

In our calculations for the masses of compact objects, as
detailed above, we allow for NS formation through ECS
(e.g., Podsiadlowski et al. 2004), following the approach in
Belczynski et al. (2008). From Hurley et al. (2000), we use the
He core mass at the asymptotic giant branch base to set the
limit for the formation of various CO cores. If the He core mass
is smaller than Mcbur1, the star forms a degenerate CO core,
and ends up forming a CO WD. If the core is more massive
than Mcbur2 = 2.25 M⊙, the star forms a non-degenerate CO
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Fig. 2. Comparisons of the ZAMS mass-remnant mass relation between the upgraded BSE and StarTrack including PPSN/PSN (F12-rapid SN
model) for Z = 0.0001 and 0.002. The line legends are the same as in Fig. 1. The middle panel demonstrates the PSN “mass gap”, as obtained from
the current BSE for Z = 0.0001, by extending the ZAMS mass beyond 300M�. The lower panel compares between the ZAMS mass-remnant mass
relations as obtained from the upgraded BSE (thick, dashed lines) and StarTrack (thin, solid lines) up to very large ZAMS masses, extending
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⇡ 5.0M�).
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Adaptation of pair-instability (PSN) and pulsational pair-instability (PPSN) 
supernova in BSE

Figure from: Banerjee, S., Belczynski, K., Fryer, C. L., et al.,  A&A, arXiv:1902.07718

PPSN/PSN prescriptions adopted according to:

Belczynski, K., Heger, A., Gladysz, W., et al. 2016a, A&A, 594, A97 (B16)

See also: Giacobbo, N., Mapelli, M., & Spera, M. 2018, MNRAS, 474, 2959

Mrem,bar = 45.0M�(45.0M�  MHe  65.0M�)
<latexit sha1_base64="sduPOKPt7PkaQnPBFYB+VjSCOvg="></latexit><latexit sha1_base64="sduPOKPt7PkaQnPBFYB+VjSCOvg="></latexit><latexit sha1_base64="sduPOKPt7PkaQnPBFYB+VjSCOvg="></latexit><latexit sha1_base64="sduPOKPt7PkaQnPBFYB+VjSCOvg="></latexit>

= 0.0(65.0M�  MHe  135.0M�)
<latexit sha1_base64="z1l1Wp6Yfhl/l6AVWFzhRdEr5mA="></latexit><latexit sha1_base64="z1l1Wp6Yfhl/l6AVWFzhRdEr5mA="></latexit><latexit sha1_base64="z1l1Wp6Yfhl/l6AVWFzhRdEr5mA="></latexit><latexit sha1_base64="z1l1Wp6Yfhl/l6AVWFzhRdEr5mA="></latexit>
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Mass Parameters Spin Parameters

Model ↵ mmax mmin �q �m µm �m �m E[a] Var[a] ⇣ �i

A [-4, 12] [30, 100] 5 0 0 N/A N/A N/A [0, 1] [0, 0.25] 1 [0, 10]

B [-4, 12] [30, 100] [5, 10] [-4, 12] 0 N/A N/A N/A [0, 1] [0, 0.25] 1 [0, 10]

C [-4, 12] [30, 100] [5, 10] [-4, 12] [0, 1] [20, 50] (0, 10] [0, 10] [0, 1] [0, 0.25] [0, 1] [0, 4]

Table 2. Summary of models used in Sections 3, 4, and 5, with the prior ranges for the population parameters. The fixed
parameters are in bold. Each of these distributions is uniform over the stated range. All models in this Section assume rates
which are uniform in the comoving volume (� = 0). The lower limit on mmin is chosen to be consistent with Abbott et al.
(2018).

Figure 1. Inferred di↵erential merger rate as a function of primary mass, m1, and mass ratio, q, for three di↵erent assumptions.
For each of the three increasingly complex assumptions A, B, C described in the text we show the PPD (dashed) and median
(solid), plus 50% and 90% symmetric credible intervals (shaded regions), for the di↵erential rate. The results shown marginalize
over the spin distribution model. The fallo↵ at small masses in models B and C is driven by our choice of the prior limits on
the mmin parameter (see Table 2). All three models give consistent mass distributions within their 90% credible intervals over
a broad range of masses, consistent with their near-unity evidence ratios (Table 3); in particular, the peaks and trough seen in
Model C, while suggestive, are not identified at high credibility in the mass distribution.

constraints on the presence or absence of a mass gap at
low black hole mass.
Models B and C also allow the distribution of mass ra-

tios to vary according to �q. In these cases the inferred
mass-ratio distribution favors comparable-mass binaries
(i.e., distributions with most support near q ' 1), see
panel two of Figure 1. Within the context of our pa-
rameterization, we find �q = 6.7+4.8

�5.9 for Model B and
�q = 5.8+5.5

�5.8 for Model C. These values are consistent
with each other and are bounded above zero at 95% con-

fidence, thus implying that the mass ratio distribution
is nearly flat or declining with more extreme mass ra-
tios. The posterior on �q returns the prior for �q & 4.
Thus, we cannot say much about the relative likelihood
of asymmetric binaries, beyond their overall rarity.
The distribution of the parameter controlling the frac-

tion of the power law versus the Gaussian component in
Model C is �m = 0.4+0.3

�0.3, which peaks away from zero,
implying that this model prefers a contribution to the
mass distribution from the Gaussian population in ad-

BH “upper mass limit” from LIGO O2

From:

Abbott, B.P., et al., arXiv: 1811.12940
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Fig. 5. Comparisons of the ZAMS mass-remnant mass relation between the upgraded BSE from within NBODY7 and StarTrack , for di↵erent Z
and remnant-formation prescriptions. Note that for Z = 0.002 and Z = 0.02, PPSN/PSN do not a↵ect the ZAMS mass-remnant mass relation since
the He-core mass never reaches the PPSN/PSN threshold (see B16). The mass gap between the NSs and BHs for the F12-rapid cases is indicated
with the grey horizontal lines, as in the previous figures.
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Fig. 5. Comparisons of the ZAMS mass-remnant mass relation between the upgraded BSE from within NBODY7 and StarTrack , for di↵erent Z
and remnant-formation prescriptions. Note that for Z = 0.002 and Z = 0.02, PPSN/PSN do not a↵ect the ZAMS mass-remnant mass relation since
the He-core mass never reaches the PPSN/PSN threshold (see B16). The mass gap between the NSs and BHs for the F12-rapid cases is indicated
with the grey horizontal lines, as in the previous figures.
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Fig. 5. Comparisons of the ZAMS mass-remnant mass relation between the upgraded BSE from within NBODY7 and StarTrack , for di↵erent Z
and remnant-formation prescriptions. Note that for Z = 0.002 and Z = 0.02, PPSN/PSN do not a↵ect the ZAMS mass-remnant mass relation since
the He-core mass never reaches the PPSN/PSN threshold (see B16). The mass gap between the NSs and BHs for the F12-rapid cases is indicated
with the grey horizontal lines, as in the previous figures.
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The effect of binary interactions (and of the dynamical environment)
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Remnant natal kick

Momentum-conserving kick (Belczynski, K., Kalogera, V., Rasio, F. A., et al. 2008, 
ApJS, 174, 223):

A&A proofs: manuscript no. ms

in the BSE ZAMS mass-remnant mass curves (thin lines), that
appear in the curves’ “maximum-mass” part (see B10) especially
at low Z, decline with decreasing time-step parameters. In par-
ticular, pts1 = 0.05, pts2 = 0.01, pts3 = 0.02, as defaulted
in BSE, still produce considerable spikes (see top-right panel of
Fig. 4) for the lower Zs. The combination of pts1 = 0.001,
pts2 = 0.01, pts3 = 0.02 is found to be optimal between speed
and convergence over a wide range of Z (third row, right panel
of Fig. 4) which is what is chosen in the BSE and NBODY7 com-
putations in Figs. 1, 2, 3 and the rest of the figures in this
work. The final panel of Fig. 4 demonstrates that despite taking
very small time-step parameters, the currently-public version of
NBODY7 /MLWIND produces ZAMS mass-remnant mass relations
that overshoot their StarTrack counterparts significantly, es-
pecially for low Z and & 100M� ZAMS masses. In particular,
the “saturation” e↵ect in BH mass is completely absent unlike
the cases with the new MLWIND (with the same implementation
of the B08 remnant scheme in HRDIAG ) and StarTrack whose
outcomes agree nearly perfectly, as demonstrated above.

3. The adoption of the new BSE in NBODY7 :
remnant natal kicks

Although the new MLWIND and HRDIAG routines can be read-
ily shared between the standalone BSE and NBODY7 , the main
stellar- and binary-evolution engines in the two codes are im-
plemented in di↵erent ways, which may produce di↵erent rem-
nant masses. Fig. 5 demonstrates as good agreements between
the ZAMS mass-remnant mass relations, over a range of Z and
remnant-mass prescriptions, when the new MLWIND and HRDIAG
are adopted in NBODY7 . The NBODY7 data in Fig. 5 are ob-
tained whilst evolving model clusters of initial mass Mcl(0) ⇡
5.0 ⇥ 104M� (N(0) ⇡ 85K), initially-Plummer (1911) profile
with half-mass radius rh(0) ⇡ 2 pc, having the standard stellar
initial mass function (IMF; Kroupa 2001), and with all stars ini-
tially single. With the choices of the BSE time-step parameters
suggested in Sec. 2.3.1 (which needs to be parametrized in the
routine trdot in NBODY7 as opposed to specifying them as in-
put parameters in the standalone BSE ), such runs practically do
not slow down during the evolution of the most massive remnant
progenitors (the first ⇡ 20 Myr), since the primary bottleneck on
computing time (up to a given physical time) still comes from
the direct N-body integration.

3.1. The retention of black holes in stellar clusters: standard,
fallback-controlled natal kicks

In the present context, the retention of stellar remnants, espe-
cially of BHs, in stellar clusters (young massive clusters, open
clusters, and GCs) after their birth is widely debated. How many
and what masses of BHs remain gravitationally bound to their
parent cluster after their birth through a core-collapse SN, de-
pending on their natal kicks, is instrumental in determining
their long-term population evolution in the cluster, their impact
on the structural and internal-kinematic evolution of the clus-
ter (e.g.; Kremer et al. 2018b; Askar et al. 2018), and the na-
ture of their dynamical pairing and GR merger (e.g.; Banerjee
2017; Farr et al. 2017; Rodriguez et al. 2018; Samsing 2018).
The BH natal kicks are also very important for the formation
of BBHs and BH-star systems and their coalescences through
field binary evolution (e.g., Belczynski et al. 2016b; Stevenson
et al. 2017). However, BH natal kicks are, to date, poorly con-
strained and understood from both observational and theoretical

point of view (Willems et al. 2005; Fragos et al. 2009; Repetto
et al. 2012; Repetto & Nelemans 2015; Mandel 2016; Belczyn-
ski et al. 2016c; Repetto et al. 2017). The Galactic-field NSs (the
vast majority of which would be the products of core-collapse
SN), on the other hand, are observationally inferred to have large
natal kick magnitudes, distributed according to a Maxwellian
with 1-dimensional dispersion�NS ⇡ 265 km s�1 (average speed
of ⇡ 420 km s�1; Hobbs et al. 2005).

A commonly-used model for core-collapse-SN natal kick
magnitude, vkick (in, e.g., Belczynski et al. 2008; Giacobbo et al.
2018), is to assume NS-like kicks also for BHs (see, e.g., Repetto
et al. 2012; Repetto & Nelemans 2015) but which are scaled
down linearly with increasing material-fallback fraction, ffb (see
Sec. 2.2), so that for ffb = 1 (i.e., a failed SN or direct collapse)
the natal kick is necessarily zero:

vkick = vkick,NS(1 � ffb), (1)

where vkick,NS is chosen randomly from a Maxwellian of �NS =

265 km s�1. For the model computations presented in this sub-
section, both BHs and NSs are treated with this kick scheme,
except for the ECS-NSs which are given zero or ⇠ few km s�1

natal kicks (Podsiadlowski et al. 2004; Gessner & Janka 2018).
The vkick, according to Eqn. 1, is applied in NBODY7 by

transporting the ffb, as computed in HRDIAG (see Sec. 2.2), to
the standard version of the NBODY7 ’s subroutine KICK via a
dedicated common block. The KICK routine already includes
an elaborate algorithm for generating an isotropic distribution
of velocity vectors with their magnitudes, vkicks, chosen from a
Maxwellian distribution of a specified dispersion. As in the origi-
nal NBODY7 /KICK routine, the ECS-NSs are distinguished based
on their mECS,NS = 1.26M�, which are subjected to lowered-
dispersion or zero vkicks and are exempted from the above fall-
back treatment (the ECS engine is assumed to produce a full
explosion). Keeping in mind that the newly-planted remnant-
formation schemes in HRDIAG such as F12-rapid (Sec. 2.2) pro-
duce non-monotonic ZAMS mass-NS mass relations and, in par-
ticular, sub-Chandrasekhar NSs (see, e.g., Fig. 9), a very nar-
row mass window around mECS,NS = 1.26M� is allowed for the
ECS-NS treatment (unlike in the default NBODY7 /KICK where
the ECS-NS treatment was invoked for mNS  1.28M�, since
the ECS-NSs were anyway the distinctly least massive NSs pro-
duced according to the Belczynski et al. 2002 and B08 pre-
scriptions). Analogous updates are now implemented also in the
standalone BSE ’s kick treatment which would then accordingly
modify a binary’s response to an SN.

Fig. 6 shows the early (up to 20 Myr) evolution of the total
mass, MBH,bound (top-left panel), and number, NBH,bound (bottom-
left panel), of the BHs bound within the Mcl(0) = 5.0 ⇥ 104M�
(initially all single stars) model cluster (see Sec. 3) for the var-
ious remnant-formation schemes (i.e., B08, F12-delayed, F12-
rapid, F12-rapid+B16-PPSN/PSN; see Sec. 2.2), for this stan-
dard, fallback-controlled kick prescription, as given by Eqn. 1,
when adopted in NBODY7 as above (Z = 0.0001 assumed) 4.
The di↵erences in the NBH,bound � t curves between the remnant-
formation cases arise due to the di↵erences in ffb which quantity
determines the vkick of the BH (or NS). The di↵erences in the
MBH,bound � t curves additionally arise due to the di↵erences in

4 Hereafter, the subscript ‘bound’ indicates quantities measured within
the cluster’s tidal radius, Rt ⇡ 90 pc, as is customary. Most of the BHs
within Rt are indeed gravitationally bound to the cluster but, at a given
time, a few of them may be on their way to escape the cluster. The
number of the latter depends on the BHs’ vkick and on the escape speed
from the cluster (vesc ⇡ 40 km s�1 here).
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Fig. 7. The BH mass distributions obtained in the Mcl(0) = 5.0⇥104 M� model clusters (initially all single stars; Sec. 3) for four remnant-formation
scenarios as indicated in the legends (Z = 0.0001 taken). On each panel, both the BHs’ natal mass distribution and the distribution at t ⇡ 20 Myr
cluster-evolutionary time are shown (the steel-blue and blue histograms respectively). The latter distribution well represents the mass spectrum of
those BHs which remain gravitationally bound to a medium-mass (young massive or open; here taken to be of ⇡ 5⇥104 M�) cluster after their birth
and which are, therefore, available for long-term dynamical processing in the parent cluster (see Sec. 3.1). The retained BH mass distributions
(blue histograms), in these panels, are the outcomes of the standard, fallback-controlled natal kick model (Eqn. 1).
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