
Selected chapters on astrophysics

¨Overview of recent advances in planetary migration: from theoretical models  

to high-resolution 3D multi-fluid simulations¨

PhD. Raúl O. Chametla

Lecture 2



Migration runaway





The coorbital torque is assumed to come from orbit crossing fluid elements 
that exchange angular momentum with the planet when they execute a U-
turn at the end of horseshoe streamlines.  

When the planet migrates inward, the fluid elements of the inner disk 
undergo one such exchange as they pass to the outer disk.  

The angular momentum they gain is removed from the planet, and this 
corresponds to a negative contribution to the corotation torque, which scales 
with the drift rate.  

In addition, the material trapped in the coorbital region drifts radially with 
the planet, giving a positive contribution to the corotation torque, which also 
scales with the drift rate.  

These two contributions do not cancel out if the coorbital region is depleted, 
in which case there is a net corotation torque that scales with the drift rate 
and the mass deficit in the coorbital region and has the same sign as the drift 
rate.



.



This leads to a positive feedback on the migrating planet. In particular, if 
the coorbital mass deficit is larger than the planet mass, the migration rate 
undergoes a runaway that can vary the protoplanet semimajor axis by 50% 
over a few tens of orbits.  

This can happen only if the planet mass is sufficient to create a dip or gap 
in its surrounding region and if the surrounding disk mass is larger than the 
planet mass.  

This typically corresponds to planet masses in the sub-Saturnian to Jovian 
mass range embedded in massive protoplanetary disks.  







Runaway migration is a good candidate to account for the orbital 
characteristics of close orbiting giant planets, most of which have sub-Jovian 
masses.  

Further, in the runaway regime, migration can be directed outward, which 
makes this regime potentially rich in a variety of important effects in shaping a 
planetary system during the last stages of its formation.  



Numerical models on 
planetary migration



On the wake generated by a planet in a disk Two-dimensional disk model 

The vertically integrated continuity equation 

Ogilvie & Lubow (2002)



Numerical models



There has been strong interest (e.g. Nelson & Papaloizou 2004, Uribe et al. 
2011) in studying planet-disk interactions in turbulent disks, where the 
turbulence is magnetically generated by the magneto-rotational instability 
(MRI), instead of the laminar disks which we have used in the above analysis. 
Such laminar disks are strictly speaking not self-consistent, as they assume an 
abnormal viscosity (thought to be due to turbulence) without actually taking 
the consequence of turbulent motions into account.  
More realistically, angular momentum transport itself derives from turbulence, 
which is accompanied by a spatially and temporally varying pattern of density 
fluctuations in the protoplanetary disk. These fluctuations will exert random 
torques on planets of any mass embedded within the disk.  
In such turbulent disks, it is found that for low mass planets, Type I migration 
is no longer effective due to large fluctuations in the torque. The fluctuations 
in the torque created by the perturbations in the density can be larger than the 
mean torque expected for standard Type I migration in a laminar disk.  

Random walk migration in turbulent disks



The plots show the logarithm of the disk density in the mid plane (top row) and in an azimuthal cut at the position 

of the planet (bottom row) for q = 10−5 (~3 Mearth), q = 10−4 (~30 Mearth) and q = 10−3(~1 MJup). The left plot 
shows no significant perturbation of the density by the planet, and no spiral arms are seen, indicating that random 
torques are dominating.  

Uribe et al. (2011)



Physical model (MHD case)

Magnetohydrodynamical equations describing the gas flow in 3D-MHD disks, 
considering a frame rotating with a uniform angular velocity , are given by 
the equation of continuity

Ω

∂ρ
∂t

= − (u ⋅ ∇)ρ − ρ∇ ⋅ u ,

the gas momentum equation

∂u
∂t

= − (u ⋅ ∇)u −
1
ρ

∇p − ∇Φ +
J × B

ρ
− Ω × (Ω × r) − 2Ω × u ,

and the induction equation

∂B
∂t

= ∇ × [u × B − ηJ],

where  is the gas density,  is the gas velocity,  is the gravitational potential, 
and  is the pressure given as

ρ u Φ
p

p = ρc2
s ,

with   the sound speed.cs



In the induction equation , is the current density and  is the 
resistivity modeled as in Lyra et al. (2015):

J = μ−1
0 ∇ × B η

η(r) = η0 −
η0

2 [tanh ( r − r1

h1 ) − tanh ( r − r2

h2 )] .



We use a reference frame centred on the star and rotating with the angular 
frequency , where   is the angular velocity of the 

planet (with  the planet's orbital radius) and  is a unit vector along the 
rotation axis. The gravitational potential  is given by

Ω = Ωpk̂ Ωp ≡ GM⋆/r3
p

rp k̂
Φ

Φ = ΦS + Φp + Φind,

where 

ΦS = −
GM⋆

r
, Φp = −

GMp

r′ 2 + ϵ2
, Φind =

GMp

r3
p

r ⋅ rp + G∫V

dm(r′ )
r′ 3

r ⋅ r′ ,







Fast inward migration



For a locally isothermal 3D disk, with a power-law surface 
density profile, the total torque (Lindblad plus corotation), , 
acting on a planet was estimated by Tanaka et al. (2002). They 
found that

Γ

Γ = (1.364 + 0.541qρ)Γ0,

where .Γ0 ≡ (Mp /M⋆)2(rpΩp /cs)2Σpr4
pΩ2

p

From this equation, the type I radial migration speed of the planet 
can be calculated from the conservation of angular momentum, as

drp

dt
= 2rp

Γ
Lp

,

with  the planet's angular momentum.Lp = Mp GM⋆rp

Therefore, the migration timescale is given as

τ = (2.7 + 1.1qρ)−1Mpr2
pΩpΓ−1

0 .

Fast inward migration

Figure 28.





Non-isothermal 
migration



4

Radiation hydrodynamic simulations treating correctly the energy transport in the disk find that 
below a certain threshold mass, migration can be directed outwards, due to a different density 
distribution around the planet. 



Migration of Earth-sized planets in 3D radiative discs 

Cold thermal Torques





To the usual Navier–Stokes equations, they add the equations for the 
internal energy modeled as in Kley et al. (2009): 



Lega et al. (2014)



(i) The Lindblad torque scales as expected (Goldreich & 
Tremaine 1980; Paardekooper et al. 2010) with , i.e. 
with the square of the mass ratio q. 

Γ0

(ii) Compared with the adiabatic case, where the 
component of the corotation torque due to the temperature 
gradient saturates, we notice that the total torque acting on 
a  has a positive contribution just inside r = 1; 
also a small torque excess is observed for r > 1. 

Both features are expected (Paardekooper & Mellema 
2006) in radiative discs as a result of the heating and 
cooling process of the gas librating in the horseshoe region 
leading to a positive total torque. 

Mp = 10M⊕

(iii) The corotation torque is expected to scale with . At 
r < 1, we observe a positive spike due to the entropy-
related part of the corotation torque (non-linear 
contribution or horseshoe drag). 

Γ0

(iv) A new and totally unexpected feature appears for r > 
1. We observe a negative spike which is not seen for 
Mp ≥ 10M⊕

(v) The positive and negative spikes contributions appear 
to be asymmetric, the negative spike providing a larger 
contribution which is responsible for the negative total 
torque, i.e. for the transi- tion from outward to inward 
migration. 





Cold fingers



Planet heating prevents inward migration of planetary cores

Benitez-Llambay et al. (2015)

Hot thermal torques
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Numerical study of coorbital thermal torques on cold or hot satellites 

Chametla & Masset (2020)













Hydrodynamical simulations plus dust particles including Dust 
turbulent diffusion (Chametla et al. 2021):

Dd = ν
1 + 4St2

(1 + St2)2



Migration type II:  Simulations 

Numerical simulations (Crida et al 2006) have led to the following approximate 
combined gap opening criterion: 

P =
3
4

H
RH

+
50
qℛ

≤ 1

where  is the Reynolds number.ℛ ≡
Ωpa2

ν



P > 1

P ≤ 1



ρ



Gaps formed in disks without 
embedded planets





Flock et al. (2015)



Gaps formed by MRI



Turbulent stress within dead zones and magnetic field dragging induced by Rossby vortices 

Chametla et al. (2023)





Planets outside the gaps











Total torque



Planet migration becomes stagnant near the edge of the gap!






